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PEEIACE. 


It  is  now  six  years  since  the  puhlication  of  tlie  first  edi- 
tion of  the  present  work.  Daring  this  interval,  it  has  been 
corrected  and  amended  according  to  the  suggestions  of  daily 
experience  in  its  use  as  a  text-book.  It  now  appears  with  an 
additional  part,  under  the  head,  Mecdanics  oe  Molectti-es  ;  and 
this  completes — in  so  far  as  he  may  have  succeeded  in  its  ex- 
ecution— the  design  of  the  author  to  give  to  tiie  classes  com- 
mitted to  Jiis  instruction,  in  the  Military  Academy,  what  has 
appeared  to  him  a  proper  elementary  basis  for  a  systematic 
study  of  the  laws  of  matter,  T!ie  subject  is  the  action  of 
forces  upon  bodies, — the  source  of  all  physical  phenomena — and 
of  which  the  sole  and  sufficient  foundation  is  the  comprehensive 
fact,  that  all  action  is  ever  accompanied  by  an  equal,  contrary, 
and  simultaneous  reaction.  Neitlier  can  have  precedence  of 
the  other  in  the  order  of  time,  and  from  this  comes  that  char- 
acter of  permanence,  in  the  midst  of  endless  variety,  apparent 
in  the  order  of  nature.  A  mathematical  formula  which  shall 
express  the  laws  of  this  antagonism  will  contain  the  whole  sub- 
ject; and  whatever  of  specialty  may  mark  our  perceptions  of 
a  particular  instance,  will  be  found  to  have  its  origin  in  corre- 
sponding peculiarities  of  physical  condition,  dist-anee,  place, 
and  time,  which  ai'e  the  elements  of  this  formula.  Its  discus- 
sion constitutes  the  study  of  Mechanics.  All  phenomena  in 
which  bodies  have  a  part  are  its  legitimate  subjects,  and  no 
form  of  matter  under  extraneous  influences  is  exempt  from  its 
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scrutiny.  It  embraces  alike,  in  their  reciprocal  action,  the 
gigantic  and  distant  orbs  of  the  Celestial  regions,  and  the 
proximate  atoms  of  the  ethereal  atmosphere  -which  pei-vades 
al!  space  and  establishes  an  unbroken  continuity  upon  -which 
itS'  Divine  Architect  and  Author  may  impress  the  po-wer  of 
His  will  at  a  single  point  and  be  folt  everywhere.  Astronomy, 
teiTestnal  physics,  and  chemistry  are  but  its  specialties ;  it 
classifies  all  of  human  knowledge  that  relates  to  inert  matter 
into  groups  of  phenomena,  of  which  the  rationale  is  in  a  com- 
mon principle ;  and  in  the  hands  of  those  gifted  with  the 
priceless  boon  of  a  copious  mathematics,  it  is  a  key  to  exter- 
nal nature. 

Tlie  order  of  treatment  is  indicated  by  the  heads  of  Me- 
euANics  OF  Solids,  of  Thjids,  and  of  Molec-uies, — an  order  sug- 
gested by  differences  of  physical  constitution. 

The  author  would  acknowledge  his  obligation  to  the  works 
of  many  eminent  writere,  and  particularly  to  those  of  M.  La- 
grange, M.  Poisson,  M.  Couchey,  M.  Fresncl,  M.  Lam6,  Sir 
William  E.  Hamilton,  the  Eev.  Baden  Powell,  Mr.  Airy,  Mr. 
Pratt,  and  Mr.  A.  Smith. 
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ELEMENTS 


AMLYTICAL  MECHANICS. 


INTRODUCTION. 

PHYSICAL  SCIENCE. 


§  1. — The  term  l^aktre,  is  employed  to  signify  all  the  bodies  of 
the  universe,  coUeetively. 

Of  the  existence  of  bodies,  we  are  rendered  conseioBS  by  the 
impressions  they  make  npon  the  mind  through  the  senses. 

The  condition  of  every  body  is  subject  to  a  variety  of  changes. 
These  changes  are  brought  about  by  agents  external  to  the  bodies 
themselves ;  and  to  investigate  nature  witli  reference  to  these 
a  tod  their  causes,  is  the  object  of  Physical  Science. 


PHYSICAL  PROPERTIES. 

§  2. — Physical  Properties,  are  those  external  signs  by  which 
the  existence  of  bodies  are  made  known  to  us  through  the  medium 
of  the  senses.    These  properties  are  eifih.Qy:  primary  or  s. 


PRIMARY  PROPERTIES. 

§  3. — A  Prvmary  Property  is  that  without  which  the  existence 
of  the  body  cannot  be  conceived.  There  are  two  of  \h&z&— Exten- 
sion and  Itn,p(metraMlity. 

Hosted  byCoOgle 


M  ELEMENTS    OF    ANALYTICAL    MECHANICS. 

Exkiision  is  that  by  which  every  body  occupies  a  limited  por- 
tion of  epace.     From  it  the  body  derives  its  figure  and  volume. 

Impenetrability  is  that  which  prevents  two  bodies  from  occupy- 
ing the  same  space  at  the  samo  time.  It  determines  a  body's 
identity. 

A  body,  then,  is  any  thing  which  has  extension  and  impenetrar 
hility. 

SECONDAET  PROPERTIES. 

§  4. — Secondary  Pfop^ties  are  those  which  are  not  necessary 
to  a  conception  of  a  body's  existence,  though  all  bodies  may,  and 
indeed  do,  possess  them  in  a  greater  or  less  degree.  They  are  Gorrk- 
pressii>iUty,  IHkpwnsihility,  Porosity,  PvoisibiUfy/,  and  Elasticity. 

1. — Oovfypressihility  is  that  property  by  which  a  body  may  be 
made  to  occupy  a  smaller,  and  e^ansihilii/y  that  by  which  it  may 
be  made  to  occupy  a  larger  space,  without,  in  either  case,  altering 
the  quantity  of  its  matter. 

2. — Porosity  is  that  property  by  which  a  body  does  not  fill  all 
the  space  within  its  exterior  boundary,  but  leaves  holes  ox  pores 
between  its  elements. 

In  many  cases  the  pores  are  visible  to  the  naked  eye ;  in  others 
they  are  only  seen  by  the  aid  of  the  microscope ;  and  when  so 
minute  as  to  elude  the  power  of  this  instrument,  their  existence 
may  be  inferred  from  experiment.  Sponge,  cork,  wood,  bread, 
&c.,  are  bodies  whose  pores  are  obvious  to  unassisted  vision.  The 
human  skin  appears  fuU  of  them,  when  viewed  with  the  magnify- 
ing glass.  The  pores  of  one  body  are  filled  with  some  other  body, 
and  the  pores  of  this  with  a  third,  as  in  the  case  of  a  sponge  .con- 
fauning  water,  and  the  water  containing  air,  and  so  on  till  we 
come  to  the  most  subtle  of  substances,  ether,  which  pervades  all 
bodies  and  all  spase. 
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INTRODUCTION.  15 

3, — DivisihiUty  is  that  property  in  consequence  of  which,  hy 
various  mechanical  means,  such  as  beating,  pounding,  grinding, 
&c.,  a  body  may  be  reduced  to  fragmente,  homt^neons  to  each 
other,  and  to  the  entire  mafls. 

By  tlie  aid  of  mathematical  processes,  the  mind  may  be  led  to 
admit  tlie  infinite  divisibihty  of  bodies,  though  their  practical 
division,  by  mechanical  means,  is  subject  to  limitation.  Many 
examples,  however,  prove  that  this  process  may  be  carried  to  an 
hicredible  extent.  Nature  furnishes  numerous  instances  of  objects, 
whose  existence  can  only  be  detected  by  means  of  the  most  acute 
senses,  assisted  by  the  most  powerful  ai'tifieial  aids. 

Keehanical  subdivisions  for  purposes  connected  with  the  arts 
are  exemplified  in.  -the  grinding  of  com,  the  pulverizing  of  sul- 
phur, charcoal  and  saltpetre,  for  the  mamifaeture  of  gunpowder; 
and  Homoeopathy  affords  a  remarkable  instance  of  the  extended 
application  of  this  property  of  bodies. 

In  common  gold  laee,  a  silver  thi-ead  is  covered  with  gold  so 
attenuated,  that  the  quantity  on  a  foot  of  thread  weighs  less  than 
■gii^o^  of  a  grain.  An  inch  of  such  thread  will  therefore  contain 
ysJbo  of  a  grain  of  gold ;  and  if  the  inch  be  divided  into  100  equal 
parts,  each  of  which  would  be  distinctly  visible,  the  quantity  of 
the  preeioUa  metal  in  each  of  such  pieces  would  be  777,^855  of  a 
grain.  One  of  these  particles  examined  through  a  microscope  of 
a  magnifying  power  equal  to  500,  will  appeal"  500  times  as  long, 
and  the  gold  covering  it  will  he  visible,  having  been  divided  into 
3, 600,000,(i00  parts,  each  of  which  exhibits  all  the  characteristics 
of  this  metal. 

Dyes  ai'e  liliewise  susceptible  of  an  incredible  divisibility. 
With  1  grain  of  blue  carmine,  10  lbs.  of  water  may  be  tinged 
blue.  These  10  lbs.  of  water  contain  about  617,000  drops.  Sup- 
posing that  100  particles  of  carmine  are  required  in  each  drop  to 
produce  a  uniform  tint,  it  follows  that  this  one  grain  of  carmine 
has  been  subdivided  62  millions  of  times. 
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10         ELEMENTS    OF    ANiLTTICAL    MECHANICS. 

According  to  Biot,  tlie  thread  by  whieli  a  spider  suepends  her- 
self is  composed  of  more  than  5000  single  tlireads. 

Our  blood,  which  appeare  like  a  uniform  red  m^s,  consists  of 
small  red  globules  ewimming  in  a  transparent  fluid  called  serum. 
The  diameter  of  one  of  these  globules  does  not  exceed  the  4000th 
part  of  Em  inch :  whence  it  follows  that  one  drop  of  blood,  such 
as  would  hang  from  the  point  of  a  needle,  contains  at  least  one 
million  of  these  globules. 

But  more  surprising  than  all,  is  the  microcosm  of  organized 
natui-e  in  the  Infusoria.  Of  these  creatures,  which  for  the  moat 
part  we  can  see  only  by  the  aid  of  the  microscope,  there  exist 
many  species  so  small  that  millions  piled  on  each  other  would  not 
equal  a  single  grain  of  sand,  and  thousands  might  swim  at  once 
through  the  eye  of  the  finest  needle.  The  coate-of-mad  and  sheila 
of  these  animalcules  exist  in  such  prodigious  quantities,  that  ex- 
tensive strata  of  rocks,  as,  for  instance,  the  smooth  slate  near  Bilin, 
in  Bohemia,  consist  almost  entirely  of  them.  By  microscopic 
measurements,  1  cubic  line  of  this  slate  contains  about  23  millions, 
and  1  cubic  inch  about  41,000  millions  of  these  animals.  As  a 
cubic  inch  of  this  slate  weighs  220  gi'ains,  187  millions  of  these 
shells  must  go  to  a  grain,  each  of  which  would  consequently  weigh 
about  the  yff  millionth  part  of  a  grain.  Conceive  further,  that 
each  of  tliese  animalcules,  as  microscopic  investigation  has  proved, 
has  its  limbs,  entrails,  &c,,  the  possibility  vanishes  of  our  fonning 
the  most  remote  conception  of  the  dimensions  of  these  organic 
foi-ms. 

In  cases  where  the  finest  instruments  are  unable  to  give  the 
least  aid  in  estimating  the  minutene^  of  bodies, — ^in  other  words, 
when  bodies  evade  the  perception  of  our  sight  and  touch, — our 
oliiwjtory  nerves  frequently  detect  the  presence  of  matter  in  the 
atmosphere,  of  which  no  chemical  analysis  could  afford  ns  the 
slightest  intimation. 

Tims,  for  instance,  a  single  grain  of  musk  diffuses  in  a  large 
and  airy  room  a  powerful  scent,  that  frequently  lasts  for  years ; 
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and  papers  laid  near  nrask  will  make  a  Yoyage  to  the  East  Indies 
and  back  without  losing  the  smell.  Imagine  how  many  particles 
of  musk  must  radiate  from  such  a  body  every  second,  in  order  to 
render  the  scent  perceptible  in  all  directions. 

4. — Elasticity  is  that  property  by  wbicli  a  body  resumes  of 
itself  its  figure  and  dimensions,  when  these  have  been  changed  or 
altered  by  any  extraneous  cause.  Different  bodies  possess  this 
property  in  very  different  degrees,  and  retain  it  with  very  unequal 
tenacity.  Glass,  tempered  steel,  ivoiy  and  whalebone,  are  among 
the  more  elastic  solids.     All  fluids  are  highly  elastic. 

BEST.  MOTION,  FOKCB. 

§  5. — The  state  of  a  body  by  which  it  continues  in  the  same 
plaee,  is  called  rest;  that  by  which  it  pass^  from  one  place  to 
another,  is  called  motion ;  and  whatever  changes  the  state  of  a 
body  or  the  elements  of  a  body,  with  respect  to  rsst  or  TnoHon,  is 
called ^oree.  The  existence  of  force  is  inferred  from  the  changes, 
with,  respect  to  rest  or  motion,  which  all  bodies  and  their  internal 
elements  are  found  to  be  continually  undergoing.  Its  nature,  or 
in  what  it  consists,  is  unknown. 

CONSTITUTION  OF  BODIES. 

§  6, — Several  hypotheses  have  been  proposed  to  explain  the 
constitution  of  a  body,  and  the  mode  of  its  formation.  The  most 
remarkable  of  these  was  by  Boscovich,  about  tie  middle  of  the 
last  century.     According  to  this  eminent  philosopher : 

1.  All  matter  consists  of  indivisible  and  inextended  atoms. 

2.  These  atoms  are  endowed  witli  attractive  and  repulsive 
forces,  varying  both  in  intensity  and  direction  by  a  change  of  dia 
tance,  so  that  at  one  distance  two  atoms  attract  one  another,  and. 
at  another  distance  they  repel. 
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S.  Tliis  law  of  variation  la  the  same  in  all  atoms.  It  is,  there- 
fore, mutual ;  for  the  distance  of  atom  a  from  atom  5,  being  the 
same  as  that  of  J  from  a,  if  a  attract  5,  5  must  attract  a  with 
frecisely  an  equal  force. 

4.  At  all  considerable  or  sensible  diatances,  these  niuttial  forces 
are  attractive  and  sensibly  proportional  to  the  square  of  the  dis- 
tance inversely.     It  is  the  attraction  called  gramtation. 

5.  At  the  email  and  insensible  distances  in  which  sensible  con- 
tact is  observed,  and  which  do  not  exceed  tlie  1000th  or  1500th 
part  of  an  inch,  there  are  many  alternations  of  attraction  and 
repulsion,  according  as  the  distance  of  the  atoms  is  changed. 
Consequently,  there  are  many  situations  within  this  nai'row  limit, 
in  which  two  atoms  neither  attract  nor  repel. 

6.  The  force  which  is  exerted  between  two  atoms  when  their 
distance  is  diminished  without  end,  and  is  joat  vanishing,  is  an 
insuperable  repulsion,  so  that  no  force  whatever  can  press  two 
atoms  into  mathematical  contact. 

Such,  according  to  Boscovich,  is  the  constitution  of  a  material 
atom  and  tkhe  ivikole  of  its  constitution,  and  the  immediate  efficient 
cause  of  all  its  properties. 


Boseovieh  represents  his  law  of  atomical  action  by  what  may 
be  called  an  exponential  curve.  Let  the  distance  of  two  atoms 
be  estimated  on  the  line  A  0'  C,A  being  the  situation  of  one  of 
th&i,  while  the  other  is  placed  anywhere  on  this  line.  When 
placed  at  *,  for  example,  wc  may  suppose  that  it  is  atti'acted  by 
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A,  witli  a  certain  intensity.  "We  represent  this  intensity  by  tlie 
length  of  the  line  il,  perpendicular  to  A  O,  and  express  the  direc- 
tion of  the  force,  namely,  from  *  to  A,  because  it  is  attractive,  hy 
placing  il  above  the  axis  A  O.  Should  the  atom  be  at  tii,  and 
be  repelled  by  A,  we  express  the  intensity  of  repulsion,  by  mn, 
and  its  direction  from  m  towards  G  by  placing  mn  below  the 

This  may  be  s^ipposeii  for  ev-ery  point  on  the  axis,  and  a  curve 
drawn  through  the  extremities  of  all  the  perpendicular  ordinates, 
will  be  the  exponential  curve  or  scale  of  force. 

As  there  are  supposed  a  great  many  alternations  of  attractions 
and  repulsions,  the  cuitc  must  consist  of  many  branches  lying  on 
opposite  sides  of  the  axis,  and  muht  therefore  cross  it  at  (7,  J)', 
O",  D",  &e.,  and  at  G.  AH  these  are  supposed  to  be  contained 
within  a  very  small  fraction  of  an  ineh. 

Beyond  this  distance,  whioh  terminates  at  O,  the  force  is 
always  attractive,  and  is  called  the  force  oi grfv'dfUion,  the  maxi- 
mum intensity  of  which  occurs  at  g,  and  is  expressed  hy  the 
length  of  the  ordinate  O'g.  Further  on,  the  ordinates  are  sensibly 
proportional  to  the  squai'e  of  their  distances  from  A,  inversely. 
The  branch  G'  G"  has  the  line  A  C,  therefore,  for  its  asymp- 
tote. 

Within  the  limit  A  C  there  is  repulsion,  which  becomes  infi- 
nite, when  the  distance  from  A  is  zero ;  whence  the  branch  (J  !>"■ 
has  the  perpendiculiai-  axis,  A  y,  for  its  asymptote. 

An  atom  being  placed  at  G,  and  then  disturbed  so  as  to  move 
it  in  the  direction  towards  A,  will  be  repelled,  the  ordinates  of  the 
curve  being  below  the  axis;  if  disturbed  so  as  \-o  move  it  from 
A,  it  will  be  attracted,  the  coiTesponding  "ordinates  being  above 
the  axis.  The  point  0  ia  therefore  a  position  in  which  the  atom 
is  neither  attracted  nor  repelled,  and  to  which  it  will  tend  to 
return  when  slightly  removed  in  either  direction,  and  is  called  tlie 


If  the  atom  be  at  O,  or  0",  &c.,  and  be  moved  ever  so  little 
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towards  A,  it  will  be  repelled,  and  when  tlie  disturbing  cause  ia 
removed,  will  fly  back ;  if  moved  from  A,  it  will  be  attracted 
and  retiuTi.  Hence  C,  C",  &c.,  are  positions  similar  to  G,  and 
are  called  limits  of  cohesion,  (/being  called  the  last  Umit  qfoohe- 
sion.  An  atom  situated  at  any  one  of  tliese  points  will,  with  that 
■  at  ^ ,  constitute  a  perfiKment  "molemde  of  the  simplest  kind. 

On  the  contrary,  if  an  atom  be  placed  at  D',  or  7?",  &e.,  and 
be  then  slightly  disturbed  in  the  direction  either  from  or  towards 
A,  the  action  of  tlie  atom  at  A  will  cause  it  to  recede  still  farther 
from  its  firet  position,  tiU  it  reaches  a  limit  of  cohesion.  The 
points  D',  D",  &c.,  are  also  pceitions  of  indifference,  in  which  the 
atom  will  be  neither  attracted  nor  repelled  by  that  at  A,  hiit  they 
differ  from  C",  C",  G,  &e.,  in  this,  that  an  atom  being  ever  so  little 
removed  from  one  of  them  has  no  disposition  to  return  to  it 
again ;  these  points  are  called  Umiis  of  dissolution.  An  atom 
situated  in  one  of  tliem  cannot,  therefore,  constitute,  with  that  at 
A,  a  permanent  molecule,  but  the  slightest  disturbance  will  de- 
stroy it. 

It  is  easy  to  infer,  from  what  has  been  said,  how  three,  four, 
&e.,  atoms  may  combine  to  form  molecules  of  different  orders  of 
complexity,  and  bow  these  again  may  be  arranged  so  as  by  their 
action  upon  each  other  to  form  particles.  Oui*  limits  will  not 
permit  us  to  dwell  upon  these  points,  but  we  cannot  dismiss  the 
subject  without  suggesting  one  of  its  mc«t  interesting  conse- 
quences. 

According  to  the  highest  authority,  the  sun  and  other  heavenly 
bodi^  have  been  formed  by  the  gradual  subsidence  of  a  vast 
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nebvj-a  towai'ds  its  centre.  Its  molecules,  forced  'bj  tbeir  gravi- 
tating action  within  their  neutral  limits,  are  in  a  state  of -tension, 
which  is  the  more  intense  as  the  accumulation  is  greater;  and  the 
molecular  agitations  in  tlie  enn,  caused  by  the  succeasive  deposi- 
tions at  its  surface,  maJje  thia  body,  in  consequence  of  its  vast 
size,  a  perpetual  fountain  of  that  incessant  stream  of  ethereal 
waves  which  constitute  the  essence  of  light  and  heat.  The  inter- 
nal hes,t  of  the  earth  has  the  same  explanation.  All  bodies  would 
appear  self-luminous  were  the  acuteness  of  our  sense  of  eight 
increased  beyond  its  present  limit  in  tlie  same  proportion  that  the 
sun  exceeds  them  in  size.  The  sun  far  transcends  all  the  oilier 
bodies  of  our  system  in  I'egard  to  heat  and  light,  and  is  in  a  state 
of  inGmideseence,  because  of  the  mode  of  its  formation  and  of  its 


2.— The  molecular  forces,  here  considered,  are  the  effective 
causes  which  determine  a  body  to  be  a  solid,  liquid,  or  gas.  If  the 
attractions  prevail  over  the  repulsions,  the  body  is  soUdj  if  these 
antagonistic  forera  be  equal,  it  is  ligvid;  and  if  the  repulsions 
prevail  over  the  attractions,  it  is  a  gan. 

3. — The  molecular  forces  may  so  act  upon  the  elements  of 
dissimilar  bodies  as  to  cause  a  new  combination  or  union  of  their 
atoms.  This  may  also  produce  a  separation  between  the  com- 
bined atoms  or  molecules,  in  sueh  manner  as  to  entirely  change 
the  individual  properties  of  the  bodies.  Such  eflbrts  of  the  mo- 
lecular forces  are  called  cliemieal  aetion ;  and  tlie  disposition  to 
exert  these  efforts,  chemical  affmty. 

4. — Beyond  the  last  limit  of  gravitation,  atoms  attract  each 
other:  hence,  ail  the  atoms  of  one  body  attract  each  atom  of 
another,  and  vice  versa :  thus  giving  rise  to  attractions  between 
bodies  of  sensible  magnitudes  through  sensible  distances.      The 
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inteTiBities  of  these  attractiona  are  proportional  to  the  niimber  of 
atoms  in  the  attracting  body  directly,  and  to  the  square  of  the 
distance  between  the  bodies  inversely. 

5. — The  term  miiversal  gra/oitaUon  is  applied'  to  this  force, 
when  it  is  intended  to  express  the  action  of  the  heavenly  bodies 
on  each  other;  and  that  of  terresf^ial  ffrtmitaiioTi  or  simple 
gr<eei1y,  when  we  wish  to  express  the  action  of  the  earth  upon 
the  bodies  forming  with  itself  one  whole.  The  force  is  always  oi 
the  same  kind,  however,  and  varies  in  intensity  only  by  reason 
of  a  difference  in  the  "nnmber  of  atoms  and  their  distances.  Its 
efleet  is  always  to  generate  motion,  when  the  bodies  are  free 
to  move. 

OravWif,  then,  is  a  property  common  to  all  terrestrial  bodies, 
sinpe  they  constantly  exhibit  a  tendency  to  approach  the  earth 
and  its  centre.  In  consequence  of  this  tendency  all  bodies  posses 
weight,  and,  imless  supported,  fall  to  the  surface  of  the  earth; 
and  if  prevented  by  any  other  bodies  from  doing  ao,  they  exert 
a  pressure  on  these  latter. 

This  is  one  of  the  most  important  properties  of  terrestrial 
bodies,  and  the  cause  of  many  phenomena,  of  which  a  fuller 
account  will  be  given  hereafter. 

DENsirr. 

§  7, — D&nsiffy  is  a  term  employed  to  express  the  gi-eater  or 
less  proximity  of  a  body's  atoms.  The  relative  densities  of  dif- 
ferent bodies  must,  therefore,  be  proportional  to  the  nnmber  of 
atoms  they  contain  under  equal  volumes.  The  weights  of  bodies 
being  proportional  to  the  number  of  their  atoms,  the  density 
of  any  body  is  measured  by  the  quotient  arising  fi'om  dividing 
its  weight  by  the  weight  of  an  equal  volume  of  some  otliei'  body, 
asstimed  as  a  standard,  and  whose  density  is  regarded  as  unity. 
The  density  of  pure  water,  at  the  temperature  of  38°,75  Fahren- 
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lieit,  is  assumed  as  the  unit,  the  water  poss^sing  its  laaximum 
density  at  that  temperature, 

MASS. 

§  8. — The  mass  of  a  body  is  the  quantity  of  matter  it  contains ; 
and  this  being  proportional  to  its  weight,  the  mass  of  a  body  may 
be  measured  liy  the  quotient  arising  from  dividing  its  weight  by 
tlie  weight  of  some  other  body  assumed  as  the  unit  of  mass.  A 
cubic  foot  of  distilled  water,  at  its  maximum  density,  may  be 
assumed  as  the  unit  of  mass.  And,  therefore,  a  body  whose  mass 
is  expressed  by. any  number,  say  20,  will  contain  twenty  times  the 
matter  contained  in  a  cubic  foot  of  distilled  water  at  its  greatest 
density. 

If  the  mass  of  a  body  be  denoted  by  M,  its  weight  by  W,  and 
that  of  a  unit  of  mass  by  ^,  then  will 

W^M.ff {1; 

If  F^  denote  the  body's  volume,  and  D  ,its  density ;  then  will 

M=  V.D (2) 

and  by  substitution  above, 

W^Y.D.g (3) 

The  masses  of  bodies  are  so  constantly  in  view  in  discussing 
and  applying  physical  principles,  as  to  make  it  important  to 
understand  well  the  method  of  getting  tlieir  numerical  values. 
Equation  (1)  may  be  written 

=  If, 

and*  in  which  W  and  g  must  be  expressed  in  terms  of  the  same 
unit.     Biit  g  may  have  two  valaes,  very  different  in  Mud.     It 


Hosted  byCoOgle 


24  ELEMENTS    OF    ANALYTICAL    MECHANICS. 

may  be  expressed  in  pounds,  or  any  other  unit  of  weight,  or  in 
feet,  or  any  other  unit  of  length.  In  the  first  case,  the  hody 
assumed  as  the  unit  of  mass  and  that  whose  mass  is  desired,  are 
simply  weighed,  and  the  ratio  of  tiie  weights  taken.  In  the 
second  ease,  the  foody  assumed  as  the  unit  of  mass  is  permitted 
to  fall  in  vacuo,  and  the  velocity  its  own  weight  can  generate 
in  it,  in  one  second  of  time,  ascertained. 

A  cubic  foot  of  pure  water,  at  its  maximum,  density,  weighs 
63,3791  pounds  avoirdupois,  and  the  measure  of  a  body's  mass 
is  given  by 

62,3791 ' 

in  which  TTmust  be  expressed  in  avoirdupois  pounds. 

The  velocity  which  the  weight  of  a  body  can  imprtsa  upon 
itself,  in  one  second  of  time,  on  the  parallel  of  45°,  is  32,1801 
feet ;  and  the  measure  for  a  body's  mass  is  given  by 


in  which  TF'may  he  expressed,  as  before,  in  pounds;  hut  in  this 
case  the  cubic  fiiot  of  water  ceases  to  be  the  unit  of  mass,  and  in 
its  stead  we  take  so  much  of  tlie  water,  or  of  any  other  body,  as 
will  weigh  32,1801  pounds,  as  the  unit  of  m^s.  In  this  latter 
case,  any  body  which  weighs  one  pound  will  be  a^.i-H-m  of  the 
unit  of  mass. 

Had  the  pound  been  made  greater  than  it  is  in  the  proportion 
of  62,3791  to  32,1801,  or  the  foot  less  in  the  proportion  of  32,1801 
to  62,3791,  then  would  the  same  number  have  expressed  both  the 
pounds  avoirdupois  in  the  weight  of  a  cubic  foot  of  pure  water 
at  the  standard'  tenaperature,  and  the  number  of  feet  in  the 
velocity  this  weight  could  generate  in  the  same  cubic  foot  in  one 
second  of  time. 
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UNORGANIZED  AND  ORGANIZED  BODIES. 

§  d. — All  bodies  coimectcd  with  the  earth  are  distributed  into 
two  classes,  viz. :   Unorgwnized  and  Orga/nised. 

The  unorganized  class  embrace  all  minerals,  as  metals,  atones, 
earths,  alkalies,  water,  air,  and  tlie  like. 

The  organized  class  include  all  animals  and  vegetables. 

The  miorgamised  bodies  form  the  lower  class,  and  are,  so  to 
speak,  tlie  substratum  of  the  organized.  They  are  acted  npoii 
solely  by  influences  external  to  themselves,  and  have  nothing  that 
can  properly  he  called  life.  They  have  no  definite  or  periodical 
duration. 

Organised  hodies  are  more  or  less  perfect  individuals,  possess- 
ing organs  adapted  to  the  perfonnaiiee  of  certain  functions. 
They  possess  vitality,  and  are  continually  appropriating  to  them- 
selves imorganized  bodies,  changing  their  properties,  and,  by  this 
process,  increasing  their  bulk.  They  possess  the  faculty  of  repro- 
duction. They  retain  only  for  a  limited  time  the  vital  principle, 
and,  when  life  is  extinct,  they  sink  into  the  class  of  unorganized 
bodies. 

HEAVENLY  BODIES. 

§  lO.-t-The  Sea/venk/  Sadies  foi-m  a  distinct  class.  In  the 
changes  they  bring  about  within  themselves,  they  resemble  organ- 
ized bodies;  and  may,' in  one  sense,  be  said  to  possess  organs. 
Those  of  our  earth  are  its  continents,  oceans,  and  atmosphere. 
The  researches  of  Geology  furnish  the  most  ample  evidence  of 
vast  changes  having  taken  place  in  the  earth.  It  now  supports 
and  nourishes  both  tlie  animal  and  vegetable  kingdoms.  There 
was  a  time  when  neither  of  these  existed  upon  it.  It  was  once 
all  fluid,  from  excessive  heat ;  it  is  now  incrusted  with  an  indu- 
rated envelope  of  many  miles  in  thickness,  inclosing  a  molten, 
liquid  mass.  In  many  places  its  continents  are  being  elevated, 
while  in  others  they  are  being  depressed  ;  corresponding  clianges 
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are  taking  place  in  the  shoi-es  of  tlie  oceaii,  and  the  climates  of 
tlie  Bame  zones  ai'e  undergoing  modilications.  What  is  true  of 
our  earth,  is  doubtless  equally  tme  of  the  other  heavenly  bodies. 

NATUEAL  PHILOSOPHY, 

§  ll.—Hfa^iral  Philosophy  ia  a  name  given  to  that  branch  of 
phyeieal  science  which  treats  of  the  g&nercd  properties  o?  unorgan- 
ised bodies;  the  changes  they  undergo  without  affecting  their 
internal  constitution ;  the  causes  of  these  changes,  and  the  laws 
which  govern  both  the  causes  and  changes. 

TIIERMOTICS,  ACOUSTICS,  OPTICS,  ELBCTEICg. 

§  12. — Natm-al  Philosophy  embraces  the  subjects  of  Thermotics, 
Aooiisiics,  Optics,  and  Electrics.  The  first  treats  of  heat,  the 
second  of  sownd,  the  third  of  light,  and  the  fourth  of  electricity. 
The  subject  of  inagnetics  is  omitted  here,  because  it  is  now  merged 
into  that  of  electrics.  The  phenomena  which  appertain  to  these 
different  heads,  all  have  a  common  source  in  the  action  of  forces 
upon  bodies— the  nature  of  the  bodies,  the  kind  and  mode  of  action 
of  the  forces,  and  the  sense  employed  to  excite  the  mind  to  a  per- 
ception of  the  effects,  constituting  the  main  distinction. 

Natural  Philosophy  relies  upon  observation  and  experiment 
for  its  data.  From  these  we  deduce  the  varied  information  we 
have  acc[uired  about  bodi^  ;  by  the  fonner  we  notice  any  changes 
that  transpire  in  the  condition  or  relations  of  any  body,  as  they 
spontaneously  arise  without  interference  on  our  part;  whereas, 
in  the  performance  of  an  erperiment,  we  purposely  alter  the 
natural  arrangement  of  things,  to  bring  about  some  particular 
condition  we  desire.  To  accomplish  this,  we  make  use  of  appli- 
ances asR^A  philosophioal  appaira:tws,  the  proper  use  and  appli- 
eatioh  of  which,  it  is  the  office  of  Experimental  Philosophy  to 
teach. 
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If  WO  notice  that  in  winter  water  becoiiiea  converted  into  ice, 
we  are  said  to  make  an  observation ;  if,  by  means  of  freezing 
mixtures  or  evaporation,  we  cause  water  to  freeze,  we  are  then 
said  to  perform  an  experiment. 

These  observations  and  experiments  are  next  subjected  to  cal- 
culation, from  which  ai-e  deduced  what  are  called  tlie  laws  of 
nakire,  or  the  rules  that  like  causes  wUl  invariably  produce  liTce 
restdts.  To  express  these  laws  with  the  greatest  possible  brevity, 
mathematical  formulas  are  used.  When  it  is  not  practicable  to 
represent  them  with  mathematical  precision,  we  are  content  with 
inferenctffl  and  assumptions  based  on  analogies,  or  with  probable 
hypotheses,  as  the  means  for  explanation  and  further  deductions. 

A  hypothesis  gains  in  probability  the  more  nearly  it  accords 
with  the  ordinary  course  of  nature,  the  more  numerous  the  obser- 
vations and  experiments  on  which  it  is  founded,  and  the  more 
simple  the  explanation  it  oiFera  of  the  phenomena  for  which  it  ia 
intended  to  account. 

CHEMISTET. 

§  13. — Chemistry  treats  of  the  iTtdivid/ual  properties  of  unor- 
ganized bodies,  by  which,  as  regards  their  constitution,  they  may 
he  distinguished  from  one  another.  It  also  investigates  the  trans- 
forniations  that  take  place  in  the  interior  of  these  bodies,  and  by 
which  their  substance  is  altered  and  remodelled ;  and,  lastly,  it 
detects  and  classifies  the  laws  that  regulate  chemical  changes. 

NATURAL  HISTORY. 

1 14. — Natural  History  treats  of  the  organized  bodies.  It 
compi-ises  three  divisions,  viz. :  Anatomy,  which  is  concerned 
witli  the  dissections  of  plants  and  animals;  Vegetable  and  Animal 
Cheniistry,  which  investigates  their  internal  constitution;  and 
Physiology,  which  explains  the  objects  and  offices  of  their  v 
organs. 
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ASTRONOMY. 

§  15. — Astronomy  teaches  the  knowledge  of  the  heavenly 
bodies.  It  consists  of  two  branches — Physical  and  Spherical 
Astronomy.  The  former  treats  of  the  constitution  and  physical 
condition  of  the  heavenly  bodies,  their  mutnal  inflneuces  and 
actions  on  each  otlier,  and,  generally,  s^eha  to  explain  the  causes 
of  celestial  phenomena ;  the  latter  is  concerned  with  the  appear- 
ances, magnitudes,  distances,  arrangements,  and  motions  of  these 
bodies.  All  measurements  npon  them  are  made  from  stations 
on  tlie  earth,  and  by  instmmenfa  that  give  the  sides  and  angles 
of  spherical  triangle  projected  upon  the  concave  of  the  celestial 
vault ;  and  hence  the  name. 

GEOLOGY,  PHYSICAL  GEOGBAPHr,  METEOROLOGY. 


§  16. — Geology,  Physical  OrngTophj.,  and  . 
strictly  branches  of  Physical  Astronomy.  Tho  first  1 
knowledge  of  the  structm'e  and  history  of  the  earth's  crust ;  the 
second  treats  of  the  nature  and  character  of  its  surface ;  and  the 
tliird  is  concerned  with  the  phenomena  of  the  atmosphere  and 
climate. 


g  17. — !N'atural  Philosophy,  Chemistry,  ^Natural  History,  and 
Astronomy,  are  but  branches  of  the  more  general  subject  called 
Physics — a  science  so  vast  in  its  range  as  to  embrace  whatever 
is  known  and  can  be  discovered  of  the  nature  and  properties  of 
bodies,  their  source,  effects,  affections,  operations,  phenomena, 
and  laws. 


§'  18.-~A11  phenomena  of  the   physical  world   arise   directly, 
from  the  action  of  forces  npon  the  various  forms  of  bodies.     That 
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Ijraneh  of  science  which  treats  of  this  action  is  called  Meohanias. 
A  cai'eful  study  of  a  couree  of  mechanics  is,  therefore,  an  indis- 
pensable preparation  for  that  of  any  hranch  of  physical  science. 
Meclianics  is  the  subject  of  the  present  volume.  It  will  be 
treated  under  three  heads,  suggested  by  peealiarities  of  physical 
condition,  viz, :  Meokanics  of  Solids,  Mechamoa  o/JFlmda,  and 
Meoho/nies  of  Molecules;  the  first  treating  of  tlie  action  of  forces 
upon  solid  bodies ;  the  second,  upon  fluid  bodies ;  and  the  third, 
npon  the  molecules  or  elements  of  both  solids  and  fluids. 

Mechanics  is  founded  in  a  single  fact,  viz. :  that  aU  action  is 
ever  accxtmpanied  by  an  equal,  contrary,  and  aimuUanecus  reaction. 


§  19. — This  reaction  very  often  arises  from  a  property,  common 
to  all  bodies,  by  which  they  resist,  of  themselves,  every  change 
of  their  own  state  in  regard  to  rest  or  motion,  and  with  an  effort- 
equal  to  that  which  produces  the  change.  This  property,  known 
from  experience,  is  called  Inertia.  Ifc  is  force,  but  passive  an^ 
conservative  force. 
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SPACE,    TIME,    MOTION,     AND    FOROE. 

§20. — Space  ia  indefinite  extension,  without  limit,  and  contains  all 
Dodies. 

§21. — Time  iM  any  limited  portion  of  durution.  We  may  conceive 
of  a  time  which  ii  longer  or  shorter  than  a  given  time.  Time  has. 
therefore,  magnitude,  as  well  as  lines,  areas,  &c. 

To  measure  a  flwca  lime,  it  is  only  necessary  to  assume  a  certain 
interval  of  time  as  unity,  and  to  express,  by  a  numljer,  how  often 
tills  unit  is  contained  in  the  given  time.  When  we  give  to  this 
number  the  particular  name  of  the  unit,  as  hovr,  minvte,  second,  &c., 
we  have  a  complete  expression  for  time. 

The  iMtruments  usually  employed  in  measuring  time  are  docks, 
chronometers,  and  common  viatehes,  which  are  too  well  known  to  need 
a  description  in  a  work  like  this. 

The  smalleit  division  of  time  indicated  by  these  time-pieces  is  the 
second,  af  which  there  are  CO  in  a  minute,  S600  in  an  hour,  and 
86400  in  a  day ;  and  chronometers,  which  are  nothing  more  than  a 
species  of  watch,  have  been  broucjht  to  such  perfection  as  not  to  vary 
jn  their  rate  a  lialf  a  second  in   305  days,  or  S1536000  seconds. 

Thus  the  number  of  hours,  minutes,  or  seconds,  between  any  two 
events  or   instants,   may   be   estimated    with    as    much   precision  -and 


1  ^mu  , 


MECHANICS    OF    SOLIDS.  31 

ease  as  the  number  of  yards,  feet,  or  inches  between  the  extremitiea 
of  any  given  distance. 

Time  may  be  represented  by 
lines,  by  laying  off  upon  a 
given  right  line  A  B,  the  equal 

distances  from  0  to  1,  1  to  2,  °    ■'■'■''■■'''    ' 

Z  to  Z,  &c.,  eacb  one  of  these 
equal  distances  representing  the 
unit  of  time, 

A  second  is  usually  taken  as  the  unit  of  time,  and  a  foot  aa  the 

1 22.— A  body  is  in  a  state  of  alsvlnte  rest  when  it  continues  in  the 
same  place  in  space.  There  is  perhaps  no  body  absolutely  at  rest; 
our  earth  heing  in  motion  about  the  sun,  nothing  conneeted  with  it 
can  be  at  rest.  Rest  must,  therefore,  be  considered  but  as  a  relative 
term.  A  body  is  said  to  be  at  rest,  when  it  preserves  the  same 
position  in  respect  to  other  bodies  which  we  may  regard  aa  fixed. 
A  body,  for  e\anaple,  which  continues  in  the  same  place  in  a  boat, 
ia  saii  to  be  at  rest  in  relation  to  the  boat,  although  the  boat  itself 
may  be  in  motion  in  relation  to  the  banks  of  a  river  on  whose  sur- 
face it  is  floating. 

§23. — A  body  is  in  molioti  v;hen  it  occupies  tuccessively  difTerent 
portions  in  space.  Motion,  like  rest,  is  but  relative.  A  body  is  in 
motion  when  it  changes  its  place  in  reference  to  those  which  we 
may  regard  at  le'^L 

Motion  is  essentially  conlmuoui,  that  j«  a  body  cannot  pass  from 
one  position  to  another  without  pishing  through  a  eenes  of  mterrae- 
diat^  positions  ,  i  point,  in  motim,  therefore  deseiiVLs  a  continuoua 
line 

When  we  speak  of  the  path  described  by  a  body,  we  are  to 
understand  that  of  a  certain  point  connected  with  the  body.  Thus, 
the  path  of  a  ball,  is  that  of  its  centre, 

§24. — The  motion  of  a  body  is  said  to  be  curvilinear  or  rectilinear, 
according  as  thp   path   described  is  a  curve  or  right  line.      Motion  ia 
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either  uniform  or  ■varied.  A  body  is  said  to  have  uniform  motion 
■when  it  passes  over  equal  spa^ies  in  equal  successive  portions  of  time ; 
and  it  is  said  to  have  varied  motion  when  it  passes  over  unequal 
spaces  in  equal  successive  portions  of  lime.  The  motion  is  said  to 
be  acceUrated  when  the  successive  increments  of  spjce  in  equal 
times  become  greater  and  greater.  It  is  refardtd  when  thuse  inwc 
ments  become  smaller   and  smaller. 

§  35. —  Velocity  is  the  role  of  a  body's  motion.  Velocity  is  mea- 
sured by   the  length  of  path  described  uniformly  in  a  unit  of  time. 

§  26.— Thu  '.paees  de'wrihed  in  equal  successive  portions  of  lime 
being  equal  in  uniform  motion,  it  ia  plain  tliat  the  length  of  path 
described  in  any  time  will  be  equal  to  that  described  in  a  unit  of  time 
repeated  a*,  many  times  as  there  are  units  in  the  time.  Let  v  denote 
the  \eloeity,  t  the  tim.t,  and  ^  the  h-nftth  of  jiath  do-icribed,  then  will 

'  =  ».', (3) 

If  the  position  of  the  body  be  referred  to  any  assumed  origin 
whose  distance  from  the  point  where  the  motion  begins,  estimated 
in  the  direction    of  the  path  described,   bo  denoted  by  S,  then  will 

•  =  «  +  ..( (4) 

Equation  (3)  hr«s  that  in  u  t  rm  mttcn  tie  ip  ce  described 
I!  always  eqval  to  the  product  oj  tie  time  tnto  the  %thcity ;  that  ffie 
spates  deicribed  by  dijerent  bodies  moving  with  diffeient  velMiiies  during 
the  same  time  are  to  each  other  as  tlie  velocities,  and  thit  when  the 
velocttiea  are   the  tame    the  spaces  are   to   each  other  as    the    times. 

1 27.— Difiei-entiating  Equation   (3)    or   (4),   we  find 

%  =  '■'  ■ P) 

that  is  to  say,    the  velocity  is  equal   to  the  first  differential  co-efficien 
of  the  space  regarded  as  a  function  of  the  time. 

Dividing  both  members  of  Equation   (3)  by   (,   ws  have 


.  (6) 
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which  shows  that,  in  vni/orm  moliort,  ike  velocity  is  equal  to  the  wAoJe 
space  divided  by   the  time  in  which  it  is  described, 

I  28.— Matter  on  the  earth,  in  its  unorganiaed  state,  is  inanimate  or 
inert.     It  cannot  give  itself  motion,  nor  can  it  change  of  itself  the  motion 
which  it  may  have  received 
A  body  at  re«t  will  forever 
remam    so    unles'!    d  aturhtd 

by  aomethmg   extraneous   t  " — — __ f 

itaelf ,   <r  it  it  te  in  mjtioii 
m  any  ilnection    as   fiom    a 

to  6  it  will  ccntmut,  ifter  ariiMng  at  6  to  m  \e  towards  <  n.  the 
prolongation  of  o6 ,  for  having  arrj\ed  at  6  there  is  i  o  lei  on  why 
tt  should  deviate  to  one  side  more  than  another  Mweover  if  the 
body  Lave  a  certain  velocity  at  b  it  will  retain  this  velocity  unaltered, 
Hnce  no  reason  can  be  assigned  why  it  should  be  increased  rather 
than  diminished  m  the  absence  of  all  extraneous  causes 

If  a  billiard  ball  thiown  upon  the  table  seem  to  dumni'sh  )ta 
rate  of  motion  till  it  stops  it  is  because  it^  motion  is  resisted  by 
the  cloth  and  the  atmosphere  If  a  body  thiown  vertically  down 
ward  seem  to  mcieaae  its  lelocitj  it  is  because  ts  weght  is  inces 
santly  urgmg  it  onward  If  the  dirc^'ti  n  of  the  motion  of  a  stone, 
thrown  into  the  a  r  eem  c  nt  nuiUv  to  ohoi  ge  it  is  because  the 
weight  of  the  i-tune  urges  it  incessoitly  towirds  the  surface  of  tho 
earth  Experience  proves  that  m  pioportion  as  the  obstacles  to  a 
body  s  motion  are  retioved  wil!  the  motion  itself  remain  nnchinged 
"\Ahen  a  bodj  is  at  rest  oi  nfvi  5  with  unit  rni  lut  n  its 
merlta   is   n  t   tilled  into   action 

^  2  J— A  fo  ce  has  bcei  dtfaned  tole  that  which  changes  or  ten  is  to 
change  the  state  of  a  lody  iti  respect  to  rest  or  motion  Weijl  t  and 
Elailiiiy  ate  example'!  A  lodj  laid  upon  a  tiWe  01  si^pt,idod  froro 
a  fixed  point  bj  mi,  ins  t  a  tl  lead  would  move  nndu  the  acton  of 
ita  weight,  if  the  icsistance  oi  thu  tibli,  or  tl  at  cf  the  fi\ed  po  nt  diUi 
not  continually  present  by  an  equil  aimilttneois  an  1  ciitra  v  reac 
tion  \.  body  subjucteil  aloio  I  the  action  of  i  'p"'^  >  oul  I  han^^ 
Its  state  by  moving  fastei  01  slower 


Hosted  byCoOgle 


34  ELEMEHIS    0^    ANALYTICAL    MECHAKICS. 

Wheu  we  push  or  pull  a  body,  be  it  free  or  fixed,  we  experience 
a  sensation  denominated  pressure,  traction,  or,  in  general,  effoi  (.  This 
effort  is  tmalogous  to  that  which  we  exert  in  raising  a  weight.  Forces 
are  real  pressures.  Pre^iire  may  be  strong  or  feeble ;  it  therefore 
has  magnitude,  and  may  be  espres&ed  in  numbers  hy  assuming  a 
certain  pressure  as  umi?/.  The  unit  of  pressure  will  be  tslten  to  be 
tnat  exerted  by  the  weight  of  ^,3-  part  of  a  cubic  foot  of  distilled 
water,  at  38°,75,  and  is  called  a  povnd. 

§30. — The  inUnfit)/  of  a  force  is  its  greater  or  less  capacity  to 
produce  pressure.  This  intensity  may  be  expressed  in  pounds,  or  in 
quajitity  of  motion.  Its  Talue  in  pounds  is  called  its  statical  mea- 
sure ;   in  quantity  of  motion,  its  dynamical  measure. 

§31. — The  ponit  of  opphcalion  of  a  force,  is  the  material  point  to 
which  the  force  may  be  regarded  as  directly  applied. 

§  32. — The  line  of  direction  of  a  force  is  the  right  line  which  the 
point  of  application  would  describe,  if  it  were  perfectly  free. 

§33. — The  effect;  of  a  force  depends  upon  its  intensity,  point  of 
applii-ation,  and  line  of  diiectioo,  and  when  these  are  given  the  force 
is  known. 

1 34.— -Two  forces  arc  equal  ■when  Rub&litutcd,  one  for  the  other, 
in  the  same  circumstances,  they  produce  the  same  effect,  or  when 
directly  opposed,  they  neutralize  each  othor. 

1 35. — There  can  he  no  action  of  a'  force  without  an  equal  and 
contrary  reaction.  This  is  a  law  of  nature,  and  our  knowledge  of  it 
comes  from  experience.  If  a  force  act  upon  a  body  retained  by  a 
6x03  obstacle,  the  latter  will  oppose  an  equal  and  contrary  resistance. 
If  it  act  upon  a  free  body,  the  latter  will  change  its  state,  and  in 
the  act  of  doing  so,  its  inertia  will  oppose  an  equal  and  contrary 
resistance.     Aclimi  and   reaction   ore  ecer  (qua!,  contrarij  and  simuU't- 

1 36; — If  a  free  body  be  drawn  by  a  thread,  the  thread  will  stretcl^ 
fljid  even  break  if  the  action  be  too  violent,  and  this  will  the  more 
probably  happen  in    proportion  as   the  body  is  more  massive.      If  a 


Hosted  byCoOgle 


MECHANICS    OF    SOLIDS. 


35 


:  graduated  scale  of 


lnwlj  lie  suspended  by  means  of  a  vertical  ■ 
spring  be  interposed  in  the  line  of  traction, 
the  spring  will  indicate  the  weight  of  the 
liody  when  the  latter  is  at  rest;  but  if 
the  upper  end  of  the  chain  be  suddenly 
elevated,  the  spring  will  immediately  bend 
niore  in  consequence  of  the  resistance 
opiwscd  by  the  inertia  uf  the  body  while 
acquiring  motion.  When  the  motion  ac- 
quired becomes  uniform,  the  spring  will 
resume  and  preserve  the  degree  of  flexure 
W'hich  it  had  at  lest  If  now,  the  motion 
be  checked  by  relaxing  the  effort  applied 
to  the  upper  end  of  the  chain,  the  spring 
will  unbend  and  indicate  a  pressure  less 
than  the  weight   of   the  body,  iu   conse- 

<]ucnee  of  the  inertia  acting  in  opposition  to  the  retardation.  The 
osuillatijns  of  the  spring  may  tiierefiire  serve  to  indicate  the  varia- 
tions in  the  motions  of  a  body,  and  the  energy  of  its  force  of 
inertia,  which  acts  against  or  with  a  fiwcp,  aecording  as  the  velo- 
city is  increased  or  diminished. 


1 37, — Foiecs  produce  various  eff>«^s  accoi"U!ig  to  circumstances. 
They  sometimes  leave  a  body  at  rest,  by  balancing  one  another, 
tiirough  its  intervention;  sometimes  they  change  its  form  or  break 
it;  sometimes  they  impress  upon  it  motion,  they  accelerate  or  retard 
that  which  it  has,  or  change  its  direction ;  aometiraea  these  eifects  are 
pr)duced  gradually,  sometimes  abruptly,  but  however  produced,  they 
requiro  some  defiaile  time,  and  are  effeL-ted  by  eotiiinuoiui  decrees.  If 
a  b.idy  is  sometimes  seen  to  ^change  suddenly  its  state,  either  in 
respect  to  the  direction  or  ^e  rate  of  its  motion,  it  is  because  the 
force  ia  so  great  as  to  produce  its  effect  in  a  time  so  short  as  to 
make  its  duration  imperceptible  lo  our  senses,  yet  some  definite  por- 
tion of  time  ia  necessary  for  the  change.  A  ball  fired  from  a  gun 
will  break  thi-ough  a  pane  of  glass,  a  piece  of  board,  or  a  sheet  of 
paper,  when  freely  suspended,  with  a  rapiditj  so  griat  as  to  call  into 
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action  a  force  of  inertia  in  the  parts  which  remain,  greater  than 
the  molecular  forces  which  connect  the  latter  with  those  torn  away. 
In  such  coses  the  effects  are  obvious,  while  the  times  in  which 
they  are  accomplished  are  so  short  as  to  elude  the  senses :  and  yet 
these  times  have  had  some  definite  duration,  since  the  changes,  corres 
ponding  to  tliese  effects,  have  passed  in  succession  through  their  differ 
a  irom  the  heginning  to  the  ending. 


§  38. — Forces  which  give  or  tend  to  give  motion  to  bodies,  are 
called  motive  Jbrcea.  The  agent,  by  means  of  which  the  force, is 
exerted,  is  called  a  Motor, 

§39.— The  statical  measure  of  forces 
may  he  obtained  by  an  instrument  called 
the  Dynamometer,  which  in  principle  does 
not  differ  from  the  spring  balance.  The 
dynamical  measure  will  be  explained  fur- 
ther on. 

1 40. — When  a  force  acts  against  a  point 
in  the  surface  of  a  Ixidy,  it  exerts  a  pres- 
sure which  crowds  together  the  neighbor- 
ing particles  ;  the  body  yields,  is  compress- 
ed  and  it.s  surface  indented;  the  crowded 
particlt^  rcial^e  an  effort,  by  their  molecular  forces,  to  regain  their 
primitive  places,  and  thus  transmit  this  crowding  action  even  to  the 
remotest  particles  of  the  body.  If  these  latter  particles  are  fixed  or 
prevented  by  obstacles  from  moving,  the  result  will  be  a  compression 
and  change  of  figure  throughout  the  body.  If,  on  the  contrary,  these 
extreme  particles  are  fi'ee,  they  will  advance,  and  motion  will  be  com- 
municated by  degrees  to  all  the  parts  of  the  body.  This  internal  motion, 
the  result  of  a  series  of  compressions,  proves  that  a  certain  time  is 
necessiuy  for  a  force  to  produce  its  entire  effect,  and  the  error  of 
supposing  that  a  finite  velocity  may  be  generated  instantaneously. 
The  same  kind  of  action  will  take  place  when  the  force  is  employed 
to  destroy  the  motion  which  a  body  has  already  acquired ;  it  will 
hrst  destroy  the  motion  of  the  molecules  at  and  nearest  the  point  of 
action,  and  then,  by  degrees,  that  of  those  which  are  more  remote 
in  the  order  of  distance. 
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The  molecular  springs  cannot  le  compressed  without  reacting  in  a 
contrary  direction,  and  -with  an  equal  effort  The  agent  which  presses 
a  body  will  csporienee  an  equal  pressure;  reaction  is  equal  and  con- 
trary to  action.  In  pressing  tlie  linger  against  a  body,  in  pulling  it 
with  a  thread,  or  pushing  it  with  a  bar,  we  are  pressed,  drawn,  o? 
pushed  in  a  contrary  direction,  and  with  an  equal  effort.     Two  weigh- 


ing springs  attached  to  the  extremities  of  a  ch^n  or  bar,  will  indicate 
the  same  degree  erf  tension  and  in  contrary  directions  when  made  to 
act  upon  each  other  through  its  intervention. 

In  every  case,  therefore,  the  action  of  a  force  is  transmitted  through 
a  body  to  the  ultimate  point  of  resistance,  by  a  series  of  equal  and 
contrary  acdons  and  reaclions  which  balance  eacli  other,  and  which 
tJie  molecular  springs  of  all  bodies  exert  at  every  point  of  the  right 
line,  along  which  the  force  acts.  It  is  in  virtue  of  this  property  of 
bodie's,  that  the  action  of  a  force  may  be  assumed  to  be  eterted  at 
atiff  point  in  its  line  of  direction  viifhin  the  boundary  of  the  body, 

|41. — Bodies  being  more  or  less  extensible  and  compressible,  when 
interposed  between  the  motor  and  resistance,  will  be  stretched  or 
compressed  to  a  certain  degree,  depending  upon  the  energy  with  which 
these  forces  act;  but  as  long  as  the  force  and  resistance  remain  the 
same,  the  body  having  attuned  its'  new  dimensions,  will  cease  to 
change.  On  this  account,  we  may,  in  the  investigations  which  follow, 
assume  that  the  bodies  employed  to  transmit  the  action  of  forces  iVom 
one  ]ioinf  to  another,  are  ine\teniible  and  rigid. 


1 42. —To  work  is  to  overcome  a  resistance  continually  recurring 
along  some  path.  Tlius,  to  raise  a  body  through  a  vertical  height,  its 
weight  must  be  overcome   at  ev«ry  poSit  of  the  vertical  path.     If  a 

H     ivGoogle 


38  ELEMENTS    OF    ANALYTICAL    ME0HANI03. 

tody  fall  tlirough  a  vertical  height,  its  weight  develops  ilg  inertia  at 
every  point  of  the  descent.  To  take  a  shaving  from  a  board  with  a 
plane,  tho  cohesion  of  the  wood  must  be  overcome  at  every  point 
along  the  entire  length  of  the  path  described  by  the  edge  of  the  chisel. 

§43, — The  resistance  may  bo  constant,  or  it  may  be  variable,  la 
tJie  first  case,  the  quantity  of  work  performed  is  the  constant  resistaneo 
taken  aa  many  times  as  there  are  points  at  which  it  has  acted,  and 
is  measured  by  the  product  of  the  resistance  into  the  path  described 
by  its  point  of  application,  estimated  in  the  direction  of  the  resistance. 
When  the  resistance  is  variable,  the  quantity  of  work  is  obtained  by 
estimating  the  elementary  quantities  of  work  and  taking  their  sum. 
By  the  elementary  quantity  of  work,  is  meant  the  intensity  of  the 
variable  resistance  taken  as  many  times  as  there  arS  points  in  the 
indefinitely  small  path  over  which  the  resistance  may  be  regarded  as 
constant ;  and  is  measured  by  the  intensity  of  the  resistance  into  the 
difFerenlJal  of  the  path,  estimated  in  the  direction  of  the  resistance. 

§  44, — In  general,  let  I'  denote  any  variable  resistajiee,  and  s  tho 
path  described  by  its  point  of  application,  estimated  in  the  direction 
of  the  rosistanee ;  then  will  the  quantity  of  worit,  denoted  by  Q,  be 
given  by 

q=/P.ds    ........    (7) 

which  integrated  between  certain  limits,  will  give  the  value  of  Q. 

1 45. — The  simplest  kind  of  work  is  that  performed  in  raising  a 
weight  through  a  vertical  height.  It  is  taken  as  a  standard  of  com- 
parison, and  suggests  at  once  an  idea  of  the  quantity  of  work 
expended  in   any  particular  case. 

Let  the  weight  be  denoted  by  W,  and  the  vertical  height  by  B ; 
then  will 

g-  W.H (6). 

If  W  become  one  pound,  and  H  one  foot,  then  will 


and   the  unit  of  work   is,   therefore,  the   unit   of  force,    one   pound, 
exerted  over   the   unit  of  distance,  one  foot;    and   is  measured  by  a 
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square     t    vSuch  the  adjat 
pound    taken  frjm   the   ss 


.  sd  s  are  iLsppctuelv  < 
I  scale  of  equal  parts. 


§46— To  illustiate  the  use  of  Equation  (7)  let 
It  be  required  U  compute  thi,  quintity  of  worl 
aecrasarj  to  compress  the  spiral  spring  ff  the 
conmirai  spring  balinto  to  anj  gnen  dej,rcc  sn 
frorn  the,  length  AB  to  DD  Let  the  rtsibtinc 
virj  duectlj  as  the  de^ce  of  eompi  -ision  an  1 
dentte  the  distina.  AD    Ij   x,    tliLn  "Mill 

P=  C.x; 

in  which  C  denotes  the  resistance  of  the  spring 
when  the  balance  is  compressed  through  the  dis- 
tance unity. 

This  value  of  P  in   Equiition  (7),  gives 

§„  fP.d^T=fC.xdx  =  C-^+  C, 


t  the  lin 


=>  0   ajid   x  =  AB  ~  a,  gives 


Let  C=  iO  pounds,  o 


=  3  feet ;  then  will 
Q  t:^  i5     units  of  work, 


and  the  quantity  of  work  will  he  eq\ial  to  that  required  to  raise 
45  pounds  througli  a  vertical  height  of  one  foot,  or  one  pound 
through  a  height  of  45  feej,  or  9  pounds  through  5  feet,  or  5 
pounds  through  9  feet,  &c.,  al!  of  which  amounts  to  the  same  thing, 

§47. — A  mean  resistance  is  that  which,  multiplied  into  the  entira 
path  described  in  the  direction  of  the  resistance,  will  give  the  entire 
quantjty  of  work.  Denote  this  by  B,  and  the  entire  path  by  s, 
and  from'  the  definition,  we  have 


R.i 


=  fP.ds; 
_/P.iIs 
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That  is,  the  mean  resistance  is  equal  to  the  entire  work,  divided 
by  the  entire  path. 

In  the  above  example  the  path  being  3  feet,  the  mean  resistance 
would  be    15  pounds. 


§48 — Equation  (7)  shows  thit  the  quint  t\  of  work  is  equ'il  to 
the  aiea  mcluded  between  the  path  »,  m  the  dirt.i,tion  of  the 
resistince,  the  curve  whose  oidmates  are  the  different  values  of  P,  and 
the  oidmates  which  denote  the  extreme  resi-stances  Whenever, 
thertfiie  tie  curve  which  connects  the  let-istince  ■«ith  the  path  is 
known,  the  pioecis  fur  findm^  the  quaiititj  ot  isoik  is  oni,  ot 
simple  mtegrition 

Sometimes  this  law    cannot    be  found,   and    the    intenaitj    of  the 
resistance  is  gnen  only  at  certain  pomf  of  the  path      In  this  case 
we    proceed    as  followa,    mz       At  the    several    points   of    the  path 
where  the  resistance   I'l    known     ciect    oidinitcs    equal  to  the  cor 
responding   lesistances,    and  emnect    thetr    e\tremities  iy    a    curved 
line,   then  divide  the  path  dcseiiVed  into  iny  eien  numlier  ot  equal 
parts,  and  eiect  the  ordinates 
at  the  pomts  ol  division,  and 
at   the    extremities  ,    number 
the    ordmates    m    the    order 
of  the  natural  number's;    add 
toffetker  the  extreme  ordinates, 
increase  this  »um  hy  four  times 
that  of  the  even  ordinates  ami 
tmce  that  of  the   nneven  i/rdi- 
nates,  a«i?  multiply  hy  one-third 
of    the    diitance    between    any 
two  con&eeutive   ordinates. 

Demonstration:  To  compute  the  area  comprised  by  a  ciirve,  any 
two  of  its  ordinates  and  the  axis  of  abscisses,  by  plane  geometry, 
divide  it  into  elementary  areas,  by  drawing  ordinates,  as  in  the 
last  figure,  and  regard  each  of  the  elementary  figures,  e,  e,  rj  r„ 
e,  e,  r,  r„    &e.,    as    trapezoids ;    it    is    obvious    that    the    error  of 
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this  supposition  will  be  less,  in  proportion 
OS  the  number  of  trapezoids  between  given 
limits  is  greater.  Take  the  first  two  trape- 
zoids of  the  preceding  figure,  and  divide  the 
distance  e,  e,  into  three  equal  parts,  and  at 
fie  points  of  division,  erect  tlie  ordinatea 
BJ  n,  m,  n, ;  the  area  computed  from'  the  three 
trapezoids  e,mn  r„  m  m^  n,  n,  m,  e^  r,  n„  will 
bo  more  accurate   than  if  computed  from  the 


The   1 


I  by  the  three   trapezoids  i; 


Bu;  hv   construction, 


and  the   above  may   be   written, 

but  ill   the  trapezoid  mni,n,n, 

3  m  n  4-  3  Ml  Ml  -  4  ?, 
whence  the  area  becomes 


the 


rca  of    the    tie^t    two    trapezoid; 
,  will   he 


i ',',{'. 


+  4<. 


i    in   order,   of    the   preceding 
,  +  ...■.)! 


and  similar  expressions  for  each  succeeding  pair  of  trapezoids 
Taking  the  sum  of  these,  and  we  have  the  whole  area  bounded  bj 
the   curve,  its   extreme  ordinates,  aad  the  axis   of  abscisses ;    or, 

«  =  J,,,,[,,r,  +  4,, 

whence  the   rule. 


+  2«.r,  f  i,,r,  +  Zv.  +  4  ,.r.  +  t,r,]  .  (10) 
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§49. — By  iiiti  procpsscs  now  usplaiiied,  it  !«  easy  to  e'-fimxte  the 
quantity  of  work  oF  the  weights  of  bodies,  of  the  re^istinee^  due  to 
the  forces  of  affinity  which  hold  their  elements  together,  of  their 
elasticity,  &c.  It  remains  to  consider  the  rules  by  which  the  quantit} 
of  work  of  inertia  may  be  computed.  Inertia  is  exerted  onlj  diirmg 
a  change  of  state  in  respect  to  motion  or  rest,  and  this  bungs  us 
to   the  subject  of   varied  motion. 

VARIED    MOTION. 

§50. — Varied  motion  has  been  defined  to  be  that  in  which  unequal 
spaces  are  described  in  equal  successive  portions  of  time.  In  this 
kind  of  motion  the  velocity  is  ever  varying.  It  is  measured  at  any 
given  instant  by  the  length  of  path  it  would  enable  a  body  to 
describe  in  the  first  subs^equent  unit  of  time,  were  it  to  remain 
unchanged.  Denote  tlie  ipacp  described  by  s.  and  the  time  of  its 
description   by    (. 

However  variable  the  motion,  the  velocity  may  be  rcgaidid  as 
constant  during  thfi  indefinitely  small  time,  dl.  In  this  time  the 
body  will  describe  the  small  space  ds  ;  and  as  this  space  is  des- 
cribii'I  uniformly,  the  space  described  in  the  unit  of  time  would, 
were  the  velocity  constant,  be  ds  repeated  aa  many  times  as  the 
unit  of  time  contains  dl.  Hence,  denoting  the  value  of  the  velo- 
city at  any    instant  by    v,    \\a    ha\e 

I 


V       -J-  (11) 

e  51  — C  1  n  1    i        V  loc  t  o  ly  1      pro- 

d  ced  b       h  essant   ac  o     of  e   for  The    1  odj  s       ertia 

oppo  a  e  1  al  and  con  rary  re  o  ThsracnsI  etly 
proport  nal  to  ho  miss  ot  he  1  d  d  he  amount  of  change 
n  ts  veloc  ty  t  s  therefore  d  ec  iy  propo  t  onal  to  the  product 
of  he  ma  a  to  the  c  en  ent  or  deore  nt  o  the  eloc  tv  Tlie 
p  oiu  t  of  a      13S        oa     eo  rp      etso  quiti     if  of    lolion. 
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TKe  I  11  tv  fa  mot^a  1  r  at  a  \  istiiit  i^  i  siii  ed  to  be 
measured  bj  the  jiantty  tt  not  ii  v/l  cl  ti  s  intensity  an  g  ncr  te 
in  a  unit  ot  time 

The  mass  remftinmg  tlie  i^me  tie  \elocites  generated  m  equil 
BU&?ef.si\e  portions  of  time  by  a  wnstant  tori,e  must  le  (.qiial  to 
each  other  However  a  foici,  maj  laii  it  m.av  bo  legaidcd  as 
constant  iurng  the  indefin  tely  '.halt  mtt,r\al  it  in  this  time  it  ^(ill 
generate  a  \elocity  di  and  weie  it  ts  remain  constat  it  would 
generate  in  a  unit  of  time  a  \eloety  cqial  to  i>  repeated  as  mai  y 
times  as  <lt  is  CO  ta  i  ed  in  th  9  urit  ll  at  i  the  \  lo  i  \  _,ei  ited 
would  be  equal   to 

dl  ~  dl  ' 

and  denotuig  the  intensity  of  the  force  by  P,  and  the  mass  by  M, 
we  shall  have 


.  (12) 


Again,  differentiating  Equation  (H),  regarding  (  as  the  Independent 
viMiable,  we  get, 


and   this,   in   Equation    (12),   gives 

P  =  M.^''. (13) 

From  Equation  (11),  we  conclude  that  in  varied  motion,  the  velocity 
at  any  instant  is  equal  to  the  first  differential  co-efficient  of  the  space 
regarded  as  a  f  unction  of  the  lime. 

From  Equation  (12),  that  the  intensity  of  any  motive  force,  or  of 
the  inertia  it  develops,  at  any  instant,  is  measured  by  the  product  of 
the  mass  into  the  first  diferential  co-efficient  of  the  velocity  regarded  as 
a  function  of  the  time. 

And  from  Equation  (13),  that  the  intensity  of  the  motive  force  op 
of  inertia,  is  measured  by  the  pi-odii.ct  of  the  -mans  into  the  second 
differential  co-fffident  of  the  space  regarded  as  a  fanctioit  if  tlie  time. 
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§52.— To  illustrute.     Let  tiiere  be  the  relation 

S  =  afi  +  bl-' (14) 

required  the  space  described  in  three  seconds,  the  velocity  at  the  end 
of  the  third  second,  and  the  intensity  of  the  motive  force  at  the  same 
instant. 

Differentiating  Equation  (14)  twice,  dividing  each  result  by  dt,  and 
multiplying  the  last  by  M,  we  find 

il 
dt 

Make   n  =  20   feet,    I 
from  Equations  (14),  (15),  and   (16), 

s  ^  20 .  3^  +  10  .  3^  ^  C30   feet ; 

r^  3.20. 3^  +  2.10.3  =  600   feet; 

P  —  Jf  (6 .  20  . 3  +  2  .  10)  =  380  .  i/; 

That  ia  to  say,  the  body  will  move  over  the  distance  630  feet  in 
three  seconds,  will  have  a  velocity  of  600  feet  at  the  end  of  the 
third  second,  and  the  force  will  have  at  that  instant  an  intensity 
capable  of  generating  in  the  mass  M,  a  velocity  of  380  feet  in  one 
second,  were  it  to  retain  that  intensity  unchanged. 

§  53.— Dividing   Equations  .(12)    and    (13)   by    M,  they  give 
(17) 


= '  = 

Sat''  +  2i<     •     ■ 

■     ■     (15) 

'  ^p  -. 

^  M[H<< 

1  +  21]  • 

•     •     (!«) 

',=  10 

fcot,    a 

lid    (  z^  3 

seconds,    h 

M' 


M       dp 


(IS) 


The  first  member  is  the  same  in  both,  and  it  is  obviously  that 
portion  of  the  force's  intensity  which  is  impressed  upon  the  unit  of 
mass.  The  second  member  in  each  is  the  velocity  impressed  in  the 
unit  of  time,  and  is  called  the  accderatioi  due  to  the  motive  fo'-ee. 
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§54.— From   Equiitkm    (U)  we   hayo, 

ds=^v.dt {Iff) 

multiplying  this  and  Equation  (12)  together,  there  will  result, 
P  .ds  =1  M.v.dv       ....     (20) 


and  integrating, 


jr.d,  =  ^ pi) 


The  first  inemb(;r  i'^  the  q^uantlly  of  work  of  the  motive  force, 
whiiJi  is  equal  to  that  of  inertia;  the  product  M.v^,  \a  called  the 
living  force  of  the  body  whose  mass  is  M,  Whence,  we  see  that 
the  work  of  inerha  u  equal  lo  livlf  the  living  force  ;  and  the  living 
force  of  a  body  is  double  the  qnantit'j  of  work  expended  by  its  inertia 
wlale  it  is  acqu.iring  its  velocity. 

I  55. — If  the  force  become  constant  and  equal  to  F,   the  motion 
will  be   uniformbj  varied,   and   we  have,   from   Eijuation    (IS), 


Multiplying  by  dt  and  integrating,  we  get 


and  if  the  body  be  moved  from   rest,  the  velocity   will   be  equal  to 
zero  when  t  is  zero ;   whence   C  =  0,  and 


Multiplying  Equation    (22)    liy    dt,    after  orailting   C   from  it,  and 
integrating  again,  we  find 


and  if  the  body  start  from  the  origin  of  spaces,  C" 


■  m 
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Making    (  equal    to    ono   second,  in   IDquations   (24)   and  (23),  e 
dividing  Vhe  last  by  the  first,  we  have 


or,  I.  =  2« (^) 

That  is  to  say,  the  velocity  generated  in  (he  first  unit  of  time  it 
measured  by  doubk  ike  space  described  in,  acquiring  this  velocity. 
Equations  (33),   (24),  and  (25)    express   the  laws  <tf  constant  forces. 

§56. — The  dynamical  measure  for  the  intensity  of  a  force,  or  the 
pressure  it  is  capable  of  producing,  is  assumed  to  be  the  effect  this 
pressure  can  produce  in  a  unit  of  time,  this  effect  being  a  quaiititj 
of  motion,  measured  by  the  product  of  the  mass  into  the  velocity 
geiieiated  This  assumed  measure  must  not  be  confounded  with  ttie 
quantity  of  work  of  the  force  while  producing  this  effect.  The 
foimer  if  the  measure  of  a  single  pressure;  the  latter,  this  pressure 
refeated  as  many  times  as  there  are  points  in  the  path  over  which 
this  pressure  is  exerted. 

Thus,  let  the  body  be  moved  from  A  to 
£,  under  the  action  of  a  constant  force,  in. 
one  second;  the  velocity  generated  will, 
EqHation  (25),  be  2AB.  Make  BC  ^  ^AB, 
and  cHsmplete  the  square  £CF£.  BE  will 
be  equal  to  v;  the  intensity  of  the  fon:e 
will  be  M.v;  and  the  quaaUty  of  work, 
the  product  of  M.v  by  AE,  or  by  its 
equal  \  v ;  thus  making  the  quautity  of 
work  ^  M  v%  or  the  mass  into  one  half  the 
square  E-P';  which  agrees  with  the  result  obtained  from  Equation  (21). 

EQTJILIBKIUM. 

I  i"^. —Equilibrium  is  a  term  employed  to  express  the  state  of 
two  or  more  forces  which  balance  one  another  through  the  interven- 
tion of  some  body  subjected  to  their  simultaneous  action.  When 
applied   to  a  body,  it  means  that  the  body  is  at  rest. 
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'W  ru  t  If  careful  to  di&t  n^^uish  li,twei,n  the  extiancoua  fnr  ps 
wlich  act  ujon  a  1  odj  id  tie  i  rce&  of  i  ert  i  wh  h  they  r  t,}  or 
may  nut   develop 

If  a  h  dj  subjected  t  the  a  ultai  c  us  acti  ti  f  &e\eral  evtran  a 
for  es  be  at  lebt  oi  ha\e  un  f  rni  mot  on  the  extraneous  forces  aie 
m  eijiilibrio  and  the  fori,e  ct  inertia  is  n  t  developed  It  the  body 
hape  var  ed  notion  the  extraneaus  lorces  arc  i  t  in  cquil  br  o  bit 
de\eIop  foiLcs  of  inertia  which  with  the  evtianeous  forces  are  m 
ei^uilibi  o  r  (ces  therelore  including  the  force  of  inert  a,  are  ever 
in  equilibrio  and  the  indication  ot  the  j  rcsence  or  absence  of  the 
force  of  inertia  in  tny  case  shows  that  the  body  ih  or  is  not  chang 
ing  its  cond  tion  in  respect  to  lest  i  motion  This  k  but  a  c  i  se 
que  e  f  the  un  verail  law  tl  it  eicrj  act  j  i=  t  ip  n  d  b>  in 
ejial  ind  toi  tury  react  oi 

THG    COED. 

I  58. — A  cord  is  a  collection  of  material  points,  so  united  as 
to  form  one  contiauous  and  flexible  line.  It  will  be  considered, 
in  what  immediately  follows,  as  perfectly  Jiexible,  iaexlensible,  dud 
without   tkieknesa   or  weight. 

§  69. — By  the  tension  of  a  cord  is  meant,  the  effort  by  which  any 
two  of  its  .idjacent  particles  are  urged- to  separate  from  each  other. 

g  GO. — Two  equal  forces,  P  and  P',  applied  at  the  extremities 
A,  A'  of  a  straight  cord,  and 


acting  1 


!  dircctiot 


from  its   middle   point,  will  F-         A  A ^ 

maintain  each  other  in  equi- 
librio.      For,    all   the   points 

of  the  cord  being  situated  on  the  line  of  direction  of  the  forces,  any 
one  of  them,  as  O,  may  be  taken  aa  the  common  point  of  applica- 
tion without  altering  their  effects ;  but  in  this  case,  the  forces  being 
equal  will,    |34,    neutralize   each   other. 
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g  61, — If  two   equal  forces,  P  anil  P',  solicit  in.  opposite  directions 
the   estremities   of  the   cord 
A  A',  the  tesision  of  the  cord 

will  be  measured  fey  the  in-  T^.^ -f  -^ .? 

tensity  of  one  of  the  forces. 
For,  the   cord  heing  in  this 

case  in  eqiiilibrio,  if  we  suppose  any  one  of  its  points  as  0,  to  become 
fixed,  the  equilibrium  will  not  be  disturbed,  while  all  communica- 
tion between  the  forces  will  be  intercepted,  and  either  force  may 
be  destroyed  without  aiTecting  the  other,  or  the  part  of  the  cord  on 
which  it  acts.  But  if  the  part  j1  0  of  the  cord  be  attached  to  a 
fixed  point  at  0,  and  drawn  by  the  force  P  alone,  this  force  must 
the   tension. 


TIIE    MDFFLE. 


§  62.— -Suppose  A, 
pulleys  perfeclhj  free 
to  move  about  their 
centres,  which,  con- 
c«ive  for  the  present 
to  be  fixed  points. 
Let  one  end  of  a  cord 
be  fastened  to  a  fixed 
point  O,  and  he 
wound    around 


A\  B,  B',  &e.,  to    be    several    small  wheels 


the 


pulleys  as  represent- 
ed in  the  figure ;  to  the  other  extremity,  attach  a  weight  vs.  The 
weight  XI)  will  be  maintained  in  equilibrio  by  the  resistance  of  the 
fixed  point  C\  through  the  medium  of  the  cord.  The  tension  of  the 
cord  will  be  the  sarne  throughout  its  entire  length,  and  equal  to 
the  weight  ie ;  for,  the  cord  being  perfectly  flexible,  and  the  wheels 
perfectly  free  to  move  about  their  centres,  there  is  nothing  to 
intercept  the  free  transmission  of  tension  from  one  end  to  the  other. 
Let  the  points  s  and  r  of  the  cord  be  supposed  for  a  moment, 
fixed;  the  intermediate  portion  sr  may  be  removed  without  s 
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the  tension  of  the  cord,  or  the  equilibrium  of  the  weight  w.  At 
the  point  r,  apply  in  the  direction  from  r  to  a,  a,  force  ■whose  inten- 
sity is  equal  to  the  tension  of  the  cord,  and  at  a  an  equal  force 
aeting  ia  the  direction  from  «  to  6;  the  points  r  and  s  may  now  be 
regarded  as  free.  Do  the  same  at  the  points  s',  r',  s",  r",  s'"  and 
r"',  and  the  action  of  the  weight  m,  upon  the  pulleys  A  and  A^  will 
be  replaced  by  the  four  forces  at  s,  «',  s"  and  s'",  all  of  equal  in- 
tensity and  aeting  in  the   same  direction. 

Now,  let  the  centres  of  the  pulleys  A  and  A'  bo  firmly  con- 
nected with  each  other,  and  with  some  other  fixed  point  as  m,  in 
the  direction  of  £A  produced,  and  suppose  the  pulleys  diminished 
indefinitely,  or  reduced  to  their  centres.  Each  of  the  points  A  and 
A'  will  be  solicited  in  the  same  direction,  and  along  the  same  line, 
by  a  force  equal  to  2w,  and  therefore  the  point  m,  by  a  force 
ei^ual   to   4h'. 

Had  there  been  six  pulleys  instead  of  four,  the  point  m  would 
have  been  solicited  by  a  force  equal  to  (iw,  and  so  of  a  greater 
mimher.  That  is  to  say,  the  point  m  would  have  been  solicited  by 
a  force  equal  to  w,  repeated  as   many  times  as  there  are  pulleys. 

If  the  extremity  0  of  the  cord  had  been  connected  with  the  point 
m,  after  passing  round  a  fifth  pulley  at  C,  the  point  m  would 
have  been  subjected  to  the  action  of  a  force  equal  to  5w ;  if 
seven  pulleys  had  been  employed,  it  would  have  been  urged  by  a 
force  7w ;  and  it  is  therefore  apparent,  that  the  intensity  of  the 
force  which  solicits  the  point  m,  is  found  by  mul/iphjing  the  tmsiun 
of  ike  cord,  or  weight  w,  hy  the  number  of  pulleys. 

This  combination  of  tie  cord  with  a  number  of  wheels  or  pulleys, 
is  called  a  mnjle. 

1 63. — Conceive  the  point  ni  to  be  transferred  to  the  position 
jk'  or  m",  on  the  line  AS.  The  centres  of  the  pulleys  A,  A',  &c,, 
being  invariably  connected  with  the  point  m,  wOl  describe  equal 
paths,  and  each  equal  to  mm',  or  mm",  so  that  each  of  the  parallel 
portions  of  the  cord  will  be  shortened  in  the  first  case,  or  length- 
ened in  the  second,  by  equal  quantities;  and  if  e  denote  the  length 
of  the  path   described  by  m,    n  the   number  of  parallel  portions  of 
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the  cotd,  which  is  equal  to  the  number  of  pulleys,  and  |,  the  change 
in  length  of  the  portion  uia  in  conseijiicnce  of  the  motion  of  wi, 
we  shall  have,  because  the  entire  length  of  the  cord  remains  the  same, 

«.'  =  S « 

The  first  member  of  this  equation  we  shall  refer  to  as  the  change 
in  length  of  cord  on  the  pulki/a. 

§64, — The  action  of  any  force  P,  upon  a  material  point,  may  be 
replaced  by  that  of  a  m.uffle,  iy  making  the  lensian  of  its  cord  equal 
to  the  intensity  of  the  given  force,  divided  by  the  number  of  parallel 
portions  of  the  cord,  or  nitmher  of  puUiea. 

vmiTJAL  VELOCmEB. 
g  65.— Lyt  M  represent  a  collection  of  material   points,   united  in 
;my  manner  whatever,  forming   a    solid   body,  and    subjected   to   the 
action   of   several    forces,   P,  P\  P",  P'",  &;c.  ;    and   suppose   these 


Find   the    greatest   force  w,  which   will  divide  each  of  the  given 
f<>rces  without  a  remainder ;   replace  the  force  i*  by  a  mvffie,   having 


I  number  of  pulleys   denoted  by  —  ;    the   tension  of  the  cord    will 
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be  denoted  by  m.  Do  the  same  for  eacli  of  the  forces,  and  we 
sball  have  as  many  muffles  as  there  are  forces,  and  all  the  eords 
will  have  the  same  tension. 

Let  the  several  cords  be  united  into  one,  as  represented  in  the 
figure,  one  end  being  attached  at  C,  the  other  acted  upon  by  a  weight 
equal  to  the  force  w.  The  action  upon  the  body  will  remain  un- 
changed ;   that  is,  tiie  substituted  forees,  including  w,  will   be  in  eqvii- 

Iti  this  state  of  the  system,   let  a  force  Q  be   applied  to  put   the 
body   in   motion,   and   at   the    instant  motion    begins,    withdraw    this 
force  and  stop  the  motion  before  the  equilibrium  of  the  forces  is  des 
troyed.     The  points  of  application  of 
the   original    forces    will    each  have 
described  an  indefinitely  small  path, 
as  mil.      Let  mrbe  tlie  projection 
of  this  paUi  upon  the  original  direc- 
tion of  the    force,  and    denote   the 
length  of  this  projection  by  e.     Join 
the  point  n  with  any    point    o,  on 
the    direetion    of   the    force   and  at 
some  definite  distance  from  m.     From  the  triangle  onr,  we  have 

\he  displacement   being  indefinitely   small, 
comparison  with  or  ,  being 
order;   hence, 


J    ,   ...      may   be  neglected  in 

indefinitely  small  c^uantity  of  the  second 


But  the  number  of  pulleys  in    the    muflle    which  aets    along  the 
dir«ction  of  the  force  P   is. 


heniM,  f})c  change  in    the  length  of  the   cord  on  the  pulleys  ot-thlb 
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muffle,  caused  hy  the  slight  motion  of  the  point  of  application  of  the 
force  P,  will,  since  the  centre  of  the  pulley  Jl  is  fixed,  be 


and  denoting  by  e',  e",  e'",  &e.,  tho  projections  of  the  paths  described 
by  the  points  to  which  the  forces  P',  P",  P'",  &c.,  are  respectively 
applied,  on  the  original  directions  of  these  forces,  we  shall  have 

P'.e'      P".e"      P"'.e"'    , 


for  the  corresponding  changes  in  the  length  of  the  cord  on  the  other 
muffles. 

In  all  these  changes,  the  cord  being  inextensible,  its  entire  length 
remains  the  same,  and  if  the  change  in  length  wliich  the  portion  ww 
\indergoe8   be  denoted  by  i,  we  shall  have 

^(P.e  +  P'.e' +P",e"  +P'".e"'  +&c.)  +  l  =  Q     .     .(27) 

This  equation  expresses  the  algebraic  sum  of  all  the  changes  m 
the  lengths  of  the  several  parts  of  the  cord,  between  the  points  of 
application,  and  the  fixed  points  towards  -which  the  points  of  applica- 
tion are  solicited ;  the  effect  of  these  changes  being  to  shorten  some 
and  lengthen  others,  some  of  the  terms  of  Equation  (37)  mast 
be  negative. 

Now  it  h  one  of  the  essential  piopertiea  of  a  system  of  forces 
in  equilibrio,  to  leave  a  body  subjected  to  their  action  as  free  to 
move  as  though  these  forces  did  not  exist.  The  additional  force  Q, 
therefore,  was  wholly  employed  in  developing  the  ineitia  of  the 
body  M\  it  was  neither  assisted  nor  opposed  by  the  forces  repre- 
sented by  the  action  of  the  mufflps,  because  these  forces  balanced 
each  other,  and  tlie  motion  was  arrested  before  the  points  of  appli- 
cation were  sufficiently  disturbed  to  breat  up  the  equilibrium ;  nor, 
reciprocally,  §  35,  was  the  action  of  the  mufSes,  nor  the  tension  of 
[he    cord    which    produced    this    action,   affected    by    Q.      Hence    tho 
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tension  of  t!ie  cord  was  invariable  during  the  disturbance.  But  aa 
invariable  tension  must  bave  kept  the  weight  w  at  rest  during  the 
displacement,  and  we  have 

g  =0, 

and  Equation  (27)  will  reduce  bo, 

re  +  J"e'  -j-  P"e'-  +  P"'e"'  +  &c  =  ft  ;     .     .     .     .   (28) 

§(.6— It  m  y  b      lij    t«d  th  t  t!     g  f 

rabl          d  that  th      f        a  f         ca       t  b  f      d  wh  d        II    1     de 

1    witl      t           m      d        t     wl    1      t  n  d,    th  t  E^     f    a 

(  8)    be         p    f   tlj    md  1  1     t     f  th  1         f  th     w     ht          r 

t         nftlcfdthwglt        ybtk  so  Hast          dr 

th        m     d        ft      d                            p    t      1  ca       p    i    tly       IP    - 

ble. 

§67, — Tlie  iadefuiitely    small    padis   Bt«,  m'n',   described    by    the 
points  of  application  of  the  forces,  P  and  P',  during  the  slight  motion 
we  have  supposed,  are  called  virtual  veloci- 
ties ;   and  they  are  so  calledj  because,  being 
the   actual    distances    passed    over    by   the  /I 

points  to  which   the  forces   are  applied,  in        n':^ 

the  same  time,  they   measure  the  relative  ^^. hJ' 

rates  of  motion  of  tiese  points,      Ths  dis- 
tances r  in  aed  r'm',   represcntod   by  e  and 

e',  are  therefore,  the  projections  of  the  virtual  velocities  upon  the 
directions  of  the  forces.  These  projections  may  fall  on  the  side 
towards  which  the  forces  tend  to  ui^e  these  points,  or  the  reverse, 
depending  upon  lie  direction  of  the  motion  imparted  to  the  system, 
hi  the  first  case,  the  projections  are  regarded  as  positive,  and  in  the 
second,  as  negative.  Thus,  in  the  ease  taken  for  illustration,  mf  is 
positive,  and  mV  negative.  The  products  P  e  and  P'e',  are  called 
virtual  moments.  They  are  the  elomeutary  quantities  of  work  of  the 
forces  P  and  P'.  The  forces  are  always  regarded  as  positive ;  the 
sign  of  a  virtual  moment  will,  therefore,  depend  upon  that  of  the 
projection  of  the  virtual  velocity. 

1 68.— Referring  to  Equation  (28),  wo  conclude,  therefore,  that  when- 
ever several  forces  are  in  equilibria,  the  algebraic  sum  of  '''^''■|?^''@'Aqq[p 
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moments  is  equal  to  zero  ;   and  in  this  consists  what  is  called  the  priu 
ciple  of  virtual  velocities. 

1 69, — Conversely,  if  in  any  system  of  forces,  the  algebraic  sum 
of  the  virtual  moments  be  eq^ual  to  zero,  the  forces  will  be  in  equi- 
librio.  Tor,  if  they  be  not  in  equiiibrio,  some,  if  cot  all  the  points 
of  application  will  have  a  motion.  Let  q,  q',  q",  &e.,  be  the  pro- 
jections of  the  paths  which  these  points  describe  in  the  first  instant 
of  time,  and  Q,  Q\  Q",  &c.,  the  intensities  of  such  forces  aa  wiU, 
when  applied  to  these  points  in  a,  direction  opposite  to  the  actual 
motions,  produce  an  equilibrium.  Then,  by  the  principle  of  virtual 
velocities,  we  shall  have 

Pe  +  P'e'  +  P"e"  +  &c.  +  Qq  +  Q'q'  +  Q"q"  +  &c.  ^  0 
But  by  hypothesis, 

Pe  +  P'e'  +  P"e"  +  &c.  =  0, 
and  hence, 

Qq  +   Q'q'  +   Q"q"  +  &C.  =  0  .      .     .     (28)' 

Now,  the  forces  Q,  Q',  (^\  &c.,  have  each  been  applied  in  a  direc- 
tion, contrary  to  the  actual  motion ;  hence,  all  the  virtual  moments  in 
Equation  (28)'  will  have  the  negative  sign ;  each  term  must,  therefore, 
be  equal  to  zero,  which  can  only  be  the  case  by  making  <2,  §',  Q", 
&c.,  separately  equal  to  zero,  since  by  supposition  the  quantities 
denoted  hy  q,  q',  q",  are  not  so.  We  therefore  conclude,  that  when 
the  algebraic  sum  of  the  virtual  moments  of  a  system  of  forces  is 
equal  to  zero,  the  forces  wOl  be  in  equilibrio. 

Whatever  bo  its  nature,  the  effect  of  a  force  will  be  the  same  if 
we  attribute  its  effort  to  attraction  between  its  point  of  application 
and  some  remote  point  assumed  arbitrarily  and  as  fixed  upon  its  line 
of  direction,  the  intensity  of  the  attraction  being  equal  to  that  of  the 
foroe.  Denote  the  distance  from  the  point  of  application  of  P,  to 
that  towaids  which  it  is  attracted,  by  p,  and  the  corresponding  dis- 
tances in  the  case  of  the  forces  P',  P",  &c.,  by  p',  p",  &c.,  respects 
ively ;  also,  let  Sp,  Sp',  Sp",  iic,  represent  the  augmentation  or  dimi- 
nution of  these  distances  i,ansed  by  the  displacement,  supposed  indefi- 
nitely small,  then  §65,  will 

e  ~  Sp,  e'  ~  Sp',  e"  ^^  Sp",  fiC, 
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1  El  (tt)  I  tt 

PSp  +  FSp   +  P    p     +&     :^0  (   >) 

1   Ji  th    (;.      k  I  tt      5     mply  d      te     h  tl         1        f 

th     1    t      w   tt«      mm  d    te!y    ft       t    tl        1     ^  J    m  th 

m  11  dijl      m     t 

I   0— If  tl  t  f  pil    1  t        1:  dj   b         t  1 

lb       thyllcom        tmt       ttdwlldlpf  f 

t  t  1  ta  y  th      1    h  th  y  w  11  b 

qilb  dft  fceql        ll[tb>thfee 

f         t  trod      d      t     th      1  t  m    tl       Ig  b  ai      um    f  tb 

t    1  t  Id  b       q    1  to 

B  t  if        d       t      1  t  1  m     t     {    tl      b  dy        tl 

p  th   t  d        b        t    t  f        t         II   Ki  (1  )   I 

■  dfi  ' 
and  denoting  the  projection  of  its  virtual  velocity  on  s  by  &,  its  vir- 
tual moment  will  be 

and  because  tJie  forces  of  inertia  act  in  opposition  to  the  extraneous 
forc«s,  their  virtual  moments  must  have  signs  contrary  to  those  of 
the  latter,  and  Equation  (29)  may  be  written 

2P.5?>-Sni.fl'.o>=0;  .     .     .     .(30), 

in  which  S  denotes  the  algebraic  sura  of  the  terms  similar  to  that 
written  immediately  after  it^ 

PRINCIPLE  OF  D'ALEMBERT. 
§  71. — ^This  simple  equation  involves  the  whole  doctrine  of  Mechanics. 
The  extraneous  forces  P,  P',  P'\  &c.,  are  called  impressed  forces. 
The  forces  of  inertia  which  they  develop  may  or  may  not  be  equal  to 
them,  depending  upon  the  manner  of  their  application.  If  the  impressed 
forces  be  in  equilibrio,  for  instance,  they  will  develop  no  force  of  inertia ; 
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but  in  all  cases,  tbe  forces  of  inertia  developed  will  l>e  equal  and  con- 
trary to  so  mncTi  of  the  impressed  forces  as  determines  tlie  change  of 
motion.  The  portions  of  the  impressed  forces  which  determine  a  cbango 
of  motion  are  called  effective  forces ;  and  from  Equation  (30),  \¥e  infer 
that  tbe  impressed  and  effective  forces  are  always  in  equilibrio  when  the 
directions  of  the  latter  are  reversed.  This  is  usually  known  as  D'Alem- 
hert's  Principle,  and  is  nothing  moi'e  than  a  plain  consequence  of  the 
law  that  action  and  reaction  are  ever  equal  and  contrary. 

This  same  principle  is  also  enunciated  in  another  way.  Since  the 
effective  forces  reversed  would  maintain  the  impressed  forces  in  equi- 
librio,  and  prevent  them  from  producing  a  change  of  motion,  it  follows 
that  whatever  forees  may  he  lost  and  gained  must  he  in  equilibrio;  else 
a  motion .  different  from  that  which  actually  takes  place  must  occur, 

EEFEllEKCE  TO  CO-OEDINA'fE  AXES. 

§  72. — First  Transformation.  Equation  (30)  is  of  a  form  too  general 
lor  easy  discussion,  and  may  be  simplified  by  referring  tbe  forces  and 
motions  to  rectangular  axes. 

Denote  by  a,  ff,  y ,  the  angles  which  the  direction,  of  tbe  force 
P  makes  with  the  axes  a,  y,  z,  respectively ;  by  o,  h,  e,  the  angles 
which  its  virtual  velocity  makes  with  tbe  same  axes ;  and  by  ip,  the 
angle  which  the  virtual  velocity  and  direction  of  the  force  make  with 
each  other,  then  wilt 

cos  (p  =  cos  «  .  cos  a.  +  cos  h  .  cos  /3  +  cos  c .  cos  7. 
Denote  by  k,  tbe  virtual  velocity,  and  multiply  the   above    equation 
by  Pk,  and  we  have 

Pk  cos  9  ^Pieosa.cosft  +  PicosS.coS|S  +  PX:cosc.cos7; 
B«t   denoting    the   co-ordinates  of  tho   point   of  application  of  P  by 


«.  y,  2>  we  have 

i  cos  ip  ='  ?;>  ;    hcosa  =  Sx;   k  cos  !>  -  Sy  ;    k  c.o 

sc  =  i.; 

and  these  values  substituted  above,  give 

P  .Sp  =  P  cos  a  Jx  +  P  c,(,^  0  .S./  +  PtMsj.  &. 

.    .(31). 

Similar  values  raav  be  found  for  the  virtual  moments 

of  other  forces. 
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§  7i!. — If  P  be  replaced  by  the  force  of  inertia,  tiicn  will  a,  /3,  and 
y  detiote'the  inclinations  of  tie  direction  of  this  force  to  tbo  axes  xyz\ 
k  its  virtual  velocity;  a,  h,  and  c  the  inclinations  of  tJie  latter  to  the 
axes,  and  0  its  inclination  to  the  direction  of  tlio  foi'ce  of  inertia,  and 
we  may,  Eq.  (13),  write 


+  »i7.'"-' 


»..^..,=™.-,i^.«  +  »..^.Sy  +  m.yfc,  .  (82), 

and  similar  expressions  may  he  found  Ibr  the  yirtual  monient-i  of  the 
forces  of  inerti,i  of  the  other  elenienfary  masses. 

§74.— If  the  intensity  of  the  force  P,  be  represented  by  a  portion 
of  its  Jine  of  direction,  which  is  the  ]iractice  in  all  geometrical 
illustrations  of  Meeliauics,  the  factors  P  cos  a,  P  cos  ^,  and  P  cua  j., 
in  Equation  (31),  would  represent  the  intensities  of  forces  equal  to 
the  projectiuns  of  the  intensity  P,  on  the  axes;  and  regarding  these 
as  acting  in  the  directions  of  tlie  axes,  the  factors  St,  Sy,  and  Sz,  ■will 
represent  the  projections  of  their  virtual  velocities,  which  virtual  veloci- 
ties will  coincide  with  that  of  the  force  P. 
Again,  Equation  (32), 

d?x  d^y  dH 

^'  ~~d^'   ^' dC^'        ' dl?  ' 
are  forces  of  inertia  in  the  directions  of   the  axes,  and   fo,  hj,  Ss,  ate 
the  projections  of  their  virtual  velocities ;  these  virtual  velocities  coincide 
with  that  of  the  inertia  of  m. 

The    values  of  these  virtual   velocities  depend  upon  the  nature  of 
the  displacement. 
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g  75. — Second  Tram/ormation.  By  the  substitution,  in  Equation  (30), 
for  /"dp  and  m.-r-j.^s,  their  values  in  Equations  (31)  aud  (32),  there 
would  result  an  equation  containing,  in  general,  three  times  as  many  vari- 
ations oi  xyz  as  there  are  extraneous  forces  and  elementary  masses,  m. 
Wliere  the  forces  are  applied  to  a  body  iihose  elementary  masses  are  in- 
variably connected — that  is,  to  a  rigid  solid — the  number  of  those  varia- 
tions is  greatly  reduced,  in  con^equcnca  of  the  relations  determined  by 
this  connection. 

The  most  general  motion  we  can  attribute  to  a  body  is  one 
of  translation  and  of  rotation  combined.  A  motion  of  transla- 
tion carries  a  body  from  place  to  place  through  space,  and  its 
position,  at  any  instant,  is  determined  by  that  of  some  one  of  its 
elements.  A  motion  of  rotation  carries  the  elements  of  a  body 
around  some  assumed 
point.  In  this  investi- 
gation, let  this  point 
be  that  which  deter- 
mines the  body's  place. 

Denote  its  co  ordi- 
nales  by  ar,  y,  z^  and 
those  of  the  element 
m,  referred  to  this  point 
as  an  origin  by  x\  y', 
z' ;   there  will   thus  be 

supposing  tliem  parallel, 
we  have 


tuid  ditferentiating. 


dx  =  dx^  +  dx', 
dy  =  rfy,  +  dy\ 
dx  ■=.  dsi,  -^  dz'. 


.     .    .    (34), 
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Demit  from  m,  the  per- 
pendiculars mX',m,Y',mZ'^ 
upon  the  movable  axes. 
Denote  the  first  by  r',  the 
second  hj  r",  and  the  third 
by  r'".  Let  0',  0",  0'", 
be  the  projections  of  m,  on 
the  planes  Xff,  xz,  yz,  res- 
pectively. Joia  the  several 
points  by  right  lines  as 
indicated  in  the  figure. 
Denote  the  angle 


llien  will 
the  triangle  m, 


z 

/ 

\ 

V 

/- 

r\^ 

"fe^ 

J- 

y 

nZ'  0"  by  9, 
nX'O'  by  in, 
n  V  0'"  by  4-. 


the*triangle  m  Y'  0'" 


'  —  r"  cos  ■\',  S 


the  triangle  m  X'  0', 


(57). 


We  here  have  two  values  o?  x ,  one  dependent  upon  ip,  and  tlie 
other  upon  ■\'.  If  the  bodj  be  turned  through  an  indtfiu  tcly  small 
angle  about  the  axis  s',  the  coi responding  ineieme  t  Li  i  is  obtained 
by   differentiating    the   first    of  Equations    (SoJ ,    an!    wo  hive 

dx'  =  —r     sm  !f   dtf, 
if  it  he  turned    tiirough   a    lile   aigle  about    the   axis   y      the    cor- 
responding   increment   of  x'    is   found    by    difieiei  t  Jtin^    lie    first    of 
Equations  (36),  and 


If  lh«se  moii 
above  beconic 
differential, 


.   lake    pine 


,   the 
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in  tha  above  Equiv 


.{38) 


replacing  )"cos-}-  iUid  /"  sin  tp,  by  theii-  values 
tions,  and  we  get 

dx'  z=  z'  ,d-\'  —  y'  .d^-j 
and  in  the  same  way, 

d^'  =  x' .  dif  ~  z' .  dzi, 

dz'  =  1/'  .d-a  —  a'  .1?  -Jj, 

wliich  substituted  in  Equations  (34),  give 

dx  =  dXj  +  z'  .d  -^z  —  If' .  dip, 
dy  -^  dy^  +  x'  .d  9  —  e'  .dzi, 
dz  ^r  d  Zj  +  y'  -d  lit  ~  x'.d'l-. 

and  because  the  displacement  is  indefinitely  small,  wc  may  write 
ar,  +  z'.S.\.  - 

■  (39)' 


')Z    r 

=  «. 

+  <J 

.J^ 

-x'A-^; 

Equations  (31) 

and 

33), 

give 

rp». 

<.s«, 

+Pcos/3.Sy, +PC08 

-      +'' 

K- 

cos/3 

-y' 

cos»).S, 

-Up 

{''■ 

COT« 

_j' 

oo.7).«4. 

Up 

{!'■ 

cosy 

-a' 

cos  (3).  fa 

Sx   +  m ■-  -Sv   +  n 

dfi        '  ^         dfi      ■'•  ^ 

x' .  d^y  —  y' .  d^x    „ 


Similar  values  may  be  found  for  /" .  Sp'  and  m' .  ~j^  ■  ih',  &c  ■  In 

these  values  Sx^ ,  5 y^  and  St, ,  will  be  the  same,  as  also  Sip,  S-\;  and 
StU,  for  the  first  relate  to  the  movable  origin,  and  the  latter  to  the 
angular  rotation  which,  since  the  body  is  a  solid,  must  be  of  pqual 
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vqlues  for  all  the  elements ;  so  lliat  to  find  the  values  of  the  virtual 
moments  of  the  other  forces,  it  will  be  only  necessary  suitably  to 
accent  /",  a,  /3,  y,    x,  y,  z,    x',  y',  z'. 

These  values   being  found   and   substituted  In   Ei^uation   (30),   we 
shall  find, 


(... 

c«.-.. 

■Iff)'"' 

+  (jp. 

COS  ^  ~  2  n 

+(.p. 

iitiA-y  —  S.m 

■^)^- 

[2P.(«'.co,/3-/ 

.».)-z„ 

.'l^f^^^y. 

[■S.P.{z'.m.,.-i' 

cosy)— 2  ff 

z'.A  -i,'.<Pi-\  ,, 

[si-.d'.co,,-.' 

co,/3)-J„ 

dP           J  '" 

Now  the  displacement  was  wholly  arbitrary;  the  values  of  6x^,  6i/^, 
ds, ,  iJip,  6\,  (!w,  determined  by  this  diaplaccment,  are  also  arbitrary; 
whence,  by  the  principle  of  indeterminate  co-eflicients, 


2P.cos«  ~  2n 
'S  P. cosy  —  2? 


(P» 


.0,   1 


{A) 


IP. I 


2  P .  (s' .  cos  a  —  a' .  cos  y)  —2m 
2  i" ,  (./  .  COS  J'  —  z' .  cos  /3)  —  2  ni 


y'.  d'z  —  e'.  rf!')/ 


w 
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1 76. — These  six  equations  csprcss  either  all  the  circumstances  of 
motion  attending  the  action  of  forces,  or  all  the  circumstances  of 
equilibrium  of  the  forces,  according  as  inertia  is  or  is  not  brought 
into  action ;  and  the  study  of  the  principles  of  Mechanics  is  little 
else  than  an  attentive  consideration  of  the  conclusions  which  follow 
from  their  discussion. 

Equations  (^A)  relate  to  a  motion  of  translation,  and  Equations 
(jS)  to  a  motion  of  rotation:  They  are  perfectly  symmetrical  and 
may  be  memorized  with  great  ease. 

coMPoari'ioN   and  hesohttion  of  fokces. 

§  77. — When  a  free  body  is  subjected  to  the  simultaneous  action 
of  several  extraneous  forces  winch  are  not  in  eqiiilibrio,  its  state  will 
be  changed ;  and  if  this  change  may  be  produced  liy  the  action  of 
a  single  force,  tliia  force  is  called  the  temltant,  and  the  several  forces 
are  termed  components. 

The  resultant  of  several  forces  is  a  ainffle  force  which,  acting  alone, 
teill  pioduce  the  iame  effect  as  lice  several  forces  acling  simullaneovsly ; 
and  the  components  of  a  single  force,  are  several  forces  whose  simvlla- 
neoua  action  produces    Ike  same   effect  as    the   single  force. 

]f,  then,  several  extraneous  forces  applied  to  a  body,  be  not  in 
equilibrio,  but  have  a  resultant,  a  single  force,  equal  in  intensity  to 
this  resultant,  and  applied  so  as  to  be  immediately  opposed  to  it, 
will  produce  an  equilibrium;  or,  what  amounts  to  the  same  thing, 
if  in  any  system  of  extraneou'i  forces  in  equilibrio,  the  resultant  of  all 
the  forces  but  one  be  found,  this  resultant  will  be  equal  in  intensity 
and  immediately  opposed  to  the  remaining  force ;  otherwise  the  sys- 
tem could   not  be   in  equilibrio. 

Conceive  a  system  of  extraneous  forces,  not  in  equilibrio,  and 
applied  to  a  solid  body,  and  suppose  that  the  equilibrium  may  be 
produced  by  the  introduction  of  an  additional  extraneous  force. 
Denote  the  intensity  of  this  force  by  S,  the  angles  which  its  direc- 
tion make'!  with  the  axes  »■,  y  and  2,  by  a,  6  and  e,  respectively, 
and  the  co-ordinates  of  its  point  of  application  by  x,  y,  z.  Then, 
because  the  inertia  cannot  act,  i^^j:,  rf^y,  d^z  v.  ill  be   zero,  and  taking 
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1   to  coincide,  Equations  {A)  and  (B), 


will  £ 


7   +   P'  cos    k'   +  P"  COS 

i  +  P'  COS  fJ  +  P"  COS 
c  +  P'  COS  7'  +  P"  cos 

s  ft  —  y  COS  o)  4-  P'  (■ 


give 

'"  +  &e.  =  0, 
■"  +  &c.  =  0, 


/'  +  P'"  o 


:0; 


li  {y  cos  c  ~  z  cc 
+  P"  (!/■■  c 


s  ^'  —  ?/'  cos  a')    I 
i  ,S"  —  ij"  cos  a")  +  &c.  i 

c)  +  P'  (^'  cos  a'  -  ^'  cos  y')    ; 
i  a"  —  3;"  cos  7")  +  &c  ! 

6)  +  P'  (y'  cos  y'  —  z'  cos  jS') 
7"  -  ="  cos  /3")  +  &c. 


Nuw  iJ  i^  equal  in  intensity  to  the  resultant  of  all  the  othft 
forces  of  the  sj  stem,  or  in  other  words,  to  the  resultant  of  all  tlie 
original  forces ;  and  if  we  give  it  a  direction  directly  opposite  to 
that  in  which  it  is  supposed  to  act  in  the  ahovo  equations,  it  be- 
comes in  all  respects  the  same  as  that  resultant,  being  equal  to  it 
in  intensity  and  having  the  same  point  of  application  and  line  of 
direction,  Adding,  therefore,  180°  to  each  of  the  angles  a,  b,  and  c, 
the  first  terms  of  the  foregoing  equations  become  negative,  and 
transposirg  the  other  terms  to  the  second  member  and  changing  all 
the  signs,  we  have, 


iJ  COS  a  =  P'  CO.  a'  +  P"  cos  a"  +  /""  cos  a'"  +  &e. 

=  xn 

Ji  cos  J  =  P'  cos  ^'  +  P"  cos  /3"  +  P"  CO.  /3"'  +  te. 

=  ''' 

■  .  (11) 

P  cos  c  =  P'  cos  7'  +  P"  CO.  7"  +  P'"  cos  7"'  +  &o. 

=  z.  J 

P'(^'co.,8'-!,'cos.')    - 

B(ico.»-yoosa)  = 

+P"(>;"cos/J"-,"co.»") 
1+&C.                                        J 

=L; 

f     P'Kcx,.  »'-:>■  CO./)    ■ 

P(.co.a.->:co.j)=J  +P"(2"cos,."-."co.7") 

=M; 

■    •   («) 

[  +  &c. 

f     P(i,'co./-,'co./3')    ■ 

S  (1,  CO.  0  -  !  COS  i)=l    +P"  (,/'  CO.  T"  -   2"  CO.  /3") 

=lf. 

1,+  i-c                                         J 
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JJ(. 

cosi 

-ye 

»•»!  = 

A 

£{. 

cos  a 

~  xc 

0,  ,)  = 

M, 

B[y 

eos. 

~  >  cos  S)  = 

iv. 

Eliminating   E  c 

os», 

^cos 

b   and 

-Kc 

Dy  means  of  Equations 

(«), 

we  get, 

h, 

the  iirst  member, 

X, 

-Yt  +  L, 

=  «, 

Z, 

-  Xz 

+  J/  = 

=  0, 

Ys 

-  Z'J 

+  S  , 

^  0. 

Either  one  of  these  equations  is  but  s.  consequence  of  the  other  two. 
Tliey  are,  tliei'efore,  ilic  ei]uationa  of  a  right  line — the  locus  of  the 
points  of  application;  and  from  which  it  is  apparent,  tliat  the  point  of 
appticatioa  of  a  foree  may  be  taken  anywhere  on  its  line  of  direction, 
wilhin  the  limits  of  the  body,  without  altering  ihe  effects  of  the  force. 
The  condition  expressive  of  ifie  esiateDce  of  the  dependence  of  one  of 
these  equations  on  ihe  others,  will,  al^o,  express  the  existence  of  a  single 
resultant. 

|7S, — To  find  this  condition,  multiply  the  first  of  these  Eqaatiofls 
by  Z,  the  second  by  F,  the  third  by  X,  and  add  the  products; 
we  obtain, 

ZL+YM+XN=(i (46). 

8  79 .—Having  ascertained,  by  the  verification  of  this  Equation, 
that  the  forces  have  a  single  resultant,  its  intensity,  direction,  aacl 
the  equations  of  its  direction  may  be  readily  found  from  Equations 
(43)  and  (44). 

Squaring   each  of  the  group  (43),  and   adding,  we   obtain, 

B?  (cos=  a  +  cos^  b  +  cos=  c)  ^  X^  ^  Y^  +  Z^. 
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Extracting   the   square  root   and  reducing  by  tlie  relation, 
cos^  a  ■+■  cos^  5  4*  cos^  c  =  I, 
there  will  result, 


B  =  -^X'^  +  r^  +  Z^ (47) 

whicli   gives  the  inlensity   of  the  resultant,    since   X,    T  and  Z  i 
known. 

Again,  from  the  same  Equations, 

_X 
cos  a  -,  ^, 


which  make  known  the  direction  of  the  resultant. 
The  group  of  Equations  (45)  give, 

Xy-Tx  +  lI"  (COS  ^'x'-~  cos  a'  f)  =  0,  1 

Zx-Xs  +  SF'{cosa' £' -<iosy'x')=iO,  )■    .     ■     ■     (49) 

Ze  -  2  y  +  2  /"  (cos  r'  y'  -  cos  /3'  ^')  ^  0.  J 

which  are  the  equations  of  the  line  of  the  resultant. 

PAKALLELOGKAM   OP  FOECES. 

1 80. — If  all   tiia  forces   be  applied  to  the   same  point,  this  point 
may  be  taken  as  the   origin  of  co-ordinates,  in  which  case. 


y'  =  y"  =  y'"  &e.  =  0, 
s'  =  z"  =  s'"  &c.  =  0, 

and  the  last  term  in  each  of  Equations   (4&),  will  reduce  to  zeroi 
Hence,  to  determine  the  intensity,  direction  and  equations   of   thii 
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resultant,    we    have.    Equations    (47),   (48) 


M  =  yT^  +  yz  +  22 


(50) 


(51) 


M     J 
X^~  Yx  =  0,"] 

Zx~  Xz  ^o\ (53) 

Ys  -  Z  y  =  0.  J 
The  last  three  equations  show  tJiat  the  direction  of  the    resultant 
passes  through  the  common  point  of  application   of  all   the  forces, 
which  might  have  been   !oiticipat«d. 

§81. — Let  the  forces  be  now  reduced  to  two,  and  take  the  plane 
flf  these  forces  as   that  of  xy;   then  will 

y'  =  y"  =  y"'  =  &e.  =  00°  ;  z  —  0, 
the  last  Equation  of  group  (41)  reduces  to, 

Z  =  0; 
and   the  above  Equations  become. 


. /PTT^" 


"  li 


(53) 

(54) 


Xy-Yx  =  G. (55) 

The  last  is  an  equation  of  a  right  line  passing  through  the 
origin.  The  direction  of  the  resultant  will,  thefefore,  pass  through  the 
point  of  application  of  the  forces.  The  cos  c  being  zero,  c  is  90°, 
and  the  difeetion  of  Ike  resultant  is  Hierefore  in  the  plane  of  the  forces. 
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Substituting  in.   Eq^uation  (53),   for  X  and    y,   their  values    froi 
Equations  (41),  we  obtain, 
B  =  y/ {P' <^^  cJ  +  1" 


E  =  V^''^  +  -f  "^  +  '^  ^'  ^"  ('^«s  «■'  cos  a"  +  cos  /3'  COS  f3")  ; 

denoting  the  angle   made  by   the    directions  of  the  forces   by  S,  we 
have, 

cos  a' cos  a"  +  cos  ^' W9  ^"  ^  cos  5  ; 


^  =  y-p's  -1-  J^"«  +  a  P'P"  COS  iJ 


(5( 


from  wliiLh  Ml,  conclude  that  the  intensity  of  the  resultant  is  equal 
In  that  diagonal  of  a  parallelogram  whoie  adjacent  stiles  represent  the 
duections  and  tntetisilies  of  the  eowp  nenls,  which  passes  through  the 
jmnt  tf  apphcation 

^S3 — Substituting  1-1  Equitijns  (54),  the  values  of  X  and  T,  fi-om 
Equations  (41),  wo  ha%« 

JJ  cos  a  ^  P'  cos  a'  +  P"  cos  a.", 
Rcosb  =  P'  cos  /3'  +  P"  cos  /3", 


and  because 


-  90"  -  /3', 
^  90°  -  /3", 


these  Ei^uatio 


s  «.'  +  i"' 
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and,  by  division, 

sin  a  _  P'  ain  a'  +  P"  sin  a"  _ 

clearing  fractions  and  transposing,  we  find, 


M  ( 


(soy 


If 
nd  d 
d 

d 

d  g         fa 
po  fj 

a  — a 

.'  =  the  angle  B 
E  +  P'  +  P" 

=  S, 

La- 

ve, from  the 

usual 
sin  1' 

trigonometiical 

formula, 

.■     ^/l'■-^ 

')(S-ll) 

(57) 


§  83.— In  the  triiirigle  RmP',  since  P' H  k  equal  and  parallel  to 
tlie  line  which  represents  the  force  P",  the  angle  mP'Si  =  ip,  is  the 
supplement  of  the  angle  J,  made  by  the  directions  of  the  components, 
and  there  will  result  the  following  equation  : 
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Equation  (57),  will  make  known  the  angle  made  by  the  direction 
of  the  resultant  with  that  of  either  of  two  oblique  components,  pro 
vided,  the  intensities  of  the  components  and  resultant  be  known. 

§84. — Also,  from  the  two  triangles  Mm  I"  and  Mmf",  we  find, 


from  which  the  angles  made 
by  the  direction  of  the  result- 
ant with  its  two  components  may  be  found. 

§85. — Let  there  now  be  the  tliree   forces   P,  P\  P",    applied    to 
file    material    point    m,    in 
the    directions    m  P,    m  P', 
tnP",  not  in  the  same  plane; 
the  resultant  will  be  repre- 
sented in  intensity  and  direc- 
tion  by   the   diagonal   of    a 
parallelopipedon,  constructed 
upon  the  lines  representing 
the  directions  and  intensities 
of  these   components.      For, 
lay  oiT  the    distances    mA, 
m  C,  and   m  E,   proportional 
to  the  intensities  of  the  com- 
ponents  which  act  in  the  direction  of  these  lines,  and  construct  the 
parallelopipedon   EB  ;    the  resultant  of   the   components   P'  and  P 
will,   1 83,    be  represented  by  the  diagonal  mB,  of  the  parallelogram 
mABC;    and  the  resultant  of  this  resultant  and  the  remaning  com- 
ponent P",  will  be  represented  by  the  diagonal  mi>  of  the  parallelo- 
gram EmBD,   which  is  that  of  the  parallelopipedon. 

1 88. — If  the  forces  act  at  right  angles  to  each  other,  the  parallel- 
opipedon will  become  rectangular,  and  the  intensity  of  the  resultant, 
denoted  by  S,  will  become  known  from  the  formula 
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and  if  the  angles  which  the 
direction  of  the  resultant 
makes  with  those  of  the 
forces  P,  P'  and  P",  be 
represented  by  a,  b,  and  c, 
respectively,  then  will 

^  cos  a  =  P, 
Pcoab^  P', 
Bcosc  =  P". 


Let  three  lines  he  drawn  through  the  point  of  application  m',  of 


the  force  P',  parallel  to  any  thre 
by  ix',  &',  y\  the  angles  which 
the   direction   of    this    force 
makes    with   these  axes  res- 
pectively ;   then  will 


rectangular 


be  the  components  of  the  force  P',  in  the  direction  of  the  axes,  and 
they  will  act  along  the  lines'  drawn  through  the  point  m'.  These  are 
the  same  as  the  terms  composing  in.  part  Equations  (A),  and  as  the 
effect  of  the  components  Is  identical  with  that  of  the  resultant,  these 
components   may   always   be   substituted  for  the  force  P'.      The  same 

for  the    fuFces   of    inertia,  and    ni—-^v  »i-rs''  J^nd  m—r~^    denote    the 

components   of  this   furcv   in   the   diiectioiia   uf  the   axes. 
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^^T, —Examples. — 1.    Let   the  point   m,  be  solicited  by  two  forces 
whose  intensities  are  9  and  5,  and  whose  directions 
make  aa  angle  with  each   other  of  57°  30'.     Re- 
quired the   intensity   of   the  force  by   which   the 
point  is  ni^ed,  and  the  direction   in    which   it  is 


First,  tlie  intensity ;   malce  in  Equation  (56), 


and  there  will  result. 


It  ^  V  81  +  25  +  90  X  0,  537  =  12,422. 

Again,  substituting   the   values  of  5,  I"  P"  and  B  in  the  first  ef 
Equations  (59),  we  have, 

,      ,  _  5  X  sin  57°  30' 
^'"■^    ~  12,422 


which  is  the  angle  made  by  the  direction  of  the  force  9  with  that  of 
the  resultant 

2. — Required  the  angle  under  which  two  equal  components  should 
flct,  in  order  diat  their  resultant  shall  be  the  «'*  part  of  cither  of  them 
separately. 

By  condition,  we  have 

P'  =  P"  =  nR; 
hence, 

P'  +  P"  +  R_       _  nR  +  nR-\~  Jt  _  {2»  +  l)-fi. 


and,  Equation  (58), 


-  .  /(S  -  P')  (S  -  J") 
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which  reduces  to 

.in},   =  ±i. 

If  n  be  equal  to  unity,  or  the  resultant  be  equal  to  either  force) 
9  ==  60", 
and,  g  83,  the  angle  of.  the  components  should  be  120°. 

3. — Required  to  resolve  the  force  18  =  a,  into  two  components 
whose  difference  sliall  he  5  =  6,  and  whose  directions  make  with 
each  other  an  angle  of  38°  =:  S,  Also,  to  find  the  angle  which  tha 
direction  of  each  component  makes  with  that  of  the  resultant. 

Writing  a  for  R  in  Equation  (56),  we  have, 
P'2  4.  pm  j^%p'p"  cos  S  -  a>, 
and  by  condition, 


(«)■ 


Squaring  the  second  and  subtracting  it  from  the  first,  we 

2P'P"  (1  +  cos  5}  =  a=  -  6^  ; 
which,  replacing  (1  +  cos  S)  by  2  cos^  \  5,  reduces  to 

This  added  to  the  square  of  the  Equation  ( c },  gives 
from  which  and  Equation  (c)  we  finally  obtain. 


^{^r-'Zr,r^^^^)' 


,049, 


which  are  the  required  components. 

To  find  the  angles  which,  their  directions  make  with  the  resultant, 
we  have  from  Equations  (59), 

9"  :^  24°  =  the  angle  wluch  P"  makes  with  the  resultant. 
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ip'  =  14°  —  angle  which  P'  makes  with  the  resultant. 

4. — Required  the  angle  under  which  two  components  whose  inten- 
sities  are  denoted  by  5  and  7  should  art,  to  give  a  resultant  whose 
intensity  is  represented  hj  9. 


Ans 


15'    39" 


5. — Prom  Equation  (56)  it  appears  that  the  resultant  of  two 
components  applied  to  the  same  point,  is  greatest  when  the  angle 
made  !jy  fhuir  dlreetions  is  0°,  and  least  when  ISO".  Required  the 
angle  under  which  the  components  should  act,  in  order  that  the 
resultant  may  he  a.  mean  proportional  between  these  ■values;  and 
also  the  angle  which  the  resultant  makes  with  the  greater  component. 
Call  F",  the  greater  component. 


6. — Given  a  force  whose  intensity  is  denoted  by  17.  Required  the 
two  components  which  make  with  it  angles  of  21°  and  43°. 

§88, — The  theorem  of  the  parallelogram  of  forces,  just  explained, 
enables  us  to  determine  by  an  easy  graphical  construction  the  in- 
tensity and  direction  of  the  resultant  of  several  forces  applied  to  the 

Let  P',  P",  P"\  &e.,  he 
several  forces  applied  to  the 
same  point  m.  Upon  the 
directions  of  the  forces,  lay 
off  from  the  point  of  ap- 
plication distances  propor- 
tional to  the  intensities  of 
the  forces,  and  let  these  dis- 
tances represent  the  forces. 
From  the  extremity  P'  of 
the  line  mP',    which    repre. 
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stnti  the  first  foict  diiw  the  line  P  n  tquil  and  janllel  to  m  P* 
which  represents  the  spcond,  thtn  will  the  Imo  jommg  the  extiemity 
of  this  line  and  the  point  of  application,  leprefent  the  resultant  of 
these  two  fort-es  From  the  extremity  n,  draw  the  line  n.n'  equal 
and  parallel  to  m  P'"  which  represents  the  third  force ,  m  n'  will 
represent  the  resultant  of  the  first  three  forces  The  oonatructKn 
being  thus  continued  til!  a  hie  be  drawn  equal  and  paralkl  to 
every  line  representing  a  force  ot  the  system,  the  resultant  of  the 
whoL  will  be  represented  by  the  line,  (in  this  instance  »i  n' ),  lom 
ing  the  print  of  application  with  the  last  extreniitj  of  the  last 
Ime  dtawn  Should  the  lino  which  is  diawn  equal  and  parallel  to 
that  whuh  represents  the  last  force,  teimmate  in  the  point  of  appli 
caticn,  the  resulfmt  will  bi,  equal   tj   zero 

The  reason  for  this  construction  i-.  t  o  obvious  tj  red  cxpla 
nation 

i:j89 — If  the  forces  stJl  be  supposed  to  act  in  the  same  pline, 
but  upon  differtnt  points  of  the  jline,  the  hist  of  Equations  (49) 
tikes  the  f  rm, 

Tz-Xj  =  ^lP  (o,/!  1  -<«..  ,)], 
thus,  differing  txom  Equation  (55),  in  grtiiic!  the  eqaaticn  ot  the  line 
of  direction    ol    the    resultant    an   independent     terna,     and    showing 
that  this  line  no  bngcr  passes  through  the  oiigin      It  mai    be  con 
structed  fi  m  the  aboie  equation 

§90.— To  find  the  resultant  in 


tion,  let  the  forces  /", 
P",  P'"  iSiC,  be  ap- 
plied to  the  points  m', 
m",  m'",  &c,  Tespec- 
tively.  Produce  the 
directions  of  the  forces 
P'  and  P"  till  they 
meet  at  0,  and  take 
this  as  their  common 
point  of  application  ; 
lay  off  from    0,    on  the 


,  by  a  graphical  construe- 


.?j — r 


;   of  direction,  distances  OS  and  OS', 
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proportional  to  the  intensities  of  the  forces  J"  and  P",  and  construct 
the  parallelogram  0  SR^,  then  will  OR  represent  the  .resultant  of 
these  forces.  The  direction  of  this  resultant  being  produced  till  it 
meet  the  direction  of  the  force  P'",  produced,  a  similar  construction 
will  give  the  resultant  of  the  first  resultant  and  the  force  P"', 
which  will  be  the  resultant  of  the  three  forces  P',  P''  and  P'" ; 
and  the  same  for  the  other  forces. 

OT  PAKALLEL  FOKCES. 

§91. — If  the  forces  act  in  parallel  directions, 

cos  a.'  ^=  cos  a"  =^  cos  a'"  =   &o^ 
cos^'  — C08/3"^  cos/3'"  :=  &c., 
cos  y'  =  cos  y"  —  cos  y'"  =  die, 
and  Equations  (41)  become, 

X  =  {P'  +  P"  +  P'"  +  &e-)  CCS  a.', 

Y  ={P'  +  P"  +  P"-  +  &c.)  cos  /3', 

Z={P-  +  P"  +  P'"  +  &c.)  cos  y' ; 

these  values  in  Equation  (47)  give, 

.fi  =  ±      •/(-?'  +  P"  +  P'"  +  &c.f  (cos«  «.'  +  cos^  ^'  +  cos^  ^), 


:  P'  +  P"  +  P'"  +  &e. 


If  some 

of  the  forces   as  P", 

the  others 

,  the   cosines   of  o."  an 

have  the 

same  numerical  value; 

',  act  in  directions  opposite  to 
;'"  will  be  negative  while  they 
d  the  last  equation  will  become 

R  =  P'  -P"  -  P"'  +  &c. 
Whence  we   conclude,  that  the  remllant  of  a   number   of  parallel 
forces  is  equal  in    intemity   to    the   excess  of   the  sum  of   the  inte.i- 
aities    of    those    which    act    in    one    directtnii     over    the    sum    of    the 
intensities  of  those  -which   act  in    the   opposite  direction. 
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§92.— Tho  values  of  -R,  Z,  Y  and   Z  being   substituted 
tioii'  (48)  give, 


(P'  +  P' 

+  P" 

+  &c.)  c 

OS  a' 

1'  +  F' 

+  ;-"' 

+  &c. 

(P'  +  P' 

+  P" 

+  J.C.)  c 

os,3' 

P'  +  P' 

+  P" 

+    &0. 

(P'  +  P' 

+  P" 

+   &0.) 

OS/ 

/>  +  i*    +  i'      +  &,c  ' 

Tlie  denominator  of  these  expressions,  being  the  resultant  is  essen- 
tially positive ,  the  signs  uf  the  cosines  of  tht  angles  a  h  and  c, 
will  therelore,  depend  upon  the  numerators,  the-e  art.  sums  of  the 
components  parallel  to  the  thiee  ixes 

Hence  t/te  resultant  ac(s  m  the  direction  of  thote  forces  whose 
cosine  coefficients  are  ntyatiie  or  jinsitii'  actordinif  as  the  sum  of  the 
former  or  latter  forcts  is  the  greater 

§  93  — Equations  (i8),  wbicb  are  those  of  the  re  ult^tit  become, 
after  replacing  X    Y  and  Z  by  then  values  in  Fquitions  (41), 

Itx .  ci>K  0-  Rz  .  eo^  a  +  eos  a  .  S  F'z'  -  fus  y' .  2  PV=  0, 
Rz.CQib  -  iiy.cosc  +  cos  7'.  2  P')/   -  cox  ^'.2  P'z'=  0  ; 


we  have, 

(Rf/  -  IF;/) .  cos  a'-  {Rx  -  2P'w') .  co(*  ,^'=  0, 
{R.r  -  lP'x').c<>s  y~  {Hz  -  IP'z'j  .  cos  ".'  ^  0^ 
{Rz  -  XP'z') .  COS  .d'-  {Rf!  -  IF',/) .  C.H  y'  =  0 

&!id  because  a',  /^'    ari<l  y',  are  connected  only  by  the  reiiitl^.i,-. 
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h  eos"i3'  -]-  < 


B-y  =  1  ; 


eitlier  two  of  the  cosines  of  these  angles  are  wliolly  arbitriiiT',  and 
from  the  principle  of  indeterminate  co-efBcieiits,  we  liave,  by  dbpcna- 
iiig  witb  the  sign  2  and  writing  out  tLe  terms, 


Ex  =  PV  +  r'x"  +  P"'x"'  +  &o. 
liz  ~  P'-/  +  P"z"  +  P"'i"'  +  &e. 


■  («1) 


Tho  forces  being  given,  the  value  of  M,  §91,  becomes  known, 
and  the  co-ordinates  x,  y,  z,  are  determined  from  the  above  equations ; 
these  co-ordinates  will  obviously  remain  the  same  whatever  direction 
be  given  to  the  forces,  provided,  they  remain  parallel  and  retain  the 
same  intensity  and  points  of  application,  these  latter  elements  being 
the  only  ones  upon  which  the  values  of  x,  y,  z,  depend. 

The  point  whose  co-ordinates  are  x,  y,  z,  which  is  a  point  of 
application  of  the  resultant,  is  called  the  centre  of  parallel  forces^  and 
may  be  defined  to  be,  that  point  in  a  system  of  parallel  forces  through 
which  the  resultant  of  the  system  -will  always  pass,  whatever  be  the 
direction  of  Ike  fm-ces,  provided,  their  intensities  and  points  of  appli- 


1 94, — Dividing  each  of  the  above  Equations  by  B,  we  shall  have 
PV  -f  P"x"  +  P"'x"'  +  &c. 


P'  +  P"  +  P'"  +  &c. 
P'y'  +  P"y"  +  P"'y"'  +  &c. 

_  P'z'  +  P"z"  +  P"'z"'  +  &c. 
P'  +  P"  +  P'"  +  &c.       ' 


.(63) 


Hence,  either  co-ordinate  of  the  centre  of  a  system  of  parallel  farces 
is  equal  tf.  the  algebraic  sum  of  the  products  vthich  result  from  multi- 
jilying  the  intensify  of  each  force  by  the  corresponding  co-ordinate  of  its 
point  of  application,  divided  by  the  algebraic  sum  of  the  forces. 

If  Uio  points  of  application  of  the  forces   be   in   the  same  plane. 
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o-ordinate  plane  ay,   may  lie   taken   parallel   to  this  pli^ne,   in 


_     {P'  +  I"'  +  P'"  +  &C.)  z'    _     ,_ 

^  ~       P'  +  F"  +  P'"  +  &c.       "  ^  ' 

from  which  it  follows  that  the  centre  of  parallel  forces  is  also  in  this 
plane. 

If  the  points  of  application  be  upon   the  same   straight  line,  tak« 
the  axis  of  x  parallel  to  this  line ;  then  in  addition  to,  the  above  results 


and, 


[P'  ^  P"  +  P"'+  &c.)y' 
'      P'  +  P"  +  P'"  +  &c. 


whence,  the  centre  of  parallel  forces  is  also  upon  this  line. 

§  95. — If  we  suppose  the  parallel  forces  to  be  reduced  to  two,  viz. 
P'  and  P",  we  may  assume  the  axis  x  to  pass  through  their  points 
of  application,  and  the  plane  3;y  to  contain  their  directions,  in  which 
case.  Equations  (60)  and  (61)  become, 


iJ  =  P'  +  P" 

P'x'  +  P"x" 
0   and  y 


Bx 


0. 


Multiplying  the  first  by  x',  and  subtracting 
the  product  from,  the  second,  we  obtain 


Ii{x 


.■')  =  P-  {x"  ■ 


)■■(«) 


Multiplying  'the  first  by  x"  and  sul> 
traoting  the  second  from  the  product, 
we  get 

R{r."  -x)  =  P'i,x"~x')     ....     (6) 

Denoting  by  S'  and  iS",  the  distances  from  the  points  of  application 
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of  /*'  and  P"  to  tliat  of  tlie  resultant,  which  are  x  — 
respectively,  we  have 

x"  -x'  =  S'  +  S" ; 
and  from  Equations  (o)  and  (i),  there  will  result 

F'  :  P"  :  R  ::  S"  :  S'  :  S"  +  S' 
If  the  forces   act  in   opposite   direetio 
that  i"  is  the  greater,  will 


and  hy    a  process    plainly  indicated    by 
what  precedes, 


I,  then,  on  the   supposition 


F'  :  P" 


:  S"  :  S'  -.S"  ~  S'.  .    (64). 


I'rom  this  and  Proportion  (63),  it  is 
ohvious  that  tiie  point  of  application  of 
the  resultant  is  always  nearer  that  of  the 
greater  component,  and  that  when  the 

components  act  in  the  same  direction,  the  dntance  between  the  point 
of  application  of  the  smaller  component  and  that  of  the  resultant,  is 
less  than  the  dist<tnee  between  the  points  of  apphcition  ot  the  cnm 
ponents,  whde  the  reverse  is  the  case  when  the  components  act  m 
opposite  directions  In  the  first  case,  then,  the  i^ultint  is  between 
the  components,  and  m  the  second,  the  larger  component  is  alwaj  s 
between  the  smaller  component  and  the  resultant 

And  we  conclude,  generally,  that  the  resttUanf  of  tuo  forces  which 
loUcil  two  points  of  a  right  line  in  parallel  directions,  is  equal  tn  mten 
sity  to  the  mm  or  diffeience  of  ike  inteiistlies  of  the  components,  accord' 
tng  as  ihey  aet  in  the  sume  or  opposite  directions,  that  it  always  acts 
tn  the  direction  of  the  greater  component,  that  tls  line  of  direction  is 
contained  tn  the  plane  of  the  component!,,  and  that  the  intetisity  of  either 
component  %s  to  thai  of  the  jemllant,  as  tlie  distance  between  the  point 
of  application  of  the  other  component  and  that  of  the  resultant,  is  tn 
the  distance  between  the  pMidt  of  application  cf  the  components 
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-1.  He  lengtli  of  the 
points  of  application  of  two  parallel  forces 
acting  in  the  same  direction,  is  30  feet;  the 
forces  are  represented  hy  the  numbers  15 
and  5.  Required  the  intensity  of  the  re- 
sultant, and  its  point  of  application. 
S  =  P'  +  J"'  =  15  +  5  =  20 ; 


joining  the 


M    :  1" 
20  :  15 


0  =  22,5  feet 


A  single  force,  therefore,  whose  intensity  is  represented  by  20,  applied 
at  a  distajice  from  the  point  of  application  of  the  smaller  foree  equal 
to  22,5  feet,  wil!  produce  the  same  pffcct  as  the  given  forces  applied 
at  m"  and   m', 

2. — Required  the  intensity  and  point 
of  application  of  the  resultant  of  two 
parallel  forces,  whose  intensities  are  de- 
noted by  the  numbers  11  and  3,  and 
which  solicit  the  extremities  of  a  right 
line  whose  length  is  16  feet  in  opposite 
directions. 


M  r 


-P"  =  11  -  3  =  8, 


-  22  feet. 


3. — Given  the  length  of  a  line  whose  extremities  are  solicited  in 
the  same  direction'%y  two  forces,  thu  intensities  of  which  differ  by 
the  m'*  part  of  that  of  the  smaller.  Required  the  distance  of  the 
point  of  application  of  the  resultant  from  the  middlu  of  the  line 
Let  2^,  denote  the  length  of  the  line.     Thin,  hy  the  conaitious, 
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5<t7_Tl         1      t  th      i  f  |95,  enables  us  to  deterniine  by  a 

y        )    g    pi      1  t      t         tl  e  position  and  point  of  applioatioa 

f  tl  It    t      f  l>e       t  parallel   forces,  whose  directions, 

mt       t  es    and  p      t      f     [  pi     t        are  given. 

Let  F  F"   F     P         a  i* 
b  1  f  ce      ppl   d  t    tl 

m  t       I  p      t     m 

dm  p     11  1    d      t 

J        11     p     t  1        Ij 

t     ght  1  d  i    d    tl      1 

t   th     I      t  th 

t        f  11         t  f  th 

f  P      a  />     J       tl    I      t 

d  bj      h       t       ht  1 

d   d     d     th      1         t 

th  t       f  th        m    f  the  first  two  forces  and  the  force 

F  1        t  tl  t      t        till  the  last  point  m''  is  included, 

th  11    h    laat  p      t    f  d  be  the  point  of  application  of  the 

It    t   th        h      h   h     t     d       tion  may  be  drawn  parallel  to  that 

f  th    f  Th        t       ty     f  the  resultant  will  be   equal  to  the 

alg  bra        m    f  th       t      t        t  the  forces, 

Th    p     t  f  th    po    t  11  result  from  the  proportion 


F  +  F'  :  F'  ::  mm'  :  vio  ^-. 
that  of  o'  from 

P  +  F'  +  F"  :  P'  ::  om"  :  oo' = 
that  of  o"  from 

P-i-P  +  F"  ~F"'  :  -  P'"  ■.)o')n"'  :  o' o" 
and  finally,  that  of  o"'  from 
P-i-P+P'-F"'+F"  :  F^'  ::  o"  m^^:  o"  o'"- 


'F  +  P'+P"~F'" 


P-\-P'-i-P"-F"'-i-P' 

Hosted  byCoOgle 


ELEMENTS    OF    ANALYTICAL    MEC 


§98 — Whan  two  forces  I"  and  F"  act  in  opposite  directioaa,  the 
distance  of  the  point  o,  at  which  the  resultant 
is  applied,  from   the   point  tn',   at  -which   the 
component  i"   is   apphed,  is   fuuiid  fiom   the 


P'  _  p"  ' 

and    if    the   components   P'    and  P"  become 

equal,  the   distiincc  m' o  -will   he   infinite,  and 

the  resultant,  zero.     In  other  words,  the  forces 

will   have  no    resultant,  and  their  joint  effect 

will  be  to  turn  the  line  m"  m\   about  some  point  between  the  poinia 

of  application. 

The  forces  in  this  case  act  in  opposite  directions,  are  equal,  but 
not  immediately  opposed.  To  such  forces  the  term  couple  is  applied. 
A  couple  having  no  single  resultant,  their  action  cannot  be  compared 
to  Ifcat  of  a  single  force. 

§99. — The  analytical  condition,  Equation  (46),  expressive  of  the 
existence  of  a  single  resultant  in  any  system  of  forces,  will  obviously 
be  fulfilled,  when 

X  =  0,     r  =  0,    and  2  =  0. 

But  this  may  arise  from  the  parallel  groups  of  forces  whose  sums 
are  denoted  by  X,  Y,  and  Z,  reducing  each  to  a  couple.  These  three 
couples  may  easily  he  reduced  by  composition  to  a  single  couple, 
boyond  which,  no  iurther  reduction  can  be  made.  It  ii 
failing  case  of  the  general  analyticaj  condition  referred  t 


WOEK  OF  THE  KE8UI.TANT  AND   OF   ITS 

§  100.-— We  have  seen  that  when  the  resultant  of  several  forces 
is  introduced  as  an  additional  force  with  its  direction  reversed,  it 
will  hold  its   components  in   ejjuilibrio.      Denoting  the  intensify   of 
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the   resultant    by    It,   and   tliS  projection  of    its  virtual  velocity   by 
5  r,  we   have   from   Equation  (39), 

-  BSr  +  P.Sp  +  F'Jp'  +  r'.Sp"  +  &e.  =  0, 


ESr  =^  r.Sp  +  P'Sp' +  P"Sp"  +  &,^c.,-     ■     ■     ■     (65) 

in   which  F,  P'  P",  &c.  are   the   components,  and  5p,  Sp'  5p",  &c 
the  projections  of  their  virtual  velocities, 

§  101. — Now,  tlie  displacement  by  which  Equation  (29)  was  de- 
duced, was  entirely  arbitrary;  it  may,  therciPjre,  be  made  to  conform 
in  all  respects  to  that  which  would  bo  produced  by  the  components 
P,  P",  &c.,  acting  without  the  opposition  of  liie  force  equal  and 
contrary  to  their  resultant;  and  writing  dr  for  i5r,  dp  for  5p,  &c., 
EquatJoa  (65)  will   become 

Bdr  ^Pdp  +  P'dp'  +  P"dp"  -f  &e.,  ■     -     ■     (66) 

and  integrating, 

JRdr  =  fPdp  +  fP'dp'  +  fP"dp"  +  &c.,   .     .      (67) 

in  which  R,  P,  P',  &c.  may  be  constant  or  functions  of  r,  p,  p',  &c., 
respectively. 

From  Equations  (<J6)  and  (C7),  it  appears  that  the  quantity  of 
work  of  the  resultant  of  several  forces  is  equal  to  the  algebraic  sum 
of  tie  quantities  of  work  of  its  components. 

Again,  replacing  P^p,  P'5p\  &c.  in  Equation  (63),  by  their  values 
in  Equatioa  (81),  and  writing  dr  for  Sr,  dp  for  Sp,  &c.,  we  find, 

/Bdr-/£P.coso..dx+fSP.'io^f^.dy+/SP.cosy.ds,  ■  •  (68) 

ir.  which  R  may  be  constant  or  a  function  of  »■ ;  i*,  constant  or   a 
function   of  «,  y,  s,  &c. 

If  the  forces  be  in   equilibrio,  then  will  iil  =  0,  ana. 


:.dx  +  lP.fo^l3.d7j  +  SP.ao^-y.d!  =  0.  ^.-.J  i-(t^()OgIe 
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§  10  — It  IS  now  appirent  that  the  tran  format  on  of  Fj  at  on 
(30)  to  Eqoatott  (40)  ea  h  force  of  the  orgnai  jsten  was  icpl  c  d 
by  ts  three  coaipon  nts  n  1  rcct  on  of  thr  e  re  t  n^ul  r  x  s  1j  tri 
rl     asum  d 

The  compone  ta  parallel  to  e  ther  is  11  '>  4  vorlt  1  ng  <niy 
n  ot  ou  \  h  h  w  11  carry  the  r  po  nts  of  appl  cit  on  n  the  1  r  t  on 
of  that  ax  ^^  and  11  cease  to  work  vhen  the  mot  on  becon  ea  per 
pend  c  lar  t    the  sime  1  ne 

Let  the  po  ts  of  -ijpl  it  on  of  tl  e  f  r  es  n  o  c  n  Im  pirall  1 
to  tl  e  ax  9  a  th  co  j  ne  ts  pa  illol  to  3  alo  c  cto  k  to  tl  o 
patl  s  te  g  perpend  c  lar  to  the  d  rcct  ns  ot  the  other  onponcnt 
th  wo  k  ot  the  latter  11  h  noth  n^  be  ause  the  pr  jeet  on  of 
the  pat!  s  po  th  r  1  es  of  1  re  t  o  w  11  be  7ero  The  e)  n  e  tary 
■>  ork  of  the  e  traneoua  fore  11  tl  s  ca  o  I  t  1  n  tl  e  th  rd 
term  of  Ejuaton  (40)  and  eq  al  to 

(S  P  cos  y)  .  d  z^. 

Again,  lut  the  points  of  application  tnrn  around  the  axis  c,  parallel 
to  the  piano  xy]  the  components  parallel  to  the  axes  a;  and  y  alone 
can  work,  since  the  paths  will  be  perpendicular  to  the  components 
in  the  direction  of  2,  and  their  projections,  therefore,  zero.  The  ele- 
mentary work  in  this  case  will  lie  fuund  in  the  fuurth  terra  of  Equa- 
tion (40),  and  equal  to 

p/'(^'cosi3-y'cosa)]J9. 

Now  let  both  of  these  motions  take  place  simultaneously;  that  is,  let 
the  points  of  application  move  in  the  diiection  of  the  axis  3,  and  also 
turn  about  that  line ;  all  the  components  will  work,  because  the  paths 
will  be  oblique  to  their  directions,  and,  therefore,  have  projections  of 
measurable  values.  The  amount  of  elementary  work  of  the  extrane- 
ous forces  will,  in  this  case  be  found  in  the  third  and  fourth  terms 
of  Equation  (40),  and  equal  to 

ftSPc.,>7)].4.,+  pi>(»'™/S-,'.„..)].S^. 
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Tlie   same    remarks   apply  to    motion    in    the  direction    of  and    about 
ea:h  of  the  other  axes, 

§  103,— The  rule  for  estimating  the  quantity  of  worlt  when  the 
motion  is  parallel  to  either  axis  or  to  a  right  line  oblique  to  the 
three  axes,  is  simple;  that  for  getting  the  work  during  motion  about 
an  axis,  is  not  so  obvious.  Let  lire  motion  talce  place  around  the 
axis  e;  and  consider,  first,  the  work  of  the  force  P.  The  two  compo- 
nente  of  this  force,  viz.,  i*  cos  /J  and  P  cos  a,  which  enter  the  fourtli 
term  of  Equation  (40),  have  for  their  resultant  P  sin  y.  This  resultant, 
§  81,  acts  in  a  plane  parallel  to  that  of  x  y,  and,  therefore,  at  right 
angles  to  the  axis  z.  Denote  by  a^  the  angle  which  this  resultant 
makes  with  the  axis  x-    then  will 


(70) 


/*  cos  3  =  P  s' 

and  these  values  in  the  term  P  {x'  cos  0  —•  y'  ws  a),  give 

P  {X'  cos  /3  ~  y'  cos  «)  =  P  ,  sin  y  {x'  sin  a,  -  y'  cos  tc,)    .    (Yl) 

From  the  point  of  ap- 
plication m  o?  P,  draw 
the  line  m  A'  perpendicu- 
lar to  the  axis  z;  denote 
its  length  by  k',  and  its 
inclination  to  the  axis  « 
by  (f'.  Multiply  and  di- 
vide Equation  (7l)  by  /i' 
and  reduce  by  the  rela- 
tions ^ 

then  will  result 

^{^'cos^-yco9«)  =  Psm)- ft- (sin «,.cosf-coB«,,8iti*')  =  -P "">■''' "ot-^-n 
Draw  from  A'  the  litic  A'  k'  perpendicular  to  the  direction  of  the  line 
P  m    (produced),  and  denote  its  length  by  k';  then  will 
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and  tlien  will  result 

/'(^co3/J-y'cos«)  =  Psin7.i',  .     .     .     .     (72) 

and  tlie  same  for  tie  forces  P',  P",  &c.;   so  tliat  we  may  write,  omit' 
ting  the  accent  from  h, 

Si'{a:'cos/3-y'cosa)  =  SP.ainy.A;    .     .     .     (73) 

and  the  measnre  of  the  elementary  work  due  to  rotation  about  the  axis 
s,  wiil  be  given  by  either  member  of  the  Eijuation 

pP(ar'c08/9-/coa(x)]59=[SPsiny.i]d<p    -     .     (74) 

§  104.— So  that  in  estimating  the  work  ilue  to  rotation  alone  about 
the  axis  s,  each  force  i^  in  effect,  replaced  by  its  two  components,  the 
one  parallel,  the  other  perpendicular  to  that  line,  and  the  former  is 
neglected  because,  in  this  motion,  it  cannot  work. 

§  105. — The  quantity  of  work  obtained  by  multiplying  that  one  of 
the  two  components  of  a  force  whifh  i&  perpendicular,  while  the  iither 
is  parallel,  to  a  given  line,  into  the  perpendicular  distance  between  this 
Jine  and  that  of  the  force,  is  called  the  tomponent  moment  of  the  force 
in  referenee  to  the  line, 

§  106. — The  lino  in  reference  to  which  the  nioraunt  is  taki'n,  is 
called,  in  general,  a  component  axis;  tho  perpendicular  distance  from 
the  axis  to  the  line  of  direction  of  the  force,  is  called  the  lei*er  arm  of 
tke  force ;  and  the  extremity  of  the  lever  arm  on  the  asis  is  called  a 
centre  of  the  mome)i.t. 

When  the  direction  of  the  force  is  perpendicular  to  the  axi^  the 
latter  is  called  the  moment  axis  of  the  force.  In  this  ease  the  compo- 
nent parallel  to  the  axis  becomes  zero,  and  the  normal  component  tha 
force  itself. 

The  moment  of  tlie  resultant  of  several   component  forces,  taken  in 
reference   to  its   moment   axis,   is    called  the   resultant  moment.      The 
momenta  of  the  component  forces  arc  called  component  moments. 
§  107.— Changing  6  if  into  dtip  in  Equation  (74),  we  may  write 

pP(i' cos/3-!,' co.»)]<i»=pP   my. i]<i9  .    •     {'*) 
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y[Si>{a;'cos/3-/eosa)](i^,=y[SP.smy.ft](/<p    .     (74)' 

Whence  it.  appears,  that  tlie  elementary  quantity  of  work  a  force  will 
perform  during  the  motion  of  its  point  of  application  about  an  axis,  is 
equal  to  the  jiroduel  of  the  moment  of  Ike  force  into  tite  differeatial  of 
the  path  described  at  Oie  ttnk'a  distance  from  the  axis. 

%  108, — The  whole  quantity  of  work  will  result  from  the  integration 
of  Equataou  (H)'  between  limits.  In  this  integration  two  cases  may 
arif>e,  viz. ;  either  the  moment  may  be  constant,  or  it  may  he  variable. 
In  the  first  case,  the  quantity  of  work  is  obtained  by  multiplying  the 
constant  moment  into  the  path  described  by  a  point  at  the  unit's  disi- 
tance  from  the  axis.  In  the  second,  the  force  may  he  constant  and 
tiic  lever  arm  variable;  the  force  variable  and  the  lever  arm  constant; 
or  both  may  be  variable,  and  in  such  way  as  not  to  make  their  prod- 
uct constant.  In  all  such  cases,  relations  between  the  intensity  of  the 
force,  its  lever  ami,  and  the  path  described  at  the  unit's  distance,  must 
be  known  in  order  to  reduce,  by  elimination,  the  second  member  of 
Eqnation  (?4)'  to  a  function  of  a  single  variable. 

These  remarks  are  equally  true  of  the  foices  of  inertia.  The  intensi- 
ties of  theM  depend  upon  the  masses  of  the  material  tlements  and  their 
degree  of  acceluratjon  or  retardation ;  their  points  of  application  are  oq 
the  elements  themselves;  the  elementaiy  aic  desciibed  at  the  unit's  dis- 
tance is  the  same  for  both  sets  of  moments,  and  its  value  depends  upon 
the  distribution  of  the  material  with  reference  to  the  axis  of  motion. 

The  moments  of  the  forces  whifh  ut^  a  body  tn  turn  in  opposite 
directions  about  any  assumed  asis  must  have  contiary  signs. 

The  sign  of  P  sin  y  k',  or  its  equal  P  nof,  (i  .  x'  —  P  Q'j'^  a  .  f,  de- 
pends upon  the  angles  which  the  direction  of  the  force  makes  with  the 
axes,  and  npon  the  signs  ami  relative  values  of  the  co-ordinates  of  the 
point  of  implication. 

Let  the  angles  which  the  direction  of  any  force  makei  with  the 
co-ordinate  axes  he  estimated  from  the  positive  side  of  the  origin ; 
then,  if  the  angles  which  this  direction  makes  with  both  axes  be 
acute,  and  the  point  of  application   lie  in  the  first  angle,  P  cos  j3.a;' 
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and  P  COS  a  .  y',  will  be  positive,  and  if  tlie  first  of  these  producfi 
exceed  tlie  second,  the  moment  will  be  positive ;  but  if  the  lattei 
be  the  greater,  the  moment  will  be  negative.  The  same  remarks 
npply  to  tiie  other  axes. 


COMPOSITION     AHD     EESOLUTION     OF    MOMKNIS. 

1 109.— The  forces  being  supposed  to  act  in  any  dlreetionB  whatever, 
join  the  point  of  application  of  the  resultant  R  and  the  origin  hy 
a  right  line,  and  denote  its  length  by  H.  Multiply  and  divide  each 
of  the  Equations  (44)  by  M,  and  reduce  hy  the  relations, 


//" 


in  whieh   %,   l  and   e,  denote    the    angles    which    the   line  H  maliea 
with  the  axes  t,  y  and  z,  respectively;  then  will 

iS.fl-.(cos5.co9t -cosa.coag)  =  A    "1 

i2.ir.{cos«.coss-eosc.cosO  =  -^.    [    "     '     '    ^^ 
S .  IT.  (cos  e  .  cos  g  —  cos  6  .  cos  s)  :^  iV.  j 

Squaring  each  of  these  Equations  and  adding,  we  find 

icos^  b .  eos^  ^  —  2  cos  S .  cos  a  .  cos  ^ ,  cos  I  +  cos'  a .  cos^  |  "> 
+cos=(t.eos^e  ~  2coso.  cos  tf  .  cos  e .  eos^  +  cos^c.cos*^  j- 
4-cos2  c.cos^l  —  2  cos  6  .cos  c  .  cos  g.  cose  +  cos^S.cos'  s  J 

=  U  -\-  iP  -\-  N^ (76) 

But 

cos^  a  +  cos=  6  +  cos'  c  =  1, (77) 

cos'  ?  +  cos=  g  +  cos=  .  =  1, (78) 

cos  a .  cos  ?  +  cos  6  .  cos  f  +  cos  c  .  cos  e  =  cos  (p,  .  (79) 
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the  angle  (;,  being   thtt   made   h^   the   line  M,  wjth  the  direction  of 
tlie  resultant 

Collecting    the    co  efficients  of    cos*  a,    cos*  b,  cos'  c,  and  reducing 
by  the  lollowmg  relatioa-.   d-'ilun.d  from  Equation    (78)  ;  yIz.  ; 


cos'  .  +  oo.  g  =  1  -  cos=  ?, 

cos"^+  cos'^t^  1  -cos'i, 

c«s*  g  +  cos'  ^  =  1  -  cos*  I, 

we  find, 

iJ=..ff=.[X-(eosa.<«sr  +  cos6.o<.sg  +  eosc.c«sO^: 

l^z.i'  +  JP  +  iV^; 

from  Equation  (79), 

1  -  (co3  a .  COS  ^  +  cos  S .  cos  1  4-  cos  «.  cos  e)=  =  1  - 

■  cos' 9  =  sin*ip: 

which  reduces  the  above  to 

iJ* .  Jf  ^  sm2  q,  =  J?  +  M^  +  N\ 

But  H^ .  sin*  (p  is  the  square  of  the  perpendicular  drawn  from  the 
origin  to  the  direction  of  the  resultant ;  it  is,  therefore,  the  square 
of  the  lever  arm  of  the  resultant  referred  to  the  origin  as  a  centre 
of  moments.  Denoting  this  lever  arm  by  K,  we  have,  after  taking 
the   square  root, 

R.K=  V^I^T^^T"^ (80) 

That  is  to  say,  the  resultant  moment  of  any  system  of  forces  is  eqtuil 
to  (he  square  root  of  Ike  sum  of  the  squares  of  the  sums  of  the  coni- 
ponent  moments,  taken  in  reference  io  any  three  rectangular  axes  through 
the  point  assumed  as  the  centre  of  moments, 

§  110.— Dividing    the    first  of  Equations    {"75),  by   Equation  (80), 
wo  find. 


The  effect  of  a  force  is,  §77,  independent  of  the  position  of  its 
point  of  application,  provided  it  be  talcen  on  the  line  of  direction. 
Let  the  point  of  application  of  R,  bo  taken  at  the  extremity  of  its 
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lever  ann,  then  will  JI  coincide  with  and  le  equal  in  length  to  K 
^  and  I  will  become  the  angles  which  the  lever  arm  makes  -with  the 
axes  a;  and  y,  respettivelj ,  and  the  well  known  relation  obtained 
from  the  formulas  for  the  tranatormat  on  of  co-ordinates  from  one 
set  of  rectangular  axe  tc   another    will  give 

cos  6,  =  cos  &  .  cos  ^  —  cos  a .  cos  g ; 

in  which  9,  is  the  angle  the  resultant  axis  makes  with  the  axis  2; 
whence,* 

cos  6.  =  -. ^..^^^ (81) 

In    the  same   way,  denoting   by   6,  and   0,   the   angles   which    the 
moment  axis  of  R  makes  with  •the    co-ordinato  axes  y  and  x  respec- 


tively, will 


ViH-fl^'  +  -^ 

N 

Vi'  +  itf'-j-iV 

cmme  of  Ote  m 

(82) 


whence  we  conclude  that,  Oie  cosine  of  tlie  angle  uhuk  the  resultant 
axis  makes  with  any  assumed  line  i9  equal  to  the  ^um  of  the  momenU 
ft  the  furces  ire  reference  to  thu  line  talen  a?  a  component  axu.  dimded 
by  the  resultant  monu-nt 

^  111— Multiplying  Equaton  (bl)  bj  E^uitiun  (80),  there  isiil 
result, 

S  .  /C.  cos  6.  =  i (84) 

^shch  shows  that  the  component  moniAnt  of  anj  ^^stem  of  forces  tn 
reference  to  any  ohltque  arts  la  equal  to  the  product  of  the  resultant 
moment  of  the  si/stem  into  the  cosine  of  the  at  aJe  helwten  the  resultant 
and  component  axes 

For  the  sinie  s)stera  of  fortu  an  i  tht  simc  on  re  of  momenta. 
It  IS  obii  us  that  ^  and  A  n  II  be  t  n^itiit  when  e,  Equ-ition  (80), 
the    sun    0/    the    sjutres    (T    th<-    s  im    (f  the    rnjmenls    m   reference 


ee  Apinrnii 
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to  any  tliree  rectapffiilar  axes  through  the  centre  of  momenta,  taken 
as  componenl  axes,  ia  a  constant  quantity.  Also,  since  the  axis  z, 
may  have  an  infinite  number  of  positions  and  still  satisfy  the  con- 
dition of  mating  equal  angles  with  the  resultant  axis,  we  see, 
Equation  (84),  that  the  sum  of  the  moments  of  the  f-jrces  in  reference 
to  all  component  axes  which  make  equal  angles  with  the  resultant 
axis  tvill  he  eonsUtnl. 

§112. — Denote  by  ^,,^,,  ^,,  the  angles  which  any  component 
axis  makes  with  the  co-ordinate  axes  z,  y  and  <e,  respectively,  and 
by  S  the  angle  which  the  component  and  resultant  axes  raalte  with 
each  other,  then  will 

cos  d  =  cos  e, .  cos  6,  +  cos  9^ .  cos  fl,  +  cos  6. .  cos  S^  ; 
multiplying  both  mcrabers  by  B .  K,  we  have 

5.ir.cos((=i;.^.cose,.co33.+fl.^.cose„cosfl^+5./i:.cose,.co8fl,. 

But,  Eauation  (84), 

^.JK".C03  6,  =  X, 

R.K.cmQ,  =  N; 
which  substituted  above,  give 

,S.^.co5(I  =  i:.cosd,  + Jf.cosd^  +  it'.cosfl,     .     .     (85) 

That  is  to  say,  the  component  moment  in  reference  to  any  assumed  com- 
ponent axk,  is  equal  to  the  sum  of  the  products  arising  from  multiplying 
the  sum  of  the  momenta  in  reference  to  the  co-ordinate  axes,  by  the 
cosines  of  the  angles  which  the  direction  of  the  component  axia  make* 
with  these  co-ordinate  axes,  respectively. 

■raAHSLATION   OF  EQUATIONS    (A)   AND   (B). 

§  113. — Equations  {A)  and  (5)  may  now  bo  translated.  They  express 
the  conditions  of  equilibrium  of  a  system  of  forces  acting  in  various 
directions  and  upon  different  points  of  a  solid  lody.  Thtse  condi- 
tions are  six  in  number ;  viz. : 
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2  P   COS  ^  =  0,   j- [A)' 

S  P.  cos  7  = 

2  P.  («'  cos/3  —  )/'cos  ft)  =  O,"! 

S  P    (^'  COS  «  -  r'  .OS  r)  =  0   i     .     .     .     (B)' 

XP    (y   cos  /  -  2   <■  M  )  =  0  J 

The  above  LonJ  t  ons  which  lelate  to  the  actnn  ot  a  &ystciii  of 
forces  on  a  fit-e  lody  ire  qnahfitd  by  conlitiona  of  constraint  tliat 
detpra        tl     po    1"1(.  mot  on 

i,114_Il  the  b  1>  cfiit'im  i  fixed  }i>  it  tho  origin  (f  the  mova- 
ble CO  ordinat  i  n  Ej^uiti  n  (40)  r  i^  1 1,  taken  it  this  ;  1 1 ;  in 
\;hich  case  Ave    hall  haie 


Sy,  =  0, 
i5  s,  =  0  ; 

and  it  w  II  cih  be  iiec£  sai^  thit  the  foiees  ''atisfj  Equations 
{B)  these  be  n^,  tho  co  eiTci  nts  of  ih  indctPimmite  quantities  that 
do  not  reduce  to  zero  Hence  in  the  case  ff  a  fixed  point  Ike 
sum  of  the  momenti  of  the  forces  taken  in  reference  to  each  of  three 
rectangular  axes    jasi,in<j    through  the  point   muU  separately   red  ice  to 

Should  the   system   contain    two  Jixed  points,  one  of  the  axes,   as 
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that  of  X,  may  be  assumed    to    coincide    with  the  line  joiniiig   these 
points,  in  which  case,  there  will  residt  in  Equation  (40), 

5x^  =  0,     5(p  =  0, 

5y,  ^0,     S-\,^  0. 

5z,  =  0, 
and  it  will  only  "be  necessary  that  the   forces   satisfy  the  last  Equa- 
tion  in  group  (_B);    or   that  the  sunt  of  the  moments  of  the  forces  m 
reference  to  the  line  joining  the  fixed  points,  reduce  to  zero. 

If  the  system  be  free  to  slide  along  this  line,  Sx^  wilt  not  reduce 
to  zero,  and  it  will  he  necessary  that  its  co-efficient,  in.  Equation 
(40),  reduce  to  zero ;  or  that  the  algebraic  sum  of  the  components  of 
the  given  forces  parulkl  to  the  line  joining  the  fixed  points,  also  reduce 

If  three  points  of  the  system  be  constrained '  to  remain  in  a 
fixed  plane,  one  of  the  co-ordinate  planes,  as  that  of  xy,  may  be 
assumed  parallel  to  this  plane;   in  which  case, 

5z^  =  0, 

5tf  =  0, 

S-^  ^  0; 

and  the  forces  must  satisfy  the  first  and  second  of  Equations  (A) 
and  the  first  of  {B)';  that  is,  the  algebraic  sum  of  the  components 
of  the  given  forces  parallel  to  each  of  two  rectangular  axes  parallel  to 
the  giieii  plane,  muU  separately  reduce  to  zero,  and  the  sum  of  the 
reference  to  an  axis  perpendicular  to  this  plane  must  reduce 


CENTKE    OF    GKAVirV. 

§115. — Gravity  is  the  name  given  to  that  force  which  urges  all 
bodies  towards  the  centre  of  the  earth.  This  force  acts  upon  every 
particle  of  matter.  Every  body  may,  therefore,  be  regarded  as 
subjected  to  the  action  of  a  system  of  forces  whose  number  is  equal 
to  the  number  of  its  particles,  and  whose  points  of  application  have, 
with  respect  to  any  system  of  axes,  the  same  co-ordinates  as  these 
particles. 
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The  Keight  of  a  body  is  the  resultant  of  this  system,  or  ikl 
resultant  of  all  the  forces  of  gravity  which  act  vpon  it,  and  is  equal, 
in  intensity,  but  directly  opposed  fo  the  force  which  is  just  sufficient 
to  support  the  body. 

ITie  direction  of  the  force  of  gravity  is  perpendicular  to  the 
earths  surlace  The  earth  is  an  oblate  -sj-heioid  of  small  ecoentri 
city  who'-e  mean  radms  is  nearly  tDur  th  u'^and  n  lies  hence  as  the 
directi  ns  of  thf  foi(,e  cf  gia¥it>  t.Dnverge  towards  the  centre  it  is 
obvious  th'it  these  diettoni  when  they  appe  ta  n  to  partide  of 
the  same  b  dj  of  ord  nary  mTgn  tude  itp  eiii-ibh  paialkJ  smce 
the  linear  dimensi  ns  of  such  boiies  may  be  neglectei  in  c<rrjiri 
son  with  any  radiu'i  of  t  r\  iture  of  the  earth 

The  centre  of  s  d  a  «\steii  f  Icic  s  dot  im  d  1  Equa. 
tions  (62)    894    whi  h  a  e 


P'x'  +  P'V 

+   P' 

's'"  +  &c. 

'-'            F'  +  P' 

+   P' 

'  +  &c. 

py  +  p'Y 

+   P' 

y"  +  te 

p,  j^  p. 

+   P- 

'+    &0. 

PV    +    P"3' 

+   P' 

V"  +  &c. 

P'  4-  P"  +  P'" 


in  which  j,  y,  z^,  ar<>  Ihe  co-oidinates  of  the  centre  ;  /*',  P" ,  &c., 
the  forces  arising  from  the  action  of  the  force  of  gravity,  that  is, 
the  weights  of  the  elementary  masses  ni',  m",  &c.,  of  which  tie 
co-ordinates  are  respectively  x'  y'  e',  x"  y"  z'\  &c. 

This  centre  is  called  the  centre  of  gravity.  From  the  values  of 
its  co-ordinate*?,  Equation'?  (86),  it  is  apparent  that  the  position  of 
this  point  is  independent  of  the  direction  of  the  force  of  gravity  in 
reference  to  any  assumed,  line  of  the  body;  and  the  centre  of  gravity 
of  a  body  may  be  defined  to  be  that  point  through  which  its  weight 
alwaijs  passes  in.  whatever  wuy  Ihe  hody  may  he  turned  in  regard  to 
Ihe  direction,  of  the  force  of  gravilg. 


Tlie  values  of  i",  P",  &e,,  being 
&C.,  of  the  elementary  masses  m\  m 

P'=w'  =  m'g';    F'  =  w"  =  m" g 


egarded 


.s  the  weights  w',  w", 
1  have,  Equation  (1), 
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m'/i' +  »"«">:"  +  » 

'"S"'»"'  +  &(^ 

>»'«'  +  -"s"  +  •» 

"j"'  +  la.       ' 

m'ff'y'  +  m"g"/'  +  n 

"'/"»"'  +  &«. 

m'g'  +  m»,"  +  « 

"j'"  +  &0.       • 

«.'/»' +  »."j"«"  +  « 

"■'  S'"  2'"  +  &c- 

*'/  +  m"/'  +  m"'!f"'  +  &c. 


.(87) 
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Eh».     a,    (8  ) 

+  f>    ^    +   n 

X      +   K. 

m   +  m    +  m, 

+  &c. 

"y"'  +  &C 

m'  +  m"  +  m' 

'  +  &c.         ■ 

m'  z'  +  m"  z"  +  m 

"  z'"  +  &c. . 

a."  +  m'"  +  &0. 

from  which  it  appears,  that  when  the  action  of  the  force  of  gravity 
19  constant  throughout  any  collection  of  particles,  the  position  of  the 
centi'e  of  gravity  ia  independent  of  the  intensity  of  the  force. 


§  117. — Substituting  the  value  of  the  masses,  given  in 
ttiere  will  result, 


v'd'x'  4-  v"d"a:"  +  v"'d' 

'x'"  +  &c. 

v'd'  +«"rf"  +  ^'"d"' 

+  &C. 

v'd'y'  +  v"d"y"  +  v"'d' 

'y"  +  &c. 

v'd'  +  v"d"  +  v"'d" 

+  &:e. 

v'd'z'  +  v"  d"z"  -^v'"  d' 

'z'"  +  &e. 

"  (1)', 


m 
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and  if  the   elements  be  of  homogenous   density  throughout,  we   shall 
have, 


auil  Equations  (89)  become, 


x"  +  v"'x"'  +  &c.  ^ 


v'  +  v' 

+  v" 

+  4».       • 

v'y 

+  v"y 

'  +  » 

'  y'"  +  &c- 

/  +  ,■ 

+  ." 

+  &e. 

,'z 

+  ."z 

'    +    V 

'  2"'  +  &c.. 

v'  +  i'"  +  V"  +  &c. 


■    (90) 


wjience  it  follows,  that  in  all  homogeneous  liodies,  the  position  of 
the  centre  of  gravity  is  independent  of  the  density,  provided  the 
intensity  of  gravity  is  the  same  throughout. 

1 118. — Employing  the  character  2,  in  its  usual  signification.  Equa- 
tions (90),  may  be  written, 

,     ^(")- 
-'  -  J  (.)  • 


(91) 


and  if  the  system  1 


united  as  to  he  continuous, 


V 

L 

y 

dV 

V 

£ 

3 

dV 

m 


§119. — If  the   collection  be  divided   symmetrically    by   the  plane 
ry,  then  wil! 
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hence,  the  centre  of  gravity  wUl  lie  ia  this  plane. 

If,  at  the  same  time,  the  collection  of  elements  be  symmetrically 
divided  by  the  plane  sz,  -wo  shall  have. 


y,  =  0; 

die  collection  of  elements  will  be  Hymmetrically  disposed  about  the 
axis  ar,  and  the  centre  of  gravity  ■will  be  on  that  line. 

Although  it  19  always  true,  that  the  centre  of  gravity  will  lie  in 
a  plane  or  line  that  divides  a  homogeneous  collection  of  particles 
symmetrically;  yet,  the  converse,  it  is  obvious,  is  not  always  true, 
viz. :  that  the  collection  will  be  symmetrically  divided  by  a  plane  or 
line  that  may  contain  the  centre  of  gravity. 

Equations  (82)  are  employed  to  determine  the  centres  of  gravity 
of  all  geometrical  figures. 


THE  CENTRE  OF  GRATITT   OF  MNES. 


§  120. — Let  s  represent  the  entire  length  of  an  are  of  any  curve, 
whose  centre  of  gravity  is  to  bo  found,  and  of  which  the  co-ordi- 
nates of  the  extremities  are   as',  y',  z',  and  x",  y",  z". 

To  be  applicable  to  this  general  case  of  a  curve,  included  withio 
tha  given  limits,  Equations  (92)  become 


/; 

-v-s^ 

-% 

yJ-./l" 

/; 

."')' 
+  W 

^^-5 

,i..^\ 

c 

+  S 

-S 

(93) 


HosMbjGoOglc 


ELEMENTS  OF  ANALYTICAL  MECHANICS. 


Example  1. — Find   the  ■ 
line.     Let, 

y  =  «  ir  +  /3, 
si  =  a.'x  +  ^', 

be  the  equations  of  the 

Differentiating,  sub'.ti- 
tuting  m  Equations  (94) 
and  (93),  integrating  be- 
tween the  proper  limits, 
and  reduLing,  theie  «j11 


of  the  centre  of  gravity  of  a  riffht 


■'u 

~ 

2 

= 

« 

{' 

+  -") 

2 

» 

(■ 

+  «") 

ffhieh  are  the  «a-or4inates  of  the  middle  point  of  the  line ;  x'  y'  z' 
and  x"  y"  s",  being  those  of  its  extremities ;  whence  we  conclude 
th&t  the  centre  of  gravity  of  a  straipkl  line  is  at  its  middle  point, 

Example  2. — Find  the  centre  of  gravity  of  the' perimeter  of  a  polygon. 

This  may  be  done,  according  to  Equations  (90),  by  taking  the  sum 
of  the  products  which  result  from  multiplying  the  length  of  each  side 
by  the  co-ordinate  of  its  middle  point,  and  dividing  this  suui  by  the 
length  of  the  perimeter  of  the  polygon.  Or  by  construction,  as  fol- 
lows: 

The  weights  of  the  several  sides  of  the  polygon  constitute  a  system 
of  parallel  forces,  whose  points  of  application  are  the  centres  of 
gravity  of  the  sides.  The  sides  being  of  homogeneous  density,  their 
weights  are  proportional  to  their  lengths.     Hence,  to  find  the  centre 
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of  gravitj  of  the  entire  poljgon  join  thi,  middle  poiiita  of  any  two 
of  the  sides  by  i  right  line,  and  divide  this  line  ia  the  inverse  ratio 
of  the  lengths  of  the  idja«ent  sides,  the  point  of  division  ■will,  §97, 
be  the  centre  of  gravity  of  these  two  sides;  next,  join  this  point 
with  the  middle  of  a  third  side  bj  a  stiaight  line,  and  divide  this 
line  m  the  inveri-e  ratio  of  the  lum  of  hrst  two  sides,  and  this  third 
aide,  the  point  of  dunion  will  be  the  centre  of  gravity  of  the  three 
sides  Continue  this  process  till  all  the  sides  be  taken,  and  the  last 
point  of  division  will  be   tlie  centre  of  gravity  of  the  polygon. 


Fiitd  the  posttii 
Assume  the  plane 


I  of  the  centre  of  gravity  of  a  plane  curve. 

jf  « y  to  coincide  with  the  plane  of  the  curve. 


and  Ecjuations  (93)  and  (94)  become, 


/; 

,d,s/i 

-% 

/■ 

ydx^l 

^% 

/; 

<"\f^ 

-%■ 

Example  3. — Find  tlte  centre  of  gravity  of  a  circular  arc. 
Take   the    origin    at   the  centre   of  curvature,    and  the  axis   of  tf 
passing  through   the  middle    point  of  the  arc.     The  equation  of  the 


which  substituted  in  Etjual 
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will  give  on  reduotioa, 

X,  =  0, 

,,    _    fl  (X'  +  ^")  ■ 


and  denstmg  the  chord  of  the  arc  by  c  =  «'  +  *"> 


whence  we  jonelude  that  the  centre  of  gravity  of  a  circular  arc  « 
on  a  line  drauta  through  the  centre  of  curvature  and  Us  middle  point, 
and  at  a  distance  from,  the  centre  equal  to  a  fourth  proportional  to 
the  arc,  radius  and  chord, 

Example  4. — Find  the  centre  of  gravity  of  the  are  of  a  cycloid. 

the  differential  equa 


The  radius  of  the  generating  circle  being 
tion  of  the  curve  is, 


dx  = 


■/2ay  —  y'^ 


the   origin  being  at  A,  and 
AB  being  the  axis  of  x. 

Transfer  the  origin  to  C, 
and  denote  by  a'  y'  the  new 
co-ordinates,  the  former  beii 


;  estimated  in  the  direction  CD,  and  the 


latter  in  the  direction  DA.    Then  will 
y=:2a~x'. 


■  yf^a 


; W 
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this,  in   Equations  (90)  and  (95),  gives,  omitting   the  accent  ou   the 
variablea, 

y.  = — ■ 

Integrating  tiie  first  two  equations  between  tiie  limits  indicated, 
and  subslitutiHg  the  value  of  «,  deduced  from  the  first,  iu  the  second, 
we  have, 

.  =  2  V2«(v?i"- ,/;.•), 
1    V,"'-V^'_ 

and  from  the  third  equation  we  have,  after  integrating  by  parts, 

substituting  the  value  of  dy,  obtMued  from  Equation  (a)',  and  ro- 
ducing,  there  will  result, 

arid  taking  the  integral  between  the  indicated  limits, 

•  J,  =  3  -/KLyCV?"  -■/?)  +  }(2<.  -  '"}i  -  5{S<-  -  ^ihi 
hence,  replacing  s  by  its  value,  and  dividing, 

Supposing  the  arc  'xi  begin  at  C,  we  have. 
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a  from  C  to  ^  be  taken,  these  values  become. 


Taking  the  entire  airo  A0£,  the  curve  will  be  sjmmetrioal  with  rea 
pect  to  the  axis  of  x',  and  therefore, 

y,  =  ^i 

hence,  the  centre  of  gravity  of  the  ore  of  the  cycloid,  generated  ly  one 
entire  revolution  of  t?ie  generating  circle,  is  on  the  hne  which  divides 
the  curve  symmetrically,  osi  at  a  distance  from  the  summit  of  the  curve 
equal  to  one-third    of  its  height. 


THE    CEKTEE    OF    GEATTTY    OP    SITEFACES. 

§121. — Let  X  =  0,  be  the  equation  of  any  surface;  L  being  a 
function  of  xys;  then  will  dxdy,  be  the  projection  of  an  element 
of  this  surface,  whose  co-ordinates  are  xyz,  upon  the  plane  xy;  and 
if  &"  denote  the  angle  which  a  plane  tangent  to  the  surface  at  the 
same  point  makes  with  the  plane  xy,  the  value  of  the  element  itself 
will  be 


dx.dy 
cos*" 


But  the  angle  which  9,  plane 
makes  with  the  co-ordinate 
plane  xy,  is  equal  to  the 
angle  which  the  normal  to 
the  plane  makes  with  the 
axis  z,  and,  therefore, 


s/w^w^m 
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anrtieQce,  in  Equations  .(92),  omitting  the  double  sign, 

dV  =  dx-dyw, (98) 

and  those  Equations  become, 


/-y; 

^.z.it.iy 

f^i: 

w.yi^.i. 

i:x 

w.z.iz.i. 

■  V=    fl,  r],w.dx.d>j; 


to  being  a,  function  of  x,  y,  z. 

If  the  surface  be  plane,,  the 
plane  of  a;  y  may  be  taken  in  the 
surface,  in  which  case, 


and  Equations  (99),  and  (100),  be- 


_  Ji" J i"  dy.xdx 


(100) 


(101) 


=  j]',  r'idi.dy,     ......     (102) 


which    tile   integral    is   to   be   takeit    first   with  respect   to  y,  and 
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n  tlie  limits  y"  =  Pm"  and  y'  =  Pm';   then  in  respect  to  *, 
between  the  limits  x"  ■=:  A  P",  and  x'  =:  A  P',     Hence 


f"  ] 

_Ji"  jy"  —  y').xdx 


-Jhii 


'=j1,V'-y')i 


(103) 


(104) 


y'  and  y",  denoting  running  co-ordinates,  which  may  be  either  roots 
of  the  same  equation,  resulting  from  the  same  value  of  a;,  or  they 
may  helong  to  two  distinct  functions  of  x,  the  value  of  x  being  the 
same  in  each.     Tor  instance,  if 


F  {^y)  =  0, 


be  tie  equaton  of  the  cur  e  n'm,"n"m',  it  is  obvious  that  1 

the   Intsa:    z=  AP      ad    e'^  AP',    every    value  of   w,  as  AP, 

m  st  g    e  tvo  \il  es  for  y    ^iz,;  y"  =  Pm"  and  y'  =  Pm'.      Or  if 


jr{xy)  =  0, 
F'  {xy)  =  0, 

be  the  equations  of  two  distinct 
curves  7n"n"  and  m' »',  referred 
to  the  same  origin  A,  then  will 
y"  and  y'  result  from  these 
functions  separately,  when  the 
same  value  ia  given  to  a  in 
each. 


le  1, — Required  the  ponlion  of  the   centre   of  gravity   of  the 


area  of  a  triangle. 
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Let  A  £  C,  be  the  triangle. 
Assume  the  origin  of  co-ordi- 
nates at  ons  of  the  angles  A, 
and  draw  the  axis  y  parallel  to 
the  opposite  side  B  0,  Denote 
the  distance  A  I"  by  x',  and 
suppose, 


to    be  the   e^uatioMS   of  the    i 
will 


'"    -  y'  =  (*    - 


A  C  and   A  B,   respectively,   then 


\r> 


£    {<,-b)xdx 


-   2   (''  +  5)< 


whence  we  conclude,  that  the  centre  of  gravity  of  a  triangle  is  on  a 
line  drawn  from  any  one  of  the  angles  to  the  middle  of  the  opposite 
side,  and  at  a  distance  from  this  angle  equal  to  two-thirds  of  the  line 
thus  drawn. 


Example  2. — Find  the  centre  of  gravity  of  the 

Fi-om  any  one  of  the  angles 
as  Af  of  the  polygon,  draw  linos 
to  all  the  other  angles  except 
those  which  are  adjacent  on  either 
side;  the  polygon  will  thus  he 
divided  into  triangles.  Find  by 
the  rule  just  given,  the  centre  of 
gravity  of  each  of  the  triangles; 


;  of  any  polygon. 
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join  any  two  of  these  centres  hy  a  right  line,  and  divide  this  line  in 
ihe  inverse  ratio  of  the  areas  of  the  triangles  to  which  tliese  centres 
belong ;  the  point  of  division  will  be  the  centre  of  gravity  of  these 
two  triangles.  Join,  by  a  straight  line,  this  centre  with  the  centre  of 
gravity  of  a  third  triangle,  and  divide  this  line  in  the  inverse  ratio 
of  the  sum  of  the  areas  of  the  first  two  triangles  and  of  the  third,  this 
point  of  division  will  be  the  centre  of  gravity  of  the  three  triangles. 
Continue  this  process  tDl  all  the  triangles  be  embraced  by  it,  and  the 
last  point  of  division  will  be  the  centre  of  gravity  of  the  polygon , 
the  reasons  for  the  rule  being  the  same  as  those  given  for  the  deter- 
mination of  the  ceatro  of  gravity  of  the  perimeter  of  a  polygon,  it 
being  only  necessary  to  substitute  the  areas  of  the  triangles  for  the 
lengths  of  the  sides. 

Example  3. — Belermine    the  poillion    of  the   centre  of  gravity  if  a 
circular  sector. 

The  centre  of  gravity  of  the  sec- 
tor  will  be  on  the  radius  drawn  to 
the  middle  point  of  the  arc,  since  thii 
radius  divides  the  sector  symmetri- 
cally. Conceive  the  sector  C'A  B,  to 
be  divided  into  an  indefinite  number 
of  elementary  sectors ;  each  one  of 
these  may  be  regarded  as  a  triangle 
whose  centre  of  gravity  is  at  a  dis- 
tance  from  the    centre    (?,   equal    to 


tw   th   d 


b  d  wtl 


1 


If  tl 

1    1  t 


th 


be 


th  d    tl 


f  tl 


1      dy      p!       d    th 


ect      will   1 

1 

th  t    f  th    p    t 

1  dd  b  t 

tl 

t    m        d       fth         to 

d         t  th 

t 

d    t         d  h  a 

d   t 

th 

t         f  gr     ty  from  th« 
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lOT 


The  centre  of  gravity  of  a  circular  sector  is  therefore  im  the  radivi 
drawn  to  the  middle  point  of  the  arc  of  the  sector,  and  at  a  distance 
from  the  centre  of  curvature  equal  to  two-thirds  of  a  fourth  propor- 
tional  to  the  arc,  chord  and  radius  of  the  sector. 

—Find  the  centre  of  gravity  of  o,  drcular  segment. 
the    origin    at    the    centre    C, 


and  talto  the  axis 
middle  point  of  1 
gravity  in  questioi 
and.   therefore, 


■    passing  through  the 
)    arc,    the    centre    of 


Let  A  a  HA  be  the  segment,  and 


tiie  equation  of  the  drcle,  the  origin  being 
at  the  centre  (7,  then  will 


»  being  the   area  of  the  entire   segment.      Denoting   the  chord  AB 
by  c,  we  have, 

whence, 


'  ~  13 . s  ' 
and   we   conclude,    that   the   centre   of  gravity  of   a    circular    segment 
U   on   the  radius  drawn   to   tJie   middle   of  the  arc,  and  at  a  distance 
from   the    centre    equal    to   the   cube   of  the    chord,   divided  hy  twelve 
Hmei   the  area  of  t/ie  segment. 


Hosted  byCoOgle 


108 


ELEMENTS    OF    AKALTTICAL    HECHANICS 


Eeplacing  tho  value  of  s,  and  supposing   x'   to  be   zero,  io  which 
case   the  _segment  becomes   a  semicircle,  we  shall  find, 


§122, — If  the  surfiice   be  one  of  revolution,  about  the   axis  x  fof 
instance,  it  will  be   symmetrical  with  respect  to  this  axis ;  hence, 

y,  =  0;     z,=(i; 
and   if  F{py)  =  0,    be  the   equation   of    a  meridian    section  in  the 
plane    tey,   then  will  the  area  of  an   elementary   zone  comprised  be- 
tween two  planes  perpendicular   to   tho  axis  of  revolution   be, 

and  therefore,  Equations    (92), 


'fh 


Example  1, — Find 
the  position  of  the 
centre  of  gravity  of 
a  right  conical  sur- 


(105) 
(106) 
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JBxample  2. — Required  the  posi- 
tion of  tlie  centre  of  gravity  of 
a  spherical  sont. 

Assuming  the  origin  at  the 
centre,  the  equation  of  the  me- 
ridian  curve  is, 


t/dy  =  - 
dif    _ 


_  Jx^ _  x"^  —  x'^     _  a"  +  x' 

Hence,  the  centre  of  gravity  of  a  spherical  zoiw,  is  at  the  middle 
point  of  a  line  joining  the  centres  of  its  circular  bases.  And  in  the 
ease  of  one    base    it  is  only  necessary  to  make  x"  ~  a,  which  gives, 


So  that  the  centre  of  gravity  of  a  zone  of  one  base  is  at  the  middle 
of  the  ver-sine  of  its  meridian  curve. 


THE    CENTEES    OF    i 


;AYnT    OF    VOLTJMES. 


§  123. — When  it  is  the  'question  to  determine  the  eentre  of  gi-avrty 
of  the  volume  of  any  body,  we  have 

dV  ~  dx.dy  .dz, 

and  Equations  (92)  become, 
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fx"  J"  f^"y-^y-^^-^'^ 

'  V 

and, 

la  which  the  triple  integral  must  be  extended  to  include  the 
entire  space  embraced  by  the  surface  of  the  body ;  this  surface 
being  given  by  its  equation. 

If  the  volume  be  aymmetrieal  with  respect  to  any  line,  this  line 
may  be  assumed  as  one  of  the  co-ordinate  axes,  as  that  of  «;  in 
which  case,  if  X  represent  the  area  of  a  section  perpendicular  to  this 
axis,  and  x,  its  distance  from  the  plane  yz,  then  will  Xds:,  bo  an 
elementary  volume  symmetrically  disposed  in  regard  to  the  ajiis  x, 
and  Eij^uations  (92),  become 


V=fJ'Xdx (108) 


Example  1. — Find  the  position  of  the  centre  of  gravity  of  a 
ellipsoid,  the  equation  of  whose  surface  is 


The    semi-axes  of  the  elliptical  section  parallel  to  the  plane  ys,  are. 
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whence, 

x  =  ,i;o(i-J), 

and,  Equations  (IW)  and  (108), 

''  =  />^«('-z.)'''' 


■  =  ^A. 


If  the  figuro  be  one  of  revolution  about  the  axis  of  x,  then,  deiiotius 

F{x^)  =  0, (109) 

the  equation  of  the  meridian  section  by  the  plane  xy,  will 

Mid  Equations  (107)  and  (108),  may  be  written, 

f„   'xy^xdx. 
^.  = y (UO) 

V=    f'l  -^y^dx (Ill) 

Example  1. — Required   the  position    of  the  centre   of  gravity    of  a 
paraboloid  of  revolution. 

In  this  case,  Equaticn  (109), 

F{xy)  =  y^  —  2px  =  0, 
whence, 

V  =  2irpf\dx, 


2irpJ  x^dx        2 
2vp J    xdx 
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Exatr.^le  3. — Required    the  position   of  the    centre   of  gravity   of  Ihe 
volume  of  a  spkerteal  segment. 

F{xy)  =  y!'  +  ^^-a^  =  0, 

whence, 


■^£(a^-^^)d. 


'  "   4  'lx"(:ia:'  -  x"-')  -x'  (3a^  -  x'^)\' 


and  for  a  segment  of  one  base,   ic"  =  a, 


2«3  „  x' ,  (3a*  -  x"^) 


If  the  -volume  have  a  plane  face,  and  be  of  such  figure  that  the 
areas  of  all  sections  parallel  to  this  face,  are  connected  by  any  law 
of  their  distances  from  it,  the  position  of  the  centre  of  gravity,  may 
also  he  found  by  the  method  of  single  integrals, 

Mxample  1. — Find  llif  centre  of  gravity  of  any  pyramid. 

Pind  by  the  method  explainer!,  the  centre  of  gravity  of  the  hase 
of  the  pyramid,  and  join  this  point  with  the  vertex  by  a  straight  lino. 
All  sections  parallel  to  the  base  are  similar  to  it,  and  will  he  pierced 
by  this  line  in  homologous  points  and  therefore  in  their  centres  of 
gravity.  Each  section  being  supposed  indefinitely  thin,  and  its  weight 
acting  at  its  centre  of  gravity,  the  centre  of  gravity  of  the  entire 
pyramid  will,  §9i,  be  found  somewhere  on  the  same  line. 

Take  the  origin  at  the  vertex,  draw  the  axis  x  perpendicular  to 
the  plane   of   the    base,    and    the    plane  xy    through  its    centre   of 
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gravity ;  and  let  X  represent  any  section  parallel  to    the  base,  thsa 
will  Ec|\iationa  (92)  become, 


f> 


r'„  Xy  d 


V=fUd.. 
Eepresent  by  A  the  base  of  the  pyramidj  c  its  altitude,  and  let 


be   tiie  equation  of  the  line  joining  the  vertex  and  centre  of  gravity 
of  the  base. 
Then, 

A:X::c':x\ 


and  for  any  frustum, 


r^    f^ 


■'^;- 


-OS^). 


and  for  the   entire   pyramid,  malte  x"  =  c,  and  x'  =  0,  Trhieh  g^ve 


,,  =}ac; 
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whence  we  conclude  that  the  centre  of  gravity  of  a.  pyramid  is  on 
the  line  drawn  from  the  vertex  to  tlie  centre  of  gravity  of  the  base, 
and  at  a  distance  from  the  vertex  equal  to  ihreefourths  of  the  length 
of  this  line. 

The  same  rule  obviously  applies  to  a  cone,  since  the  result  is 
independent  of  the  figure  of  the  base. 

The  weight  of  a  body  always  actii^g  at  its  centime  of  gi-avity,  and 
in  a  vertical  direction,  it  follows,  that  if  the  body  be  freely  sus- 
pended in  succession  from  any  two  of  its  points  by  a  perfectly 
flexible  thread,  and  the  directions  of  this  thread,  when  tiie  body  w 
in  equilibrio,  be  produced,jthey  will  intersect  at  the  centre  of  gravity; 
and  hence  it  will  only  be  necessary,  in  any  particular  case,  to  deter- 
mine this  point  of  intersection,  to  find,  experimentally,  the  centre 
of  gravity  of  a  body. 

THE  OENXROBAKTO  METHOD. 

1 124.— Resuming  the   second  of  Equations  (95)  and  (103),  which 
are, 

C'      .         L         dy^ 


1  which 


*  ~  fj'  '^"  ~y')^^'' 

clearing    the    fractions    and   multiplying    both    members    by    2  — ,    we 
shall  have, 

2#.y,s=    f'„  2ffy    ^dx"^  +  d^\      •     •     ■     (112) 

^■'y^s  ^  J^„  ir{y"^ -y'^)dx     ....     (113) 
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The  second  member  of  Equation  (112)  is  the  area  of  a  surface 
generated  by  the  revolution  of  a  plane  curve,  whose  extremities 
are  given  by  the  ordinates  answering  to  the  abscisses  x'  and  «", 
about  the  axis  x.  In  the  first  member,  s  is  the  entire  length  of 
this  are,  and  2iry,  is  the  circumference  generated  by  its  centre  of 
gravity.  Hence,  we  have  this  simple  rule  for  finding  the  area  of  a 
figure  of    revolution,  vin. : 

Multiply  Ike  length  of  Ike  generating  curve  by  the'-  circum/erenee 
described  by  its  centre  of  gravity  about  the  axis  of  rotation ;  tite 
product  will  he    the  required  surface. 

The  second  member  of  Equation  (113)  is  the  volume  generated 
by  a  plane  area,  hounded '  by  two  branches  of  the  same  curve  or 
by  two  different  curves,  and  the  ordinates  answering  to  the  abscisses 
e'  and  x",  about  the  axis  x.  s,  in  the  first  member,  is  the  generating 
area,  and  Sft/j  the  circumference  described  by  its  centre  of  gravity. 
Hence,  this  rule  for  finding  the  volume  of  any   figure  of  revolution,  viz. ; 

Multiply  the  generating  area  by  the  circumference  described  by  its 
centre  of  gravity  about  the  axis  of  rotation ;  the  product  will  be  the 
voluTne  sought. 

Example  \.— Required  the  measure  of  the  surface  of  a  right  cone. 

Let  the  cone  be  generated  by  the 
rotation  of  the  line  A  B  about  the  „ 

line  A  C.  The  centre  of  gravity  of 
the  generatrix  is  at  its  middle  point 
G,  wid  therefore,  the  radius   of  the  ^^' 

circle    described    by   it   will  be  one-  ^  ^  '' 

half  of  the  radius  (75,  of  the  circu- 
lar base  of  the  cone.      Hence, 

JSmmple  'i.—Find  the  volume  of  the  cone. 

The  area  of  the  generatris  ABC,  is  ^BCAC;   and  the  radius 
of  the  circle  described  by  its  centre  of  gravity  is  ^  £  C.     Hence, 
,  BC.AC    _      BC^.AC 
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CENTKE    OF    ETEETIA. 

§125. — "When  the  elementary  masses  of  a  body  exert  their  forces 
of  inertia  simultaneously  and  in  parallel  directions,  they  must  expe- 
rience equal  accelerations  or  retardations  in  the  same  time,  and  the 
&ctor 

dfi' 

in  the  measures  of  these  forces,  as  given  Jn  Equation  (13),  must  he 
the  same  for  all.  Substituting  these  measures  for  J",  J"',  &c.,  in 
Equations  (62),  we  find, 


Whence,  Equations  (88),  the  centre  of  mertii  comtides  with  the 
centre  of  graMty  whentheforceofgravityisconstant,  both  bemg  at  the 
centre  of  mi*"-  In  strictnei^,  however,  the  centre  ot  gravity  la 
always  bfliw  the  centre  of  inertia,  for  when  the  \arntion  in  the 
force  tf  gravity,  arising  from  change  of  distance,  is  taken  into 
account,  the  lower  of  two  equal  masses  will  he  found  the  heavier 
And  m  bodies  whme  linear  dimensions  bear  some  appreciable  proper 
tion  to  their  distancei  from  the  centre  of  attriction,  the  dist-mce 
between  thest,  i,  ntres  becomes  seraiblo,  and  gives  risi,  to  some  curious, 
phenoinena. 
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?    THE    CENTEE   OF    INEETIA. 


§  126. — Substitute  in  Equations  {A),  the  values  oi  d^x,<P  y,  and  rf*  z, 
given  by  Equations  (34),  and  we  bave,  because  dt\s  constant,  and 
rf^a;,,  iPy^  and  tP?,,  will  each  be  a  common  factor  for  all  the  elemen- 
tary masses, 


,P„.„_J,._._„., 

.if*  a' 

..i'y 

s:P<„,,_jf.5|.  _    '    .s„ 

.i>z' 

li!'' 


=  0. 


::   0. 


in  whidt  M,  denotes  tlie  entjre  mass  of  the  body,  being  equal  to  2  m. 
Denote  by  x,  y,  z,  the  co-ordinates  of  iJie  centre  of  inertia  referred 
bo  die  movable  origin,  then,  Equations  (114), 

M.y  =  2  ni »/', 


and  differentiating  twice. 


M.rPx  =  Im.  cPx', 
M.iPy  =  Im.  <Py\ 


which  substitute  in  the  preceding  .Equations,  give. 


(115) 


(118) 
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and  if  tlie   movable    origin   be   taken   at   the  centre   of  inertia,    then 
viU, 

^x  =  0,     dhj  =  0,     ^z  =  0; 

ftnd   X,,  y, ,  Zj ,  will  become  the  co-ordinate,a  of  the  centre  of  inertia 
relbrred  to  the  fixed  origin,  and  we  have, 


(U7) 


Equations  isbich  are  wholly  independent  of  the  relative  positions 
of  the  ekmentary  masses  m\  m,"  &c.,  since  their  co-ordinates  x',  y', 
x*,  &c.,  do  not  enter.  It  will  also  be  observed  that  the  resistance  of 
inertia  ia  the  same  as  that  of  an  equal  masa  concentrated  at  the 
body's  centre  of  inertia. 

"Whence  we  conclude,  that  when  a  body  iS  subjected  to  the  action 
of  any  system  of  extraneous  forces,  the  motion  of  its  centre  of  inertia 
will  he  the  same  as  though  the  entire  mass  were  concentrated  into 
that  point,  and  the  forces  applied  without  change  of  intensity  and 
direction,  directly  to  it. 

This  is  an  important  fact,  and  shows  that  in  discussing  the  motion 
of  translation  of  bodies,  we  may  confine  our  attention  to  the  motion 
of  their  csntrps  of  inertia  regarded  as  material  points. 

EOTATIOK    AEOTTND    THE    CENXRE    OF    INEETIA. 

§127. — Now,  retaining  the  movable  origin  at  the  centre  of  inertia, 
Bubstitute  in  Equations  (B),  tho  values  of  d^x,  dh/,  and  d^z,  as  given 
by  Equations  (34),  and  reduce  by  the  relations, 
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and  we  have, 

2i^. (cos/3. y-C03«./) -2m-     \^-^.x' --^-y')  =  0, 

jp.(«....'-c<„r.y)-j™.(-^-.'-^..')=o, 


(118) 


from  which  all  traces  of  the  position  of  the  centre  of  inertia  have 
disappeared,  and  from  which  we  infer  that  when  a  free  body  is  acted 
upon  by  any  system  of  forces,  the  body  will  rotate  atout  its  centre 
of  inertia  exactly  the  same  -whether  that  centre  be  at  rest  or  in 
motion. 

§128— And  we  are  to  cfndude  Equations  (117)  and  (118),  that 
when  a  hodv  i''  luhjCLted  to  the  action  ff  one  or  more  forces,  it  will 
in  general,  take  up  two  motions — one  r f  trati-ilation,  and  one  of  rota- 
.tion,  ea«h  beii^  perfectly  independent  ot  the  other. 

§129— Multiph  the  first  of  Eiiuations  (m)  hy  j/^ ,  the  second  by 
S!,,  and  subtract  the  first  product  fioni  the  second;  also,  the  first  by 
£, ,  the  thud  hj  J-,,  and  subtract  tht,  second  ot  these  products  from 
the  first,  also  the  thud  by  v  ^  •^nd  the  second  by  z^,  and  subtract 
the  second  of  these  prjdui,ts  from  the  tirst,  and  we  have, 

2(p<».  ,:)..,-.(/■»..).!,, -J/.  (1;^..,  -  ii.,,)  =  0, 

2(i'c»s,.)..,-M?=o,7).«,-Ji-.(-^...  -^..,)  =0,  ^(119) 

Equations  from  which  may  ba  found  the  circumstances  of  motion 
«f  the  centre  of  inertia  about  tie  fixed  origin. 
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MOTION    OF    TEABSIATIOH. 

1 130. — Regarding  the  forces  as  applied  directly  to  the  centre  of 
inertia,  replace  in  Equations  {117),  the  values  SP.eosa,  IP.cosji, 
aiid  2 P.  cos  y,   by  X,   Y,  and  Z,  reapeetively,  and  wc  may  write. 


'-^■^=».] 

r-^.5  =  o, 

^-^.-5i=\ 

(120) 


from  which  the  accents  are  omitted,  and  in   which  x,  y,  and  s,    must 
be  understood  as  appertaining  to  the  centre  of  inertia. 


GEHEEAL    IHEOEEM    OF    WOEK,    TBLOCrtY    A3SD    UVING    FORCE. 


§  131.— Multiply  the  first  of  Equations  (120)  by  "Idx,  the  e 
by  'idy,  the  third  by  "Zdz,  add  and  integrate,  we  have 


'ifiXdx  +  Tdy  +  Zdz)  -  M. 
But, 


2j{Xdx  +  Tdy  +  Zdz)  -M.V^+  C  =  9 


(121) 


The  first  terni  is,  §  101,  twice  the  quantity  of  work  of  the  ex- 
traneous forces,  the  second  is  twice  the  quantity  of  work  of  the 
inertia,  measured  by  the  living  force,  and  the  third  ia  the  constauli 
of  integration. 

If  the  forces  X,  Y,  Z,  be  variable,  they  must  be  expressed  in 
functions    of    x,    y,    z,    before     the    integration     can    be    perfoimed 
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Supposing  this  latter  condition  ■  fulfiUeci,  and  tliat  the  forms  of  the 
functions  are  such  as  make  the  integration  possible,  we  may  write, 

F(xyz)-iM.V^+  0'=Q,      ....     (123) 

kud  between  the  limits  x^  y,  s,   and  a/  y,'  2/ , 

P{x!  y!  z;)-F{x,y,z;\  =\M  [¥'■>■  -r;^)  .     .(123) 

whence  we  conclude,  that  the  quantity  of  work  expended  by  the 
extraneous  forces  impressed  upon  a  body  during  its  passage  from  one 
position  to  another,  is  equal  to  half  the  difference  of  the  living  forces 
of  the  body  at  these  two  positions. 

We  also  see,  from  Equation  (123),  that  whenever  the  body 
returns  to  any  position  it  may  have  occupied  before,  its  velocity  will 
be  the  same  as  it,  was  previously  at  that  place.  Also,  that  the 
velocity,  at  any  point,  is  wholly  independent  of  the  path  described. 

If 

Xdx  +  Ydy  +  Zdz  =  0, 
the  extraneous  forces  will,  §101,  be  in  equilibrio,  and 

Mm' 

that  is,  the  velocity  will  be  constant,  and  the  motion,  therefore, 
uniform. 

§  132, — Again,  multiply  the  first  of  Equations  (118)  by  dip,  the  sec- 
ond by  d^j),  the  third  by  dm;  add  and  reduce  by  the  relations  given 
in  Equations  (38):    we  find 

integrating  and  replacing  the  first  member  by  its  equal  in  Equation 
(08),  we  have 

Denoting  the  lever  arm  of  R  by  R,  the  velocity  of  tlie  molecule  m  m 
reference  to  the  centre  of  inertia  by  v,  &g.,  and  the  avc  described  by  a 
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Adding  this  to  Eqiiatiuu   (121),  there   will   result 

lf{Kd  x-\-rdy  +  Zdz)  +  %fR .  K.  dn,  ~  M  F=+  2  m  w'+  C  (121)' 

From  which  it  is  apparent  that  the  quantity  ol  work  impressed  upon 
a  body,  or  the  living  force  with  which  it  will  move,  is  dependent  not 
only  upon  the  intensity  of  the  force,  but  also  upon 
line  of  direction  froLii  the  centre  of  inertia. 

§  133.— If  Eiiiiiition  (liJl)  be  applied  to  each  on 
elements,  of  which  tha  inassea  are  m,  m',  Ac  thei 
equations  as  eleuiunts ;  and  if  the  \'eloeitiea  of  tin 
noted  by  v,  v'.  itc,  wo  have,  by  addition, 

'i:^J\Xdx  +  Ydy  +  Zdz)       -  (  21)" 

Let  the  extraneous  foices  be  only  tltose  ar  n^  i  o  tl  e  t  al  a  tions 
and  reactions  of  tlie  elements  upon  one  anofl  e  If  tl  e  eleme  ta  m 
»nd  m'  be  separated  by  tlio  diatance  c,  and  tier  o-orln'»tes  be  xyz 
and  x'  y'  z',  respectively,  then,  the  reciprocal  at    n  be  ng  a  ong      will 


ttiid  for  the  element  m  we  have 

Xdx^  Ydy  +  Zd2  =  P  i'-^^  dx  ^'■'^^  dy  +  ^-^^dz\ 
for  the  element  tn', 
X-d 


r'd>/+Z'de'=  -p(-l-^dx'  +  t..--lLdy'+^--tdz'y, 
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But 

and  differentiating, 

rdr  =  {X-  ^",d{x-  ^)  +  (,  -  ,/)i(,-  ,/)^  {z-  ,')i{l  -1'): 
BO    that   the   second   member   above   reduces   to  P dr\    and    Eqiiaiiii; 
(my  to  2S/Pi,  =  s™.._(r (,2i)." 

If  the  elements  be  invariably  coniieeted  during  the  motion,  the  diffoT- 
entiala  of  )■  will  be  zero,  and 

This  is  called  the  conservation  of  Uviiti!  force 

STABLE   ANB    UNSTABLE    EQTJILIDKHJM 

g  134. — ReSTiniiiig  Equation  (12i)  om  ttmg  the  subscript  accents^ 
and  bearing  in  mind  that  the  cn-oidmate^  refer  fo  tlie  centre  of 
inertia,  into  which  we  may  suppose  foi  ^iimjhhcition  the  body  to  be 
concentrated,  we  may  write, 

iMY'^  -  ^Mn  =  F{x'y-z')  -  F{xyz), 
in  which 

F{xyz)  =  f(Xdx  +  Tdy  +  Zdz), 
and 

dF{xyz)  zz^  Xdx  +  Ydy  +  Zdz. 

Now,  if  the  limits  x' y' z'  and  xyz  bo  talten  very  near  to  each 
other,  then  will 

x'  ^  X  -\-  dx;    y'  ^  y  +  dy;     z'  =  z  -\-  d z; 
whicli   substituted   above,  give 

}^MV'^~^MV^==F(x  +  dx,  y  +  dy,z  +  dz)  ~F{xyz), 
and  developing  by  Taylor's  theorem, 

Adx  +  £dy  +  Cda 
-  A'dx^  +  Ji'dy'^  +  &c 
in    which   J)  denotes    the  sue.    of    the    terms    involving    the   higher 
powers  of  dx,  dy  and  dz.' 
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If  ^MV"^  ha  a   maximum  or   minimum,  then   will 

Adx  +  Bdy+  Cd^  =  0; (123)' 

and   since 

Adx  +  Bdy  +  C'ds  =  dF{xyz)  -  Xdx  +  Ydy  +  Zdz, 

Xdx  +  Ydy  +  Zdz  =  0. 

Bat  when  th  s  c  nditim  is  fulfilled,  th;,  force  will,  Equation  (60), 
be  ii\  iijuilibno,  and  we  theicfori-  wiidude  that  whenever  a  body 
whose  centio  of  ineitii  is  acted  upon  by  foice,  not  m  equilibrio, 
reaches  a  po&itiun  in  which  the  living  rjice  or  the  quantity  ot 
work  IS  a  inaxiinum  or  minimum,  these  forces  will  be  in  eqizilibrio 

And  reciprocally,  it  may  be  siid,  in  general,  that  when  the  forces 
are  in  equibbrio,  the  body  has  a  position  such  that  the  quantity  of 
action  will  be  a  maiimum  or  minimum,  though  this  is  not  always 
true,  since  the  function  is  nit  nece^i'iiily  eithei  a  maximum  or  a 
1  when  Its  first  dilfeientul  cf  effluent  is  zerr 


§  135 —Equation  (123)',  being  satisfied,  we  hue 

iMV'^  -iMV  =  ±  {A'dx'  +  B'df  +  &c.  +  -0)  •  ■  •  (124) 

The  upper  sign  answers  to  the  case  of  a  minimum,  and  the  lower 

Now,  if  F  be  very  small,  and  at  the  same  time  a  maximum,  V 
must  also  bo  vcrj  small  and  lc=s  than  V,  in  order  that  the  second 
member  may  be  negative ;  whcKce  it  appears  that  whenever  the  system 
arrives  at  a  position  in  which  the  living  fcirce  or  quantity  of  work  is 
a  maximum  and  the  system  in  a  state  bordering  on  rest,  it  cannot 
deport  far  from  thi?  position  if  subjected  alone  to  the  forces  which 
brought  it  mere.  This  position,  which  we  have  seen  i^  one  of  equi- 
librium, is  called  a  position  of  stable  equilibrium.  In  fact,  the  quantity 
of  work  immediately  succeeding  the  position  in  question  becoming 
negative,  shows  that  the  projection  of  the  virtual  velocity  is  negative, 
and  therefore  that  it  is  described  in  opposition  to  the  resultant  of  the 
forces,  whieh,  as  soon  as  it  overcomes  the  living  force  already  existing, 
will  cause  the  body  to  retrace  its  course, 
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1 13(3, — If^  on  the  contrary,  the  body  reach  a  position  in  which  the 
quantity  of  work  is  a  luJDimum,  the  upper  sign  in  Equation  (li24) 
must  be  talten,  the  second  member  will  always  be  positive  and  there 
will  be  no  limit  to  the  increase  of  V.  The  body  may  therefore 
depart  further  and  further  from  this  position,  however  small  V  may  be ; 
and  hence,  this  is  called  a  position  of  unstable  equilibrium. 

8137, — ]f  the  entire  second  member  of  Equation  (124),  be  zero, 
then  will, 

^MV'^  ~^MV^=  0, 
and  there  will  be  neither  increase  nor  diminution  of  quantity  of  work, 
and  whatever  position  the  body  occupies  the  forces  will  be  in  equili- 
brio.    This  is  called  equilibrium  of  ind'_fereiice. 

1 138, — If  the  system  consist  of  the  miion  of  several  bodies  acted 
upon  only  by  the  force  of  gravity,  tlie  forces  become  the  weights 
of  the  bodies  which,  being  proportional  to  their  masses,  will  be  con- 
stant. Denoting  these  weights  by  W,  W",  W",  &c.,  and  assum- 
ing the  axis  of  e  vertical,  we  have  from  Equations  (87), 

Bs,  =  W'z'  +  W"z"  +  W"'z'"  +  &e., 
in  which  B,  is  the  weight  of  the   entire   system,    and   z,  the  co-ordi- 
nate of  its  centre  of  gravity;    and  differentiating, 

Bdz,  -  W'd^'  +  Wdz"  +  W"'dz"'  +  &e.    .     .     .    (125) 

Now,  if  Z;  be  a  maximum  or  minimum,  then  will 

Wdz'  +  W'ds"  +  W'dz'"  +  &.O.  =  0, 

which  \s  the  condition  of  equilibrium  of  the  weights,  Whence,  we 
conclude  that  when  the  centre  of  gravity  of  the  system  is  at  the 
highest  or  lowest  point,  the  system  will  be  Jn  equilibrio. 

In  order  that  the  virtual  moment  of  a  weight  may  be  positive, 
vertical  distances,  when  estimated  downwards,  must  be  regarded  as 
positive.  This  will  moke  the  second  differential  of  z^,  positive  at 
the  limit  of  the  highest,  and  negative  at  the  limit  of  the  lowest 
point.  The  equilibrium  will,  therefore,  be  stable  when  the  centre  iif 
gravity  is  at  the  lowest,  and  unstable  when  at  the  highest  point. 
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Integrating    Equation    (125),     between    the     limits     e^  =:  H^    and 
«j  =  if',  z'  :^  ft,  and  z'  =  h\  &c.,  and  "we  find, 

Ji(ff,  ~  H')  ^  W{k,  -  h')  +  W"  (A„  -  h")  +  &c.;  ■  (126) 

from  which  we  see  that  the  worlc  of  the  entire  weight  of  the  system, 
acting  at  its  centre  of  gravity,  is  equal  to  the  sum  of  the  quantities 
of  worlc  of  the  component  weights,  which  dtsi^nd  dimmi-^hed  bv  the 
sum  of  the  quantities  of  work  of  those  which  ascend 


INITIAL    CONDITIONS,    DIRECT    AND     INVERSE    PROBLEM. 

§139. — By  integrating  ea^h  of  Equations  (120)  twice,  we  ohtam 
three  equations  involving  four  variables,  viz. :  x,  y,  z  and  (,  By 
eliminating  /,  there  will  result  two  equations  between  the  variables 
X,  y  and  z,  which  will  be  the  equations  of  the  path  described  by 
the  centre   of  inertia  of  the  body. 

1 140. — In  the  course  of  integration,  six  arbitrary  constants  will 
he  introduced,  whose  values  are  determined  by  the  initial  eireum- 
stances  of  the  motion.  By  the  term  initial,  is  meant  the  epoch 
from   which  (  is  estimated. 

The  initial  elements  are,  1st.  The  three  co-ordinates  which  give 
the  position  of  the  centre  of  inertia  at  the  epoch ;  and  2d.  The 
component  velocities  in  the  direction  of  the  three  axes  at  the  same 
instant. 

The  general  integrals  determine  the  nature  only,  and  not  the 
dimensions  of  the  path. 

1 141. — Now  two  distinct  proposilioTis  may  arise.  Either  it  may 
be  required  to  find  the  path  from  given  initial  conditions,  or  to 
find  the  initial  conditions  necessary   to  describe  a  given  path. 

In  the  first  case,  by  integrating  Eqs.  (120)  twice,  we  obtain  six  equa- 

...  dx  dit  dz  ,  ,  , , 
tions  m  X,  y,  z,  (,  the  component  velocities,  — ,  ~,  -r-,  and  six  arbi- 
trary constants  of  integration.  Making 
Bubstituting  for   the  co-ordiii:i,tes   iind  cq 


ese  equation 

s    (  =  0,   and 

out  v.louitie 

:s  their  initial 

H' 
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values,  the  constants  become  known.  These,  in  the  three  equations 
obtained  from  last  integration,  give  three  equations  in  x,  y,  z  and  t,  from 
which,  if  ( be  eliminated,  two  equations  in  x,  y  and  s,  will  result.  These  will 
be  the  equations  of  the  path,  and  the  problem  will  be  completely  solved. 
In  the  second  case,  the  two  equations  of  the  path  being  differentiated 
twice  and  divided  each  time  by  dt,  give  only  four  equations  involving 
three  first,  and  three  second  differential  co-efficients.  Tlie  inverse  problem 
is,  therefore,  indeterminate. 

But   Equation    (121)  being   differentiated   and  divided  by  the   dif- 
ferential  of  one  of  the    variables,  say  dx,  gives 
^dV^        ^   ,     ,^dy  dz 


\M.- 


'-X^  Y. 


dx     ' 


dx 


(127) 


which  is'  a  fifth  equation  involving  X,  Y,  Z,  and  V.  By  assuming 
ft  value  for  any  one  of  these  four  quantities,  or  any  condition  con- 
necting them,  tbe  other    five    may  be  found  in  terms  of  x,  ij  and  z, 


MOTION   OF   IIEAVT  BODIES. 

§  142v — When  a  body  is  abandoned  to  itself,  it  falls  toward  the 
earth's  surface.  To  find  tbe  circumstances  of  motion,  resume  Equa- 
tions (120),  in  which  the  only  force  acting,  neglecting  the  resistance 
of  the  air,  will  be  the  weight  =  Mg ;  and  we  shall  have,  Equa- 
tions (117), 

S  P  cos  a  =  X  =  Jlf  if .  cos  a ; 

Si*  cos /3  =  Y=  Mg.  cos^; 

2  /*  cos  7  =  Z  =  Mg .  cos  7 ; 

in  which  M  denotes  the  mass  of 
the  body.  The  force  of  gravity 
varies  inversely  as  the  square  of 
the  distance  from  tbe  centre  of 
the  earth,  but  within  moderate 
limits  may  bo  considered  invaria- 
ble. The  weight  will  therefore  be 
constant  during  the  tall. 

Take  the  co-ordinate  ^  vertical, 
uid  positive  when  estimated  downwards,  then  will 


--  0; 
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and  Eqiiationa  (120)  become,  after  omitting  the  common  factor  M, 
^  0; 


dC'  '     dt^  '      dt^  ' 


and  integrating. 


-  =  .=,,+  .,. (128) 

in  which  v  is  the  actual  velocity  in   a  vertical   direction. 
Making  (  =  0,  we   have 

dz_  _ 

The  constants  u^,  «  and  w^,  are  the  initial  velocities  in  the 
directions  of  the  axes  x,  y  and  s,  respectively.  Supposing  the  first 
two  zero,  and  omitting   the  subscript  z,  from  the  third,  we   have, 


di 


0;    ^  =  0: 
'    dt  ' 


fft  +  u      .     .     .     .     .     .     (129} 

Integrating  again,  we  find 

^=  C;     y=G', 
z  =  \gt'>  +  ut  -^  C", 

and  if   when    t  —  0,  the  body  be   on   the  axis  z,  and  at  a  distance 
below  the  origin   equal  to   «,  then    will 

^3^0;     y  =  0; 
s  =  -iyi2  +  Mi  +  o (130) 

If  the  body  had  been  moving  upwards  at  the  epoch,  then  would 
u  have   been   negative,  and,  Equations  (129)  and  (130), 

v--=gl--n (131) 

z=  \yfi-ut-\-a (132) 
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If  the  body  had  moved  from  rest  at  the  epocli  and  from  the 
origin  of  co-ordinates,  then  would  v  be  the  actual  velocity  generated 
by  the  body's  weight,  and  z  r=  A,  the  actual  spaoe  described  in  the 
time  (;  and  Equations  (129)  and  (130)  would  become, 

v^ffl (133) 

h  ^iift'' (m) 

and  elimiriating  t, 

V  =  -/2^ (135) 

whence,  we  see  that  the  velocity  varies  as  the  time  in  which  it  is 
generated ;  that  the  height  fallen  through  varies  as  the  square  of  the 
time  of  fall;  and  that  the  velocity  varies  directly  as  the  square  root 
of  the  height. 

The  value  of  A,  is  called  the  height  due  to  the  velocity  v  ;  and 
the  value    r,  is  called  the  velocity  due  to  the  height  /i. 

If,  in  Equation  (132),  we  suppose  n  —  0,  we  shall  have  the  case 
of  a  body  thrown  vertically  upwards  with  a  velocity  «,  from  the 
origin,  and  we  may  write, 

v=fft-u, (136) 

^-i?'^-"'; (137) 

when  the  body  has  reached  its  highest  point,  i^  will  be  zero,  and  we 
find, 


which  is  the  time  of  ascent;    and  this  value  of  (,  in  Equation  (137), 
will  give  the  greatest  height,  h  =  z,  to  which  the  body  will  attain, 


§  143, — In   the  preceding   discussion,   no   account   is   taken    of    the 
atmospheric  resistance,      Eor  the  same  body,  this  resistance  varies  as 
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the  square  of  iJie  Yelocity,  so  that  if  k,  denote  the  veloelty  when  the 
resistance  becomes  equal  to  the  tody's  weight,  then  will 


be  the  resistance  when   the  velocity  is  v,  and  in  Equations  (117),  wo 
shall  have, 

^  P  ms  a.  =  X  =  M  ff  COS  a  +  Mff  .-^  -cos  a', 
XPeos^=  Y  =  MffcosjS  +  Mff -—-cos  &', 
2  i*  cos  7  =  Z  =  Mg  o<«  7  +  Mg  ■  ^5-  ■  cos  7' ; 

taking  the  co-ordinate  2,  vertical  and  positive  downward,  then  will, 

cos  a.  =  cos  a!  =  0, 
cos/3  =.cos^'=0, 

cos  7  =  1,     cos  J-'  =   —  1  ; 

and  Equations  (120)  give, 

Omitting  the  common  factor  M,  and  replacing  -7-^  by  its  value  — . 

rf  1!     ^  V       k^  / 

whence. 

Integrating  and  supposing  the  initial  velocity  zero, 
k  +  t 

k  -V 


gt  =  ikAog    ^^ (140) 
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which  gives  the  time  in  terras  of  the  velocity;  or  reciprocally, 

i^-''-^ (-) 

ill  whicli  e,  is  the  base  of  the  Naperian  system  of  logarithms,  and 
feom  wJiieh  we  fmd, 

t,  =  5M__l_Z., (142) 

whicSi  gives  the  velocity  in  terms  of  tfae  time.  Substituting  for  ii, 
its  value  -7-1  integrating  and.  supposing  the  initial  space  zero,  w« 
Slave 

.  =  ^.l<.gi(.T^  +  .-'^ (143) 

MultiplyiHg  Equation  (139)   l>y 

'6nd  inti^rating,  obsevving  tlie   initial  conditions  as  above, 

whicSi  gives  tiie  relation  between  the   space   and  velocity. 

As  the  time  increases,  the  quantity  e  *  becomes  less  and  less, 
and  the  velocity.  Equation  (142),  becomes  more  nearly  uniform ; 
for,  if  I  be  infinite,  then  will 

c"  **"  =  0, 
and,   Equation   (142), 

making  the  resistance  of  the  mr   equal   to   the  body's   weight.       (^~'f-\f-\oI(' 


j32      elemehts  of  analytical  mechahics. 

§144. — If   the  body  had  been  moving  upwards  with  a   velocity 
V,   then,  taking  s  positive  upwards,   would,  Equations    (120), 


substituting  —    for  -ty'  ^"'^  omitting  the  common  factor,  we  find, 
k.dv  gdl  . 


and   supposing  the   initial  velocity  equal  to  a,  we  fini 
C=  tan    -^ 

and, 

-1  r  -la         at 

tan    —  =  tan p    •  - 

k  k         k 

Taking  the  tangent   of  both  members  and  reducing,  we  find 

gt 


,(146) 


J  +  a .  tan  ^ 
which  may  be  put  under  the  form. 


.\,.st 


(147) 


(148) 


-  +  K.COS 


Substituting   for  v    its  value  -j-^    integrating,    and    supposing    the 
initial  space  zero,  we  have 
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Multiplying  Equation  (145))  by 


i  have, 

g.dz 


i^  +  11^  ' 

and  integrating,  with  the  same  initial  conditions  of  v  being  eciual  to 
a,  when  z  is  zero,  there  will  result, 

§145. — If  we  denote  by  h,  the  greatest  height  to  which  the  body 
wU!  ascend,  we  have  e  =  h,  when  n  =  0,  and  hence, 

'  =  ^-'»ST^ («') 

Finding  the  value  of  ;,  from  Equation  (146),  we  have, 

'  =  7('»"t-'»"t)  •  ■  ■  ■  C'^' 

from  which,  by  making  i;  =  0,  we  have, 

•.  =  j-^"t    ('*') 

which  IS  the  time  rt quired  fir  tin.  body  to  ittiin  the  greatest  eleva- 
tion Ilavmg  attamed  the  gieafest  height  the  bod^  will  descend,  and 
the  circumstances  of  the  fall  will  be  given  hv  the  E-patirms  of  1 143. 
Dtnoting  bj  a',  the  velocity  when  the  bodj  returns  to  the  point  of 
Btjirting,  Equ'itwn  (144),  gives, 

and  placing  this  value  of  A  equal  to  that  given  by  Equation  (151), 
there  will  result, 
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whence, 


that   13,  the  velocily  of   the  boiiy  when    it    returns   to   the   point    of 
departure  is  less  than  that  with  which  it  set  out. 
Making  v  =  a'  in  Equation  (140),  we  have, 

and,  Buhstituting  for  a',  its  value  above, 

a  value  very  different  from  that  of  t^,   given  by  Equation  (153),  for 
the  ascent. 

Multiplying  both  numerator  and  denominator  of  the  quantity  whose 
logarithm  is  taken,  by  -^  a^  -\-  k'^  —  a,   the  above  becomes, 


(154) 


(155) 


Adding  Equations  (153)  and  (155),  wo  have, 

t    +  t,  =—\un      -?-  +  log "I 

o',  making  t  =  I    +  if, 

^  =  tan"'  4-  +  lc)g  ^   -    ■    •    (156) 

!f  a  ball  be  thrown  vertically  upwards,  and  the  time  of  its 
absence  from  the  surface  of  the  earth  be  carefully  noted,  t  will  be 
known,  and  the  value  of  it  may  be  found  from  this  equation.  This 
experiment  being  repeated  with  balls  of  different  diameters,  and  the 
resulting  values  of  h  calculated,  the  resistance  of  the  air,  for  any 
given  velocity,  will  be  known. 
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1 146. — Any  body  projectect  or  impelled  forward,  is  called  a,  pro- 
jectile, and  the  curve  described  by  its  centre  of  inertia,  is  called  a 
trajectory.  The  projectiles  of  artillery,  which  are  usually  thrown  with 
great  velocity,  will  be  here  discussed. 

1 147. — And  first,  let  us  consider  what  the  trajectory  would  be 
in  the  absence  of  tlie  atmosphere.  In  this  case,  the  only  force  which 
acts  upon  the  projectile  after  it  leaves  the  cannon,  is  its  own  weight ; 
and,  Equations  (117), 

2  P  cos  a  =  X  =  JW^  cos  cc, 
XF  iMsy  =  Z  =  Mff  cos  y. 

Assuming  the  origin 
at  the  point  of  de- 
parture, or  the  mouth 
of  the  piece,  and 
taking  the  axis  z 
vertical,  and  posi- 
tive upwards,  then 
will  yf 


s^=0;    C0S7  =  — 1;    and,  Equations  (120), 


and  integrating,  omitting  M, 

dx  dy  ds 

■77  =  ".;    VT  =  ".■'. -37= -"'  +  ".  ■ 
Integrating  ugaiti,  and  recollecting  tliat  the  initial  spaces  are 


(157) 
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and  eliminating  (,  from  the  first  two,  we  obtain, 


which  is  the  eciiiation  of  a  right  line,  and  from  which  we  see  tbat 
the  trajectory  is  a  plane  curve,  and  that  its  plane  is  vertical. 

Assume  the  plane  sa,  in  this  plane,  then  will  ^  =  0,  and  Equa- 
tions (158),  become, 

x  =  -<i^-t;    z=  -iffl^  +  u^.l.      .     .     .      (159) 

Denote  by  V,  the  velocity  with  which  the  hall  leaves  the  piece, 
that  is,  the  initial  velocity,  ind  hv  k  the  angle  which  the  axis  of  the 
piece  makes  ■with  the  axis  x,  then  w  11 

F.cos  a,    and    I-  .  sm  a, 

he  the  lengths  of  the  paths  described  in  a  unit  of  time,  in  the  direc- 
tion of  the  axes  x  and  2,  respectively,  in  virtue  of  the  velocity  V ; 
they  are,  therefore,  the  initial  velocities  in  the  directions  of  these 
axes;    and  we  have, 

,*    =  Fcosa;     M.=  r.sina; 


which,  iu  Equations  (159),  give 

x^r.cosa.t;     ^  =  -  |  p  (^  +  F.sin  a.(  -     (160) 

and   eliminating  (,  we  find 


■   substituting  for   V  its  value   in  Equation  (135), 


•    (161) 


4  k .  coa*  a 
which  is  the  equation  of  a  parabola. 
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I  148.— The  angle  «  ia 
called  the  angle  (f  projec- 
tion ;  and  the  horizontal 
distance  A  D,  from  the 
place  of  departure  A,  to 
the  ptant  If,  at  which  the 
projectile  attains  the  same 
level,  is  called  the  range. 

To  find  the  range,  make  z  ~  0,  and  E(ination  (ICl)  gives 

2=0,    and    X  =  ihsmacosa  =  2k.sm2a, 
and  denoting   the  range  hy  S, 

iJ  =  2A.sin2a (162) 


16   value   of  which  becomes   the 
'  projection  ia  45°.     Making  a  ~ 


;reatest    possible   when   the  angle 
45°,  we  have 


R  =  2h 


(163) 

twice  the  height  due  to 


that  IS,    the   maximum    range  is   equal 
the  velocity  of  projection. 

From  the  expression  for  its  value,  we  also  see  that  the  same 
range  will  result  from  two  different  angles  of  projection,  one  of  which 
is  the  complement  of  the   other. 

§  149, — Denoting  by  v  the  velocity  at  the  end  of  any  time  t,  ve. 


or,  replacing  the  values  of  dz  and  dx,  obtained  from  Equations  (160), 

v^  =  r^-2V.c/.i.sma.  +  ff^fl.     .     ■     •     (164) 

and  eliminating  (,   by   means   of  the   first  of  Equations    (160),    and 
replacing  F^,  in   the  last  term  by  its  value  2(7  A, 

,;^=  F^-2^.tana.:.  +  y.-^--  .     .     .     (165) 
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in  whicli,  if  we  make   a:  =  4 A. sin  a  cos  a,  we   have  tlie  velocity   at 
the  point  D, 

v^  =  F2, 

which  shows  that  the  velocity  at  the  furthest  extremity  of  the  ran^e 
Is   equal   to   the  initial  velocity. 

Differentiating  Equation  (161),  we  get 

dz  X 

-J-  =  tan  a  —  tan  «  —  —= -—  ....     (166) 

ax  2A.cos^a  ^       ' 

in  which   &   is   the   angle  which  the   direction  of  the  motion  at  any 
instant  makes  with  the  axis  x. 
Making   tan  fl  =  0,  we  find 

X  =  2  ft .  COS  K .  sin  a, 
which,  in  Equation   (161),  gives 

the  elevation  of  the  highest  point. 

Substituting  for  x,  the  range,  4  A  cos  a  sin  a,  in  Equation  (166), 

tan  fl  ^=  —  tan  n, 

which    shows   that  the   angle  of  fall  is  equal  to  minus  the  angle  of 
projection. 

I  150. — The  initial  velocity  V  being  given,  let  it  be  required  to 
find  the  angle  of  projection  which  will  cause  the  trajectory  to  pass 
through   a  given  point  whose  co-ordinates  are  x  =:  a  and   s  ^  h. 

Substitating  these  in  Equation    (161),  we  have 


Irom  which   to   determine  a. 
Milking  tan  a  =;  p,  we  fini 
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which  in  the   eqiyitioii   above,   gives 

4^.6  +  a=  —  ih.a.f  +  a^  ^2  _  q. 


The  double  sign  shows  that  the  object  is  attained  by  two  angles, 
and  the  radical  shows  that  the  solution  of  the  problem  will  be 
possible  as  long  as 

4A3  >4A6  +  a\ 
Making, 


4P 


4  A .  S  - 


the  question  may  be  solved  with  only  a  single  angle  of  projection. 
But  the  above  ei^iiation  ia  that  of  a  parabola  whose  co-ordinates  are 
a  and  b,  and  this  curve  being  con- 
structed and  revolved  about  its  vertical 
axis,  will  enclose  the  entire  space 
within  which  the  given  point  must  be 
situated  in  order  that  it  may  be  struck 
with  the  given  initial  velocity.  This 
parabola  will  pass  through  the  farthest 
estremity  of  the  maximum  range,  and 
at  a  height  above  the  piece  equal  to  h. 

§151. — Thus  we  see  that  the  theory  of  the  motion  of  projectiles 
is  a  very  simple  matter  as  long  as  the  motion  takes  place  in  vacuo. 
But  in  practice  this  is  never  the  case,  and  where  the  velocity  ia  con 
siderable,  the  atmospheric  resistance  changes  the  nature  of  the  tra- 
jectory, and  gives  to  the  subject  no  little  complexity. 

Denote,  as  before,  the  Telocity  of  the  projectile  when  the  atmos- 
pheric resistance  equals  its  weight,  by  k,  and  assuming  that  the 
resistance  varies  as  the  square  of  the  velocity,  the  actual  resistance 
ftt  any  instant  when  the  velocity  ia  v,  will  be, 


let 


-  ^  Mev^, 
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by  making, 

TTie  forces  acting  upon  the  projectile  after  it  leaves  tho  piece 
lieing  its  weight  and  the  atmospheric  resistance,  Equations  (120), 
become, 

M- 


IF 

=  Mg. 

cos  a.  +  Mc.v'^ 

.cos< 

=  Mg. 

C03^  +  Jfc.r' 

.  cos  ^', 

^  H^g. 

C0S7  + Jf...^ 

.cos/ 

Tailing  the  co-ordinat«s   s   vertical,    awd   positive    when  estimated 
upwards, 

cos  et  =^  0 ;    cos  /3  =  0 ;    cos  y  =  —  1, 

and  because  the  resistance  takes  place  in  tho  direction  of  the  trajec- 
tory, and  in  opposition  to  the  motion,  if  the  projectile  be  thrown  in 
the  first  angle,  the  angles  a',  ^',  and  y\    will  be  obtuse, 

cos  a'  -  -  —  ■     cos  S'  -  -  -^  ■    cos  y'  -  -  -^ 
ds  '  '^    ~         d$'        ^    ~         ds' 

and  the  equations  of  motion  become,  after  omitting  the  common 
factor  M, 


1  the  first  two  we  have,  by  division. 


tZ   : 
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Bad  by  integration, 

log  dy  =  log  die  +  log  C\ 

ond,  passing  to  the  quantities, 

dy  r=  Cd X. 

Integrating  again,  we  have, 

y  =  Cx+C'; 

in  \vhich,  if  the  froiectile  be  thrown,  from  the  origin,  C  =  0,  thus 
gning  an  equation,  of  a  light  line  through  the  origin.  Whence  we 
see  that  tile  trajectory  is  a  plane  curve,  and  that  its  plane  ia  vertical 
through  the  point  ol   departuii. 

Assuming  the  plino  ex,  to    coincide  ■with  that  of  the  trajectory, 
and  replacing  i^,  hj   its  ^  'iliie  from  the  relation. 


(168) 


From  the  first  we  1 


and  by  integration, 


Denoting  Ijy  e,  the  base  of  the   Naperian   system   of   logarithms, 
and  making  C  =  log  A,  the  above  may  be  written, 

log    -^  -  -  c  .  »  X  log  e  +  log  A, 
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and  passing  from  logarithms  to  the  quantities, 

^  =  -^-'"' w 

Denoting  by   F,  the  initial  velocity,  and  by  cc,  the  angle  of  pro- 
jeetion,  wa  have,  by  making  s  =  0, 

41  =  ^=  r»., 

which   sr^stituted  above,  gives 

J  =  r.cosa.r" (170) 

To  integrate  the  second   of  Eijuations  (168),  make 

dz  dx  ,,-.,1 

r.^'-m   ("■> 

in  which  p  is  an  additional  >mknown   quantity, 

Difierentiatiug    this    equation,    dividing    by    dl,    and    eliminating 

fi-on\   the  result,  -j-^'    by    its   value   in   the  first  of  equations  (168), 

<Pz         dp     dx  ds  dx 

Jt^  ~  dTt'  dt~  ■^'    '  dt"dt 

and   substituting  this  value  in    the    second  of  Equations   (168),   we 

have,  after  eliminating    —  by  its  value,  obtained  from  Equation  (171), 

t/£--^ <"^) 

and   dividing  this  by  the  square   of  Equation  (170), 
dt  9  ^" 


(173) 
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but  regarding  z   and  p  as  functions  of  x,  wo  have,  Equation  (171), 


(174) 


d  I  dp 


whence,  making  V^  =  3 ^f  A, ■  Equation  (173)  becomes 


dx   ' 


2A.C. 


and  multiplying  this  by  the  identical  equation, 
dx.  ■)/!  +p^  =  ds, 
obtained  from  Equation  (174),  we  find, 


^  '  ^^  ■"^-         2A. cosset' 
aJid  integrating, 

p.  y>T+y  +  log  {p  +  vTT^)  =  O-i. 


;(170) 


in  which  C  ia  the  constant  of  integration ;  to  determine  which,  malte 
A  =  0 ;  this  gives  p  =:  tan  a  •  and 


tana.-/!  +  tan'' «  + log  (tana -j-  yT+ton^-  (177) 


2ch- 
From   Equation  (175)  we  have, 


from   Equation  (171), 
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from  Equation  (173), 

g df  =.  —  dx .dp  ; 

5  of  Equation  (170), 


id  eliminating  the  exponential  factor  by  i 


<.dx  = 


/T+¥ + log  {p  +  vr+^)  - 


i/Tff  .  dt  = 


x/^- 


(178) 

(179) 
.   (180) 


/T+V^  -  log  {p  +  -v/i  +p^) 


Of  the  double  sign  due  to  the  radical  of  the  last  equation,  the 
negative  is  taken  because  p,  which  is  the  tangent  of  the  angle  made 
by  any  element  of  the  curve  with  the  ajiis  of  x,  is  a  decreasing 
tunctjon  of  the  time  t. 

These  equations  cannot  be  integrated  under  a  finite  form.  But 
the  trajectory  may  he  constructed  by  means  of  auxiliary  curves  of 
which  (17S)  and  (179)  are  the  differential  equations.     From  the  first, 


:  T.dp; 


an3  from  the  second, 


(181) 
(182) 


•^     i»  V  1  +  y  +  log  ( p  +  V'  1  +  P^)  - 
and  dividing  Equations  (181)  and    (182),  by  dp. 


■  (183) 


(184) 


-  =  T.1>; 


.    .    .    (185) 
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Now,  regarding  a,  p,  and  e,  p,  as  the  variable  co-ordinates  of  two 
auxiliary  cuives,  T,  and  T.p,  will  be  the  tangents  uf  the  angles 
whiidi  the  elements  of  these  curves  make  with  the  &xk  of  p. 

Anj  assumed  value  of  p,  being  substituted  in  T,  Equation  (183), 
will  give  the  tangent  of  this  angle,  and  this,  Eijuation  (184),  multi- 
plied by  dp,  will  give  the  difference  of  distances  of  the  ends  of  the 
corresponding  element  of  the  curve  from  the  axis  of  p.  Beginning 
therefore,  at  the  point  in  -which  the  auxiliary  curves  cut  the  axis  of 
p,  and  adding  these  successive  differences  together,  a  series  of  ordi- 
nates  a;  and  z,  separated  by  intervals  equal  to  dp,  may  be  found,  and 
the  curves  traced  through  their   extremities. 

At  the  point  from 
which  the  projectile 
is  thrown,  we  have, 

x=(3;  s=0;  p^tana, 

and  the  auxiliary 
curves  will  cut  the 
axis  of  p,  in  the  same 
point,  and  at  a  dis- 
tance from  the  origin  equal  to  tan 
and  A  C,  the  asis  of  x  and  of  s ;  ta 
and  £3!S,  be  constructed  as  above. 

Draw  the  axes  Ax  and  A e,  through  the  point  of  depart\ 
Fig.  (S) ;  draw  any 
ordinate  c  z,  x^  to  the 
auxiliary  curves  Fig, 
(1);  lay  off  Ax,Y\g. 
(2)  equal  to  Gx,  Fig. 
(1),  and  draw  through 
a:, ,  the  line  x^  z, 
parallel  to  the  axis 
As,  a^d  equal  to  ex^ 
Fig.  (1)  ;  the  point 
e,  will  be  a  point  of 
the  trajectory.     The  range  AD. 


Let  -4  5,  be  the  axis  of  p, 
^  5  =  tan  a,  and   let  13  z  D, 


equal  to  HD,  Fig.  {1\ 
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By  reference  to  the  value  of  C,  Equation  (177),  it  will  be  seen 
that  the  value  of  T,  Equation  (188),  will  always  be  negative,  and 
that  the  auxiliary  curve  whose  ordinates  give  the  values  of  x,  can, 
therefore,  never  approach  the  axis  of  p.  As  long  as  y  is  positive, 
the  auxiliary  eurvoi  whose  ordinates  are  a,  will  recede  from  tha 
1X18  p,  but  when  p  becomes  negative,  as  it  will  to  the  left  of 
the  axis  AC  T  g  (1)  the  tangent  of  the  angle  which  the  t 
of  the  eur^e  m'Jtes  with  the  axis  p,  will,  Equation  (185), 
poMtivc  and  th  ^>  cir*e  will  approach  the  a\is  p,  and  intersect  it  at 
somt,  po  nt  as  J) 

The  vilie  £  p  will  continue  to  increase  indefinitely  to  the  left 
jf  the  ougn  A  Fig  (1),  and  when  it  becomes  exceedingly  great, 
tne  Ic^anthm  e  term  is  well  as  C,  and  unity  may  he  neglected  in 
compari'son  with  p,  which  will  reduce  Equations  (178)  and  (179)  to 

dx  =  -^  ■     dz  =  ^■ 
c.p^  '  c.p' 

and   integrating, 

:,^  <?'  „  J_;     z=  C"  +  -.]ogp, 
cp  c        ° 

w-hich  will  become,  on  making  p  very  great, 

j^=  (?';     z=  C"  ^  ~!ogy, 

which  shows  that  the  curve  whose  ordinates  are  the  values  of  x, 
will  ultimately  become  parallel  to  the  axis  p,  while  the  other  has 
no  limit  to  its  retrocession  from  this  axis.  Whence  we  conclude, 
that  the  descending  branch  of  the  trajectory  approaches  more  and 
more  to  a  vertical  direction,  which  it  ultimately  attains ;  and  that 
a  line  ffi.  Fig,  (2),  perpendicular  to  the  axis  x,  and  at  a  distance 
from  the  point  of  departure  equal  to  0',  will  be  an  asymptote  to 
the  trajectory. 

This  curve  is  not,  like  the  parabolic  trajectory,  symmetrical  in 
reference  to  a  vertical  through  the  highest  point  of  the  curve ; 
the  angles  of  filling  will  exceed  the  corresponding  angles  of  rising, 
the  riinge  will  he  less  ihan  double  the  absci-sa  of  the  highest  point, 
and  the  angle  whidi  gives   the  greatest  range  will  be  less  than  45°. 
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Denoting   die  velocity   at  any   instant  by   v,  wi 


dP 


-  =  ('+"")  7? 


and  replacing    d  a^   and  dt^  by  their  values   in  Equations  (178)  and 
(180),  we  find 


-  log  {p+  -/i  +  i)^) 


(186) 


and  supposing  p  to  attain  its  greatest  value,  wMcIi  supposes  the 
projectile  to  bo  moving  on  fJie  vertical  portion  of  the  trajectory, 
this  equation  reduces,  for  the   reasons   before  stated,  to 


whicli  shows   that   the   final  motion  is  uniform,  and  that  tlie  velocity 
will    then  be   the    same  as   that  of  a   heavy   body   which  has  fallen 


§  1S2. — When  the  angle  of  projection  is  very  small,  the  projectile 
i-ises  but  a  short  distance  above  the  Ime  of  the  range,  ani  the  ec[uatioa 
of  so  much  of  the  trajec- 


tory as  lies  in  the  imme- 
diate neighboriiood  of  this 
line  may  easily  be  found. 
For,  the  angle  of  projeiC- 
tion  being  very  small,  p 
will  be  small,  and  its 
second  power  may  be 
neglected  in  comparison 
with  unity,  and  we  may 
take, 


^ 


which  in  Equation  (175),  gives, 
dp    _    d^z 
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Integrating, 

dx  4c.A.coB^K  ' 

making  a;  ^  0,  we  have  -; —  —  tan  a, 


C  =  tan  a  +  - 
whieh  substituted  above,  gives, 


4  c  .  A  .  cos^  d      4  c  ,  A  . 


and  integrating  again 
3  =  tan  a  . 


making  s  ~  0,  then  will  e  ^:  0,  and 


1^  ('"■-''"-')■    •   (18«) 


From  Equation  {172),  we  have, 

g  .  dp  ^=  —  dx .  dp, 
and  substituting  the  value  of  dp,  from.  Equation  (187), 

dt  =  -    ' 


■y/2  J  A ,  cos  a ' 
and  integrating,  making  a  =  0,  when  i  ^^  0, 


-      (189) 
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which   will   give   liie  time   of   flight    to   any    point  whose  horizontal 
distance  from   the  piece   is   equal   to  x. 

8 153. — Let  the  projectile  fall  to  the  ground  at  the  point  D,  and 
denote  the  co-ordinates  of  this  point  by  a;  ^  ^,  and  g  ^  X,  and  sup- 
pose the  time  of  flight  or  /  =  r.  These  values  in  Equations  (188) 
and  (189),  give 

—  8c=.  A.  cos^^ct  (>.-  ^.tana)  = /"'-2c;  -  1  •  (189)' 
cos(x.t.c.-/37a  =  e°'  -  1  ■  ■  •  -(189)" 
When  the  two  constants  h  and  c,  as  well  as  a  and  X,  are  Icnown, 
ihfse  equations  will  ^ve  the  horizontal  distance  I,  and  the  time  of 
flight.  Conversely,  when  the  quantities  a,  I,  X  and  r  are  known, 
they  give  the  co-efficient  of  resistance  c,  and  the  height  h,  due  to 
the  velocity  of  projection,  and  therefore,  Equation  (135),  the  initial 
velocity  itself, 

Elimiimting  the  height  h,  we  find 

-4  (X-i.taiia)(/'  -  lY=ff.T\(/°'  -2cl-  1);  -  (189)'" 
from  which  the  value  of  c  may  he  found,  and  one  of  the  preceding 
equations  will  give  h,  or  the  initial  \elocity. 

It  may  he  worth  while  to  remarlc  that  if  the  exponential  term 
in  Equation  (188)  be  developed,  and  e  he  made  equal  to  zero,  which 
is  equivalent  to  Mippo=ing  the  projectile  in  \'acuu,  we  obtain  Equa- 
tion (161). 

I  154. — Assuiaiiig  that  the  resistance  of  the  air  varies  as  tiic  square 
of  the  velocity,  some  idea  may  be  formed  of  its  actual  intensity  from 
the  fact  that  a  twenty-fonr-pounil  ball  'projected  with  a  velocity  of  2,000 
tcet  iu  vacuo,  and  under  an  angle  of  45°,  would  have  a  range  of 
125,000  feet;  whereas  actual  experiment  in  the  air  shows  it  to  be  but 
7,300  feet — about  one-seventeenth  of  the  former. 

Many  circumstances  qualify  both  the  path  and  velocity  of  piojPctUcR 
The  law  of  the  resistance  may  be  the  same  for  all  figures,  but  it  is 
known,  fioni  actual  trial,  not  to  be  that  of  the  square  of  the  selocitj, 
except  for  very  small  rates  of  motion.      For  the  same  velocity,  the  in 


Hosted  byGoogle 


i50  ELKMENTS    OF    ANALYTICAL    MECHANICS. 

tensitj  ot  llie  resistance  Miriea  witli  the  &izt  inil  lif,urc  of  the  ball 
Much  depenls  upon  the  fa^  1 1)  wjth  which  the  CDinprissei!  air  jn  front 
raty  escape  lattcily  and  make  its  naj  to  the  rew  The  actual  resist 
ance  at  any  inataut  la  i,ompobed  ot  two  terms  the  one  due  to  the 
ineitia  ot  thi,  displaced  pattitles  the  othti  to  the  diifcreni  of  at 
mosphenc  pressure,  as  such,  m  troDt  and  leir  If  during  the  ^notion 
the  ail  CO  lid  close  in  behind  and  exert  the  sime  press  ire  ns  in  fiont, 
the  resistance  Tvould  be  wholly  due  to  ineitia  If  the  ball  ^vere  at  rest, 
and  all  the  air  removed  m  rcir  ot  the  pi  me  ot  laigcst  section  ptrpen 
diculai  to  the  trajcctorj  the  rcaistante  would  te  due  entirely  to  the 
bavometrn,  pressaie  on  the  extent  of  this  sect  on  Both  temis  of  the 
re'iistance  mi  at  be  varnlle  11  1  a  tunction  ot  the  \eloi,itj  till  the  latter 
11  V)  great  IS  to  leave  a  \icuuin  behind,  wlien  the  barometric  term 
would  become  constant 

From  a  careful  and  elaborate  investigation  of  the  numerous  expen 
ments  upon  this  subject,  Col  Piobert  hn  coi  tiuctfi  this  empncal 
formula  for  spherical  projectiles,  viz 

p  =  j.».,'(i  +  i).,' (    ) 

in  which  p  is  the  resistance  in  kilogrammes,  v  the  velocity,  tt  the  ratio 
of  the  diameter  to  the  circumference,  r  the  radius  of  the  ball,  A  the 
resistance  on  a  square  m^tre  when  the  velocity  is  one  vitre,  and  ji,  the 
velocity  which  would  make  the  resistance  measured  by  the  second  term 
equal  to  that  measured  by  the  first. 

§  155. — If  the  bail  be  not  perfectly  homt^oncous  in  density,  the 
centre  of  inertia  will,  in  general,  be  removed  from  that  of  figure ;  the 
resultant  of  the  expansive  action  of  the  powder  will  pass  through  the 
latter  centre  and  communicate  to  the  ball  a  rotary  motion  about  the 
former.  The  atmospheric  resistance  will  be  greater  on  the  side  of  the 
greatest  velocity,  and  deflect  the  projectile  to  the  opposite  side. 
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EOTAEY   MOTION. 


§  156. — Having  discussed  the  motion  of  translation  of  a  single 
body,  we  now  come  to  its  m.otion  of  rotation.  To  find  the  carcum- 
stances  of  a  budj'a  rotary  motion,  it  will  be  convenient  to  transform 
Equations  (118)  from  rectangular  to  polar  co-ordiaates.  But  before 
doing  this,  let  us  premise  that  the  angular  vehdly  of  a  body"  is  Oie 
rate  of  its  rotation  about  a  centre.  The  angular  velocity  is  measured 
by  the  absolute  velocity  of  a  point  at  ike  iinit's  distance  from 
the  centre,  and   taken,    in    such   position,    as    to    make    that  rehcilij   a 


§  15?. — Both    members   of  Equations    ( 


being  divided   by  d  t, 


{190) 


in  wbioh  the  first  members  taken  in  order,  are  the  velocities  of  any 
element,  as  m.  in  the  direction  of  the  axes  x,  y,  z,  respectively,  in 
reference  to  f'.t  centre  of  inertia,  §  75,  while 


i/w      (^4-       f^ip 


dt 


dt 


are  the  angular  velocities   about  the   same  axes  respectively. 

Denoting  the  first  of  these  by  i,,  the  second  by  v^,  and  the  third 
by  V,,  we  have 


rf-J. 


:]91) 
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and  Eiiuationa  (I90)  may  be  written 


dt 


(192) 


1 168. — If  an  element  m  be  so  situated  that  its  velocity  shall  be 
equal  and  parallel  to  that  of  tlie  centre  of  inertia,  then,  for  this 
element,  will  each  of   the  first   members   of    Et^uations  (102)  reduce 


,  and 


,  =  0, 

,  =  0, 


(193) 


the  last  being  but  a  coiiseiiuence  of  thv>  twu  others,  these  equations 
are  thuse  nf  a  right  lino  passing  through  the  centre  of  inertia, 
every  point  of  which  will  have  a  simple  motion  of  translation 
parallel  and  equal  to  that  of  the  centre  of  inertia.  The  whole 
body  must,  for  the  instant,  rotate  about  this  line,  and  it  is,  there- 
fore, called  the  Axis  of  Instantaneous  Rotation. 

1 159. — Denote  by  a,, 
(3, ,  y^,  the  angles  which 
this  axis  makes  with  the 
CO  ordinate  axes  x,  y,  s, 
respectively.  Then,  tak- 
ing any  point  on  the  in- 
s,  will, 


'  V^-'  +  v'^  +  ^ 


'  -/F'^  +  ;/^  +  ^ 


V^"  +  j'^  +  ^'^ 
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k',  y'  and  z',  by  Equations  (193), 


•/^/  +  v/  +  v^s 


which  will  give    the    positioa   of    the   instantaneous   axis    as   soon  as 
the  angular  velocities  about  the  axes  are  known. 

§160, — Squaring   each  of   Equations    (192),  taldng  their  sum  and 
extracting  square  root,  ive  find 


and  iij  by  their  values  obtained  by  simply  clearing 
the   fractious  in   Equations    (194),   this '  becomes 


=  Vv,^  +  v, 


<y^^5+7H^ 


-  (x' nosa^  +  y' COS /3,  +  »' cos y,)^, 
in  reference   to  the  centre  of 


■which  is  the  velocity  of  any   ele 
inertia. 
Making 

^"'  +  y'^  +  e'=  =  1, 

we  have  the  element  at  a  unit's  distance  from  the  centre  of  inerUa; 
and  making 

x'  cos  ct,  +  f  cos  ^,  +  s'  cos  y,  =  %      ■     ■     ■     (ISfl) 

the  point  takes  the  position,  giving  the  maximum  velocity.  In  this 
case  V  becomes  the  angular  velocity,  and  we  have,  denoting  the 
latter  by  v,., 


,  =  virTv 


.     .     .     .     (1»6) 
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Equation  (105)  is  that  of  a  plane  pa'i'iing  tlivough  the  centre 
iif  inertia,  and  perpendicular  to  the  instantaneous  a\is.  The  position 
of  the  coordinate  axes  being  arbitrary,  Equation  (196)  shows  that 
the  sum  of  the  squares  of  the  angular  velocities  about  the  three 
co-ordinate  axes  is  a  constant  quantity,  and  equal  to  the  square  of 
the  angular  velocity  about  the  instantaneous   atis. 


g  IGl.— Multiply  Equation  (196),  by  the  first  of  Equatio 
and  there  will  result 


I  (IM), 


("») 


whence  the  angular  velocity  about  any  axis  oblique  to  the  instaata- 
neous  axis,  is  equal  to  the  angular  velocity  of  the  body  multiplied 
by  the  cosine  of  tlie  inclination,  of  the  two  axes. 

§162.— Equation  (196)  gives  v^ ,  when  y^,v^,v^,  are  known.  To 
find  these,  resume  Equations  (118),  and  write  for  the  moments  of  the 
extraneous  forces  in  reference  to  the  axes  a,'  y,'  3,'  through  the  centre 
of  inertia,  iV,,  Mj,  L^,  respectively,  then  will 


diflerentiating  the  first  of  Equal 


d'^x'      A         J. 


(198) 


dy' 


di^        /  '      _ 

ma  (192),  with  respect   to  i,  we  find 
di       ,       di,       , 


and  replacing  -t—  and  ~-i  by    their    values    given 

and  third  of  Equations   (192), 
d^x'  t  \  .  .        dv 
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in  the  same  way 

and  these  values  in  the  first  of  Equations,  (108),  give 


-  (■■■■.+?,')  ■^"■'y 


z  L, ■ (!09) 


SimUar  equations  will  result  from  the  remaining  two  of  Equations 
(198) ;  then  by  elimination  and  integration,  we  might  proceed  to  find 
the  values  of  v^,  v^  and  v, ,  but  the  process  would  he  long  and 
tedious.  It  will  be  greatly  simplified,  however,  if  the  co-ordinate 
axes  he  so  chosen  as  to  make  at  the  instant  corresponding  to  /, 

S.mx'y'  =  0;   2lmz'y'  ~  0;    Xmz'x'  ~  0;     ■     ■    (200) 
will    bo    shown    presently.      This  will 


which   is    always   possible, 
reduce  Equation  (199)  to 


,    (y..    +    ^'.)    +     „ 


n  (a'2  -  y'2)  z 


The   other    two    equations   which    refer   to  the   motion  about  tht 
Kes  y'  and  a',  may  be  written  from   this  one.     They  are, 


■2  ^  (,,■'+,")  - 
.1  »(}■>  +  . •■)- 
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The    axes    a',    y',    s',    which    satisfy  the    conditions    expressed  in 
Equations  (200),  are  called  the  principal  axes  of  Jigure  of  the  body. 


i  find,  by  subtraotiiig    the    third    from   the  second, 


the   fifst  from   the   third, 

and   the   second   from  the   first, 

2  TO  .  (i/'2  -  s'2)  -  C~  B; 
■which   substituted   above,  give, 

By  means  of  these  equations,  the  angular  Telocities  v^,  v^,  v, ,  must 
be  found  by  the   operations  of  elimination  and  integration, 

I  1()3. — it  is  pUin  that  the  quantities  C,  B  and  A,  are  constant 
for  the  fcame  body  ■,  the  first  being  the  s-uni  of  the  product',  arising 
from  multiplying  each  elementary  mass  into  the  square  of  it?  dis- 
tance from  the  principal  axis  s',  the  second  the  same  for  the  prin- 
cipal axis  y',  and  the  third  for  the  principal  axis  x'.  The  sum 
of  the  products  of  the  elementary  masses  into  the  square  of  their 
distances  from   any  axis,  ia  called  the  moment  of  inerha  of  the  body 
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3  iiid  C    tn.  called  i 


§164 — fhiounh  aiij  a^umed  poirt  theie  may  i 
one  set  of  rectangulir  a\e^  and  in  gcneial  only  ni  ■ 
the  conditions  ot  Equations  (200)  lo  "iiow  tliis  a'.si 
toi  the  tiaasfoimatnn  from  oni-  sjstem  of  rectangular 
■jIm)  rectangnl  i      The'ip  are 


■  tli> 


■i    Jrawn 

11  ,,t,.fj 

luiinulxs 
to  anothci, 


..co.{;^'^)  +  j 
',  COS  {'/x)  +  J 
=  CO.  (.'^)  +  J 


s  (x',j)  + 

s  iv'y)  + 


!    C0S(Z'2),] 
:.C0S{/^),^ 

:.coa(z'E)J 


-  (203) 


in  which  {x' x),  {y' x)  and  {z'«),  denote  the  angles  which  the  now 
axes  a',  y\  %',  make  with  the  primitive  axis  of  w;  (x' y),  (y'y) 
and  (z'y),  the  angles  which  the  same  axes  malte  with  the  primitivo 
axis  of  y,  and  {x' z),  (y's)  and  {z' z),  the  angles  they  make  with  tho 

Assume  the  common 
origin  as  the  centre  of  a 
sphere  of  which  the  radius 
is  unity ;  and  conceive  the 
points  in  which  the  two 
sets  of  axes  pierce  its  sur- 
face to  he  joined  by  the 
arcs  of  great  circles ;  also 
let  these  points  be  con- 
nected with  the  point  N, 
in   wbicb.  the    intersection 

of   the    planes   xy   ami  x' y'   pierces  the  spherical  surface  nearest  to 
th^t  in  which  the  positive  axis  x  pierces  the  same.     Also,  let 
i  =  Z' AZ  =  X' NX,  being  the  inclination  of  tlie  plane  x' y'  to  that 

of  xy. 
4-  —  NA  X  being   tho    angular   distance   of    the    intersection  of    the 

planes  xy  and  x'y',  from  the   axis  x. 
ip  =  NAX'  "being    the    angular    distance    of   the    same    intersection 

from  the   axis  x'. 
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Then,  in  the  spherical  triangle  X' JVX, 

cos  (x'  x)  =  cos -^ .  cos  If  +  sin  ^J/ ,  sin  ?i .  cob  S  ; 

In  the  triangle  F'iVX,  the  side  JVF'  =;  -|-  +9,  and 

cos  (y'  x)  =  —  cos  4-  ■  sin  ip  +  sin  4-  -  cos  (p.  cos  6, 
In  the  triangle  Z'iVX,  the  side  JfZ'  =  ~,  and 

cos  (a'  x)  =  sin  4-  ■  s'n  6. 
And  in   the  same  way  it  will   be  found  that 

cos(*'y)  =  _  sin  ■}- .  cos  ?!  +  cos  4-.  sin  ip.  cos  i; 

cos  (y'  y)  ^  sin  4- ,  sin  flj  +  cos  4-  •  cos  ip ,  cos  fl  ; 

CO.  (»'!,)  =  co„ +  .«„(; 

COS  {x'  s)  =  —  sin  ip  ,  sin  fl  ; 

cos  (y'  s)  =  —  cos  ip  .  sin  S  ; 

and  by  substitution  in   Equations  (203), 

x*  =  X  (sin  4-  •  sin  (p  .  cos  fl  +  cos  4-  ■  cos  <f) 

4-  ?/  (cos  4"  ■  sin  9. cos  6  -~  sin  4'-<ios(p)  —  s  sin  ^i.si 
f/'  ==  X  (sin  4^  ■  cos  ip .  cos  d  —  cos  4-  ■  sin  9) 

+  y  (cos  4^  ■  C08  ?>  ■  cos  fl  -(-  sill  4-  -  sin  9)  —  s  cos  ip .  si 
s'  =  X  sin -^^ .  sin  &  -|-  3/  cos  4-  ■  sin  fl  +  z  cos  S  ; 

or   making,  for  sal;e  of  abbreviation, 


the  above    reduce   to 


cos  4^  —  y  sin  4-, 

■  sin  4. .  cos  fl  +  y  cos  4- .  cos  6 

—  2  sin  a. 

S;.sm  cp  +  i>.cos(p, 

£.cos9  -  JJ.sin^, 

^..sin-^.sind  +  y.cos  +  .si 

nO  +z.cos(!. 
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Substituting  these  values  in  the   equations 

Sift.K'.y'  =  0;     Sm.i'.e'  =  0;     Itn.y' .  z'  =  0; 
we  ohtain  from  the  first, 

sin9.cos(p.Sm(£=  —  i>=)  +  (eoB=(p  —  ain^if)  SmE.D  =  0, 
or,  replacing  sin  ip .  cos  ip,  and  eos*^  —  sin^^,  by  their  equals  ^aiiSip, 
and  cos2if,  respectively, 

sin2<|..2m(jE'^-Z'=)  +  2  oos  Sip.S  mi>.  ^  =  0;  ■  ■  ■  (204) 
and  from    the    third   and   second,  respectively, 

cosip.Sm.i.'.  e'  —  sin  9  .2  wZ).s'  —  0,  ■     •     ■     (205) 
^m^.Sm..E.z'+  cosf.ZtnB.z'  -O.-     ■     ■     (201!) 
Squaring  the  last  two  and  adding,  we  find 

{■Zm.E.s'Y  +  {:^m.D.sy  =  0. 
which  can  only  be  satisfied  by  making 


.^.e'  1=0;) 
.B.z'  =:0.\ 


(207) 


These  equations  are  independent  of  the  angle  <p,  and  will  give  the 
values  of  ■I'  and  6 ;  and  these  being  known,  Equation  (204)  will  give 
the  angle  (p. 

Replacing  U  and  2)  by  their  values,  we   have 

J'.a'  =  ain(!.cosfl(a;=sin2  4-  +  2«y  sin-J.  cos4.  +  y'cos^-l-  —  z*) 
+  (cos^  6  —  sin*  6)  (:t  J  sin  4'  +  y  ^-  cos 4')  j 

i)..'  =  sma  {;try(cos=4'  -  ^inH)  +  (^'  -  y^)sini  cos^.) 
+  cos  ^a:  g  cos  4-  —  yssin^). 


2  m  I'  :=  A-;  ^my'  =  B' ;  S  m  z'  =  C" ; 

^mxy  —  E';  2mxz  =  F';  2mys  =  -ff', 
and    replacing   sin  S  .  cos  S,    and   cos^  fl  —  sin*  6,    by   their    respective 
values,  I  sin  2  6,  and  cos  2  6,  Equations  (207)  become 

si(i23(^'sin^4.  +  2£'sin4:C0s4  +  £'cos=4-  -  ^')) 

+  2  cos  2  ^  (J?' sin  4  +  ff  cos4)  J-**' 
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-t-  coa  S  {F'  cos  4.  -^  i/'  sin  4.)  J 

in  which    A',  B\   C,  S,  F'  and   H',  are   constants,    depending   only 
iipon.  tlie    shape  of  the   tody  and    the    position  of  the  assiimed    axes 

Dividing    tho    first    by    cos  2  fl,  and   the    second  by    cos  fl,    they 


+  2  {/"  sin  4  +  /T' cos  ■^)  ^         '^       ' 

tan  d  .  j.^  {cos^  \  ~  sin^  +)  +  (^'  ~  5')  sin  +  cos  -^j  1  ^ 

+  i^  cos .).-/?' sin  ^.  f         ■*        ' 

From  the  first  of  these  we  may   find  tan   2fl,  and  from  the    second, 
tanS,  in  terms  of  sin-J^f  *nd  cos  4^;  and  tiiese  values  in  the  equation 


n2d  =11- 


-  tan^  a 

will  give  an  equation  from  whieli  -j'  niay  be  found. 
In  order  to  effect  thist  elimination  more  easily,  make 

whence 

sin  4-  =  -  ;  cos  4^  = 


/I  -i-  «^  VI  +  J, 

making  these  substitutions  above,  we  find 

2(f^« +  //')-/!  +  »^ 


tan  2a 


AW^ 

+  2JS- 

..  +  ii'  - 

c 

'(i  +  »"y 

(*" 

)Vi  + 

which  in  Equation  (208)  give 

^' F' ~F' a -E' H' 


+  (i?'»  +  i?').(/"-i?'«)> 
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which  is  an  equation  of  the  third  degree,  and  must  have  at  least 
one  real  root,  and,  therefore,  give  one  real  value  for  ■^.  This  value 
heing  sulDstituted  in  either  of  the  preceding  eiiuations,  mubt  give  a 
real  value  fur  fl.  and  this  with  ■^z,  in  either  of  the  Etjuations  (205) 
or  (206),  a  real  value  fur  ip ;  whence  we  cijnolude,  that  it  ih  always 
posaihle  to  assume  the  axes  so  as  to  satisfy  the  required  conditions, 
and  that  through  every  point  there  may  be  drawn  at  least  one  set  of 
[inncipal  axes  at  light  angles  to  each  other. 

The  three  roots  of  this  cubic  equation  are  necessarily  real ;  and 
they  represent  the  tangents  of  the  angles  which  the  axis  x  makes 
with  the  lines  in  which  the  three  co-ordinate  planes  x'  y',  y'  c',  x'  s',  cut 
that  of  xi/i  for  there  is  no  reason  vihy  we  should  consider  one 
of  these  angles  as  given  by  the  equation  rather  than  the  others,  and 
the  equations  of  condition  are  satisfied  when  wc  interchange  the 
axes  x'  y'  s'.  Hence,  in  general,  there  exists  only  one  set  of  prin- 
cipal ases.  If  there  weie  more,  the  degree  of  the  equation  would 
be  higher,  and  would,  from  what  we  have  just  said,  give  three  times 
as   many  real   roots  as  there  are  systems, 

\i  E'  —  H'  =F'  =  (i,  Equation  (209)  will  become  identical ;  the 
problem  will  be  indeterminate,  have  an  infinite  number  of  solutions, 
and  the  body  consequently  an  infinite  number  of  sets  of  principal 
axes.     Such  i.'^  obviously  the   case  with  the  sphere,  spheroid,  &c. 

MOMEST   OF  ISEUTIA,   CENTliE   AUD  IL.YD1US   OF  GYKATION. 

1 165.— The  quantities  A,  B  and  C,  in  Equations  (201)  are  the 
moments  of  inertia  of  tlie  body  in  reference  to  the  principal  axes. 
To  find  these  moments'  in  reference  to  any  other  axes  having  the 
same  origin  as  the  principal  axes,  denote  by 

x',  y',  z\  the  co-ordinates  of  m  referred   to  the  principal  axes ;  by 
X,  y,  z,  the   co-ordinates    of    the    same    element  referred   to    any 
other  rectangular  system  having  the  same  origin ;  and  by 
(?',  the  moment  of  inertia  referred  to  the   axis  z ; 
then  from  the  definition, 


II 
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but  by    the   \:sual  foi'iTiulas  for   transformation, 

x  =   ax'    +    ly'   +   cz', 

%j  =  a'  x'  -\-  b' y'  +  c'  z', 

z  =  a"x'  +  h"y'  +  c"/, 
in  which  a,  S,  &c.,  denote  the  cosines  of  the  angles  which  the  axes  of 
the    same   name  as  the  co-ordinates   into  which  they  are  respectively 
multipiied  make  with  the  axis   corresponding   to  the  variable   in  the 
first  member. 

Substituting  the  values  of  x  and  y  in  that  of  C,  and  reducing  by 
the  relations, 

ftnd  we   have, 

and  by  substituting  y1,  B  and  G  for  their  values,  this  reduces  to 

C  ^  o"s  yl  +  fi"^ -B  +  e"2  C  ....  (210) 
That  is  to  say,  the  moment  of  inertia  with  reference  to  any  axis 
passing  thiough  the  common  point  of  iuterseetion  of  the  principal 
axes,  is  equal  to  the  sum  of  the  products  obtained  by  multiplying 
the  moment  of  inertia  with  reference  to  each  of  the  principal  aves, 
by  the  square  of  the  cosine  of  the  angle  which  the  axis  in  question 
makes  with  these  aie&. 

1 166, — Let  j4,  be  the  greatf^t,  ami  C,  thu  least  of  the  moments 
of  inertia,  with  reference  tn  the  principal  axes;  then,  substituting  for 
a"^,  its  value,  1  — -  6"*  —  c"^,  in  Equation  (210),  we  have 

C  =-4-6"M^  --B)  -';"=(^-  t7).      .     .      (211) 
By  hypothesis,  A  —  B,  and  A  —  G,  arc   positive ;    tiierefore,  C  is 
always  less  than  A^  whatever  be  the  value  of  h",  and  c". 

Again,  substituting  for  c"^  its  value  1  —a"^  —  b""^  in  Equation 
(210),  we  get 

€•  ^  G -^  a''-^  {A  -  G)  ^  V'^  {B  -  G)      ■     ■     ■     (212) 
and  C  must  always  he  greater  than  G. 
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Whence,  we  conclude  that  the  principal  axes  give  the  greatest  and 
least  momenta  of  inertia  in  reference  to  axes  through  the  same  point. 
If  ^  be  equal  to  B,  then  wlii  Equation  (211)    become 

C  =  (1  -  c"^}  A  +  c"=  C, (213) 

nrd  this  <  nh  Appending  utou  c ',  wi-  eonUude  tliat  the  nument  ot 
mertia  will  be  tlie  same  f'r  all  atea  makmg  equ4  inglea  with  the 
pnncipii  a^is,  e'  TJie  moments  of  inntia,  with  leference  to  all  axes 
11  the  pKne  x' y',  are,  therefaie,  eq^ual  to  one  another  But  all  the 
■iXBS  in  the  pliae  a'  y',  irhich  arc  at  right  angles  to  one  another, 
irt  I  IC4,  when  tiken  with  z',  principal  a\e'i,  and  we,  theretore, 
c^niludt  tliat  th"  body  has  an  mdefinitp  number  of  set'j  ot  fpnnpal 

!f    at  the   same   tsme,  w©  have  A  =  J3  =  C,  then  will   Ec|,«ation 
(210)  reduce  to 

C  -^C^  A  =  £. 

that  is,  the  moments  of  inertia  are  all  equal  to  one  another,  and  ail 
axes  are  principal,  the  Equation  (2!0)  being  satisfied  independently 
of  a",  b'\  c". 

§  167, — Resuming    Equations,    (33),   and    substituting    the    values 
of  X,  y,  z,  m  the  general  expression, 

2  m  (^^  +  yn 

which  is  the  moment  of  inertia  witli  reference  to  any  axis,  z,  parallel 
to  the  ajcis  z',  through  the  centre  of  inertia,  we  have 

S  »K  (:^  -1-  y-i)  =  2  »j  [  {x,  +  ^'Y  +  {y,  +  y'f] 

=  2w(a'^-f  2,")-i-(V  +  y.^)-2»7. 
+  ^x^.'Svix'  +  2'j, .  Smy'; 

but  from  the  principle  of  the  centre  of  inertia., 

2mx'  =  (i,    and     Smf  =  Q; 

whence,  denoting  by  d  the  distance  between  the  axes  s  and  2',  and 
by  M  the  whole  mass, 


2  M  .  (s^  +  y=)  =  2  m  (^i:'^  +  ;/'=)  +  Md' 
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That  is,  the  moment  of  inertia  of  any  body  in  reference  to  a  given 
axia,  is  equal  to  the  moment  of  inertia  with  reference  to  a  parallel 
axis  through,  the  centre  of  inertia,  increased  by  the  product  of  the 
whole  mass  into  the  sq^uare  of  the  distance  of  the  given,  axis  from 
that  centre. 

And  we  conclude  that  the  least  of  all  the  moments  of  inertia  is 
that  taken  with  reference  to  a  principal  axis  through  the  centre  of 
inertia, 

§  168. — Denote  by  r  the  distance  of  the  elementary  mass  in  from 
the  axis  z,  then  will 

j-2  =  ^2  4.  y1^ 
and 

Now,  denoting  the  whole  mass  by  M,  and  assuming 


(215) 


The  distince  A  is  called  the  r\dus  of  qjrattmi,  inl  it  obiioualj 
mea^iurea  the  distance  from  the  avis  to  thtt  joint  into  which  if  the 
whole  raas9  were  con(.entratt,d  the  moment  of  inertia  would  jiot  be 
altei«d  The  point  into  whioh  this  concentration  might  tal  e  plate 
and  satisfv  the  condition  abne,  is  called  the  centre  of  gyration 
When  the  axis  passes  through  the  centre  of  inertia,  the  radius  k 
and  the  pomt  oi  concentration  are  called  pnncipal  ^odiut,  and  ^mb- 
dpal  Centre  of  gyration 

The  least  radius  tf  gjration  i~,  E-[u«ii.n  (21j)  thit  iditiig  t> 
the  principil  &\v-  with  rtfcience  to  1  hich  the  mrmcnt  ol  inertia  is 
the  leist 

If  l,  denote  1  principal  ridius  ul  gjration,  in.  11  aj  icplice 
Smi  {x'^  -j-  y'^)  in  Efiuation  (214)  by  Mi^^,  and  we  shall  have 


2  =  iWP  =  jif  (V  +  rfO      ■     -     ■     ■     (216) 
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If  the  lineir  Jimeiis  uiis  ot  the  bodj  be  %  cry  small  as  compared 
with  d  we  m^y  wnte  the  moment  of  mertia  equal  to  Md'^ 

The  letter  i  w  th  the  Bubseript  accent  will  denote  a  principal 
radius  of  gyraticn 

The  determination  of  the  momenta  ot  ii  eitu  ■m\  riln  ot  £,^nti  r 
of  ^eometncal  figures  is  pi  rely  in  operation  ot  the  cal  ulus  feuch 
bodies  are  suppose!  to  be  continuous  throuffhout  and  ot  uniform  den 
"tj  Hence  we  may  ^ute  d  M  ftr  m,  and  the  sign  of  integration  foi 
I    ii  J  t!  e  lormuU  becomes 

l.mr^  =  JdM-T-" (2I7) 

Example  \.—A  physical  line  about  an  axis  ihrough  ik  (entre  and 
pa-pendicular    to  its    length. 

Denote  the  whole  length  by  2  a-,    then 
'ia:dr::M:  d  M, 
whence,  3=5= 

and 


«."  =  r'^-|; 


If  the   axis  bo   at  a   distance  d  from   the   centre,  and   parallel  to 
that  above,  then,  Equation  (216), 


Example  %—A    eirmtar   plate    of  unijbnn  density   and    mchim, 
aioui  an  axis   tht-mffh  its  emtre  and  perpmdimlar   to  its  plane. 
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Denote  the  radius  hj  a;  the  angle  XA  Q 
by  6;  the  distance  of  dM  from  the  centre 
by  r;    then, 

*(j2:  r.dS  .dr  ::  M:dM; 


'  Jo  J  0  *o2  Jo  IS?- 

for  an  axis  parallel  to   the  above  at  tho  distance  d. 


Example  %.—The  f 
i  its  plane. 


k  =  V|a2  +  d^. 
le  body  about  ou  axis  through   its   centre  and 


dM  =  M-  - 


in  which  r  denotes  the  distance  oi  d  M  from  the  centre ;  and  taking 
the  axis  to  he  that  from  which  fl  is  estimated,  the  distance  of  the 
elementary  mass  from  the   axis  will  be  »■  sin  fl,  and 

Mk,''^       r  M'^^^.dr.d6  =  ^J    /    r^l~oos^S)dr.d9, 

MJc,'^^f\Kdr^M~, 


and  about  'an   axis 


i,  =  ia, 

to  the   above  and  at  the  distance  d. 


=  \/t""  +  ^'- 
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[  1            tl  t  1)  th  th  it          d  d        E       pi 

a  d  3  P       P  1  ]        11     th             th     pi          f 

th     pi  t  and  thr     gl    th         nt  d    f    t  w            q       d   t     f  d 

tl  t     f         t       t  tl      pi  te  1      t  tl         1   tl           tr 


a  d       1     a  t      t  1  d  It! 

g         bj  th    En    t       (210) 

and  for  a  parallel  axis  whose   distance  is  tf, 


\\  b 


ifF 


=  ^(|  a^l  +  sin»  +  ■;=)  ■ 


4. — A  solid  of   revolaiion  about  any  axis  perpendicular  t 
the  axis  of  the  solid. 

Let  D  A'  £!  ho  the  given  axis, 
cutting  that  of  the  solid  in  A'-  Let 
A'  he  the  origin  of  co-ordinates, 
P  M=y;  A'  P  =  x;  AA'^^m; 
A'  B  =  n;  and  V  =  volume  of  the 
solid. 

The  volume  of  the  elementary 
section  at  P  will  be 

■ffy^.dx, 


V:  M:  ;  r.y^.dx  :  dM; 
whence, 

and  its  moment  of  inertia  about  MM',  is,  E.^an 
M  ^    ^      y^ 

md  about  the  parallel  axis,  J)  E^ 
M 
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therefore, 

But 

whence, 

fly-^dx 

The  equation   of  the   generating  curve  being   given,  y  may  be 
nated  and  the  integration  performeiil. 

Scample  5. — A  sphere  about   a   line    tangent   to  its  surface. 
The  equation  of  the  generatrix  is 


IK  which  a  is  the  radius  of  the  sphere.     Substituting   the  value  of  y' 
in  the  last  equation,  recollecting  that   m  =  0,  and  n  =  2  a,  wc  have 


Also  Equation  (216), 


Thus,  when  tlie  boundary  of  a  rotating  body  and  the  law  of  ita 
density  may  be  defined  by  equations,  its  moment  of  inertia  is  readily 
fonnd  by  tlio  ordinaiy  operations  of  the  calculus;  but  when  tlie  figure 
is  irregular  and  the  density  discontinuous,  recourse  is  had  to  the  prop- 
silies  of  the  compound  peiiduhim,  to  I"!  explained  prusi'ntly. 
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Mxample  G.—Find  the  points  in  refeience  to  vihkh  the  pyinci/ial  mo- 
Take  the  origin  at  the  centre  of  inertia,  and  t!ie  priticip.il  axe? 
through  that  point  as  the  co-ordinate  axes.  Denote  by  a:^  y,  g,  the  eo- 
ordinates  of  one  of  the  points  Bought;  by  --1,,  B^,  and  C^  tlie  principal 
moments  with  refeveiico  to  this  point,  and  by  x'y's'  the  co-ordinates  of 
the  element  m.  Then,  because  tlie  moments  through  tte  point  x^  y,  s, 
are  to  be  principal,  will 

Performing  the  multiplication  and    reducing  by  the   properties    of  the 
centre  of  inertia  and  principal  axes,  we  have 

which,  can  only  be  satisfied  by  making  two  of  the  co-ordinates  n^.y,^, 
separately  zero.     Let  -y,  =  0,  and  2,  =  0  ;    then,  %  166  and  Eq.  (216), 

J,  =y(;   B^^B-yMx^;    C^  =  C -|- if «/ ; 
but,  by  the  conditions,  the  first  members  are  equal.     Wiience 

A^B-\-  Mxf  ^C\  Mx^  ; 
and,  therefore, 


^V^ 


B_ 

M      ' 


and  from  which  it  is  apparent:  1st,  that  if  alt  the  principal  moments 
in  i;eference  to  the  centre  of  inertia  bo  unequal,  there  is  no  point  in 
re^u^^i^g  to  which  thoy  can  be  equal ;  2d.  that  if  two  of  them  be 
equal  in  reference  to  the  centre  of  inertia  and  the  third  bo  the  great- 
est, there  are  two  points,  equally  distant  from  the  centre  of  inertia  and 
on  the  axis  of  the  greatest  moment,  with  reference  to  which  they  are 
equal ;  3d,  that  if  all  three,  with  reference  to  the  centre  of  inertia,  be 
equal  to  one  anotliei,  there  is  no  other  point  with  respect  to  which 
tliey  can  be  equal. 


§  1G9, — We  have  thus  far  only  been  concerned  with  forces  whose 
action  may  be  likened  to,  and  indeed  represented  by,  the  pressure 
ai'ising   from    the    weight  of  some  definite    body,  as   a  cubic    foot  of 
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distilled  water  at  a  standard  temperature.  Such  forces  are  called 
incessant,  because  they  extend  their  action  through  a  definite  and 
measurable  portion  of  time.  A  single  and  instantaneous  effort  of 
such  a  force,  called  its  intensity,  is  assumed  to  be  measured '  by  the 
whole  effect  which  its  incessant  repetition  for  a  unit  of  time  can 
produce  upon  a  fi'ee  body.  The  effect  here  referred  to  is  called 
the  quantity  of  motion,  being  the  product  of  the  mass  into  the 
velocity  generated.     That  Is,  Equations  (12)  and  (13), 

P  =  *-.r,=Jf'?X=if^;     ....    (2,8) 

in  which   F,,  denotes  the  ■velocity  gtneiatel  m  a  unit   of  time 

The  lorce  F,  actmg  fjr  one,  two,  cr  more  un  ts  of  timi,  oi  lir 
any  fractional  portion  of  a  unit  of  time,  may  communicatt.  an>  othei 
velocity  V,  and  a  quantity  of  motion  measured  by  J/"  T  4.nd  if 
the  body  which  has  thui  recetvtd  its  motion  gradually,  impinge  up  in 
another  which  i-i  fiee  to  mo\c,  cxperii,nce  tells  us  that  it  mi^ 
suddenly  trmsiei  tht,  whjlc  of  t«  motion  U  the  lattei  Ij  wh^t 
seems  to  be  a  smgle  blow,  and  although  we  know  that  this  transfer 
can  (.nly  take  place  by  a  &eiies  ct  successive  •ictions  and  leiUiona 
between  the  molecular  spings  ot  the  bodies,  so  to  sptak,  and  the 
meilia  of  their  different  elementa,  yet  the  whole  effect  is  produced  m 
A  time  so  short  as  to  elude  the  senses,  and  we  are,  theretore,  apt  to 
assume,  tluugh  tironeouslj,  that  the  effect  is  instaaitaneous  &uch 
an  assumption  implies  thvt  a  dtfamte  velocity  can  be  generated  in  an 
indefimtely  shoit  time,  and  that  the  measure  of  the  force's  intensity 
is.  Equation  (218),  infinite. 

In  all  such  cases,  to  avoid  this  difficulty,  it  is  agreed  to  take  the 
actual  motjon  generated  by  these  blows  during  the  entire  period 
of  their  action,  as  tlie  measure  of  their  intensity.  Thus,  denoting 
the  mass  impinged  upon  by  M,  and  the  actual  velocity  generated 
in    it   when  perfectly  free   by    F,   we   have 

I'  =  MV    ^  ^f-p^, (219) 

in  which  P,  ■  denotes  the  intensity  of  the  force's  action,  and  tho 
second  member  of  the  equation  the  resistances  of  the  body's  inertia. 
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just  described,   hy  a  blow,   are 


MOXION   OF  A  EODT  "ONDEE   TIIE  ACfTIOIJ   OF   IMPULSIVE   F0ECE9, 

§  170. — The  components  of  the  inertia  in.  the  direction  of  the  ax 
tyz,  are  respectively 

^^  ds  dx 


=  M- 


.   ds^    dy  _ 
'  dl'  ds~ 


dt 
dC 


which,   substituted  for    the    corresponding    components   < 
Equations  (J)  and  (£),  give 


2 

Poo.r  = 

2 

™'d 

U 

3P(»' 

CO,  (3 -J 

cosa)  = 

2, 

,(.. 

dt 

-y' 

dj' 

JPK 

COB.-. 

COS,)  = 

2r 

.(.. 

dx 
dt 

' 

•^). 

SP(j' 

oosr-2 

c«(5)  = 

2^ 

»(/ 

d2 
dt 

~z 

■?.)•■ 

In  which  it  will  be  recollected  that  t.  y  z  are  the  co-ordinates  of  w 
referred  to  the  fixed  origin,  and  x'  y'  z',  those  of  the  same  mas 
the  centre  of  inertia. 


MOTION   OF  'XHE   CENTRE    OF    INEETIA. 

g  17l._Substituting    in    Eq^uations    (220),    for    dx,    dy,    da,    their 
values  obtained   from  Equations  (34),  and  reducing  by  the   relations 


mdx'  —  0;    Imdy'  - 
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given  hj  the  principle  of  the  centre  of  inertia,  we  find 


.P„..^..... 

.Pcc.,3=^J^..»; 

y 

.P„.,  =  ^..„.^ 

and  substituting  Jf  for  2  n 


2P» 
2Pc< 


(223) 


wliicli  are  wholly  jndef>eiiilent  of  the  relative  positions  of  the  elements 
of  the  liody,  and  from  which  wo  conclude  that  the  motion  of  the 
centre  of  inertia  will  be  the  same  as  though  the  mass  were  concen- 
trated in    it,  anJ  the   forces  applied  jmiupdiately  to  that  point. 

§172. — Replacing  the  first  members  of  the  above  equations  by 
their  values  given  in  Eq^uations  (41),  and  di,notiiig  by  V  the  velocity 
which  the  resultint  J}    can  impress  ujion  the  whole  mass,  then  will 

SPeosH-^J/Fcoao;    2Pcos^=  jlf  KcosS  ;    S  P<Msy  =  MVco^i; 

substituting   these  above,  we  find 

F.cosa  =  ^  0 

(224) 


^'J, 
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and  integrating, 

X,  =  r-cosa.t  +  C, 

y,  =  F.  cos 5.(1  +  C", 

z^  =  r.cosc.i+  C"",  J 
and  eliminating   ;  from   these   ec[nations,    V  will  also  disappear,   and 
we  find, 


(225) 


cos  a 

Co 

,«  c  -.  C"  0 

036 

COS  6 

(7'c 

.i-  6"c. 

M« 

y,  =  a;, .  - 

whicli  being  of  the  first  degree  and  either  one  bat  the  oousequence 
of  the  other  two,  are  the  eijuationa  of  a  straight  line.  This  line 
makes  with  the  axes  x,  y,  z,  the  angles  a,  b,  c,  respectively,  and  is, 
therefore,  parallel   to   the  resultant  of  the  impressed  forces. 

Whence  we  conclude,  that  the  centre  of  inertia  of  a  body  acted 
upon  simultaneously  by  any  number  of  impulsive  forces,  will  move 
uniformly  in  a  straight  line  parallel  to  their   common  resultant. 


MOTION   ABOUT   THE   CESTEE   OF 


§173. — Substituting,  in  Equations  (221),  for  dx,  dy  and  dz,  their 
values  irom   Equations    (34),    reducing  by 


md  we  find, 
2i>(*'cos^- 

2i'(s'c0S  a  - 
SP(/cosr- 


At) 
dt) 


(  ,    it'  ,  iy'\ 


•  (227) 
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■whence,  tJie  motion  of  the  body  about  its  centre  of  inertia  will  be 
the  same  whether  that  point  be  at  rest  or  in  motion,  its  co-ordinates 
having  disappeared  entirely  from  the  equations. 


g  11+. — Replacing  tlie  first  members  of  Eqs,  (227)  by  L^,  M„  und  N„ 
respectively,  §  162  ;  and  substituting  in  the  second  members  for  dx',  dif 
and  efe',  tJieir  values  in  Eqs.  (190),  we  readily  find 


^4- 


^^'+^"-V-i+2-^/ 


di 


d^ 


„  (x''^  +  z'-) 


dt  ^ 


dl 


(228) 


dt  5«i(*,''  +  z'2) 

If  the  axes  be  principal,  then,  will  2  m  x'y'  =  0,  S  m  y'z'  -. 
S  m  x'z'=,(> ;  or  if  the  axes  be  fixed  in  succession,  then  for  the  axis  x' 
li  i/j  =  0 ;  (/  9  —  0 ;  for  the  axis  ji,  ii(p  =  0;  dd  =  Q\  and  for  the 
£,  d-ns  —  Q\  dijj  =  0,  and  the  above  bocorae 

It    -  2.m.{x'^  +  /')' 

d^  _  M, 

dt    ~"  2  j^  .  (a:'^  4-  i'^)  ' 

d^ iV. 

dt    "  S  m. .  {y"' +  z"')' 

That  is,  the  component  angular  velodty  about  either  a  principal  or  fixed 
asis,  is  equal  to  the  moment  of  the  impressed  forces  divided  by  the 
moment  of  inertia  with  reference  to  that  axis. 


The   resultant   angular   velocity    being    denoted    by 
have,  (Eq.  196), 


'-TtV^ 


(230) 
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§  176.-— The  axis  of  iDstantancous  rotation  is  found  as  in  §  158,  by 
making,  in  Equations  (192),  dx'  =  0,  dy'=0,  da'=  0;  and,  therefore, 

z'  .v^~l/'.v,  =  0;  x'.v,--~z'.v,  =  0;  i/ .v,~  x'  .v^=:  0  .  (231) 
whioli,  as  the  last  is  but  a  conseijucnce  of  tte  others,  are  the  equations 
of  a  right  line  tlirongh  the  centre  of  inertia. 

The  equations  of  the  line  of' the  resultant  impact  arc,  Eqa.  (46), 

and  the  inclination  0  of  this  line  to  the  instantaueoua  axis,  is  given  by 

^  J  ^ v..z^v,.r+v..x      . 

^v:  +  v;  +  v: .  Vz'  +  r'  +  X' ' 

or,  siibatitnting  for  v,,  v,,  and  t,  their  values,  Eqs.  (229)  and  (191), 
L^.Z      M^.Y     N,.X 
co,«  =  — , .^^^_^J}^^^ .     (232) 

The  point  in  ivhicb  tlie  line  of  the  impact  pierces  the  plane  yzh%  given  by 


dividing  one  by  the  other,  we  have,  for  the  equation  of  the  line  through 
this  point  and  the  centre  of  inertia, 


Denote  the  angle  which  this  line  makes  with  the  instantaneous  a 
6' ;  tlien  from  the  equations  of  these  lines  will 


:,  Eqs.  (239)  and  (101),  ^ 


(233) 
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§  170.— If  both 


mbers  of  Ecjs.  (34)  be  divklcd  by  d  t,  n 


and  if  for  any  element 


(234) 


''y,  _ 


given  in  Equations  (224), 
11  in  Equations  (192),  we 


Substituting  for  the  first  membei's  tlieir  va! 

and  for  the.  sefiund   members  tLeir  values  given  i) 

3'  .  V,  —  y'  .  v,  +  F .  cos  a  ~  0  ■ 

■y^'.v.  —  x'.v^  +  V.cosc  =  0 

Now,  if  either  of  these  ec[iiations  be  but  a  consequence  of  the  other 
two,  then  will  they  be  the  equations  of  a  right  line  paraJlel,  Equations 
(231),  to  the  instantaneous  axis;  and  all  points  ujjon  this  line  will  bo 
at  rest  during  the  body's  motion.  This  line  is  called  the  axis  of  /■pun- 
taneous  rotation. 

To  find  the  conditions  which  shall  express  the  dependence  of  either 
of  the  Equations  (236)  upon  tbe  other  two,  multiply  each  by  the  angu- 
lar velocity  it  does  not  already  contain,  add  the  products,  and  divide  the 
sum  by  the  resultant  angular  velocity  V; ;  there  will  result, 


—  +  cos  e 


-  0 


(236)' 


The  first  member  is  the  cosine  of  the  angle  which  the  resultant 
impact  makes  with  the  instantaneous  asis;  this  being  zero,  it  follows 
that  whenever  a  body  is  struck  so  as  to  malie  the  instantaneous  axis  per- 
pendicular to  the  direction  of  the  impact,  the  spontaneous  axis  will  exist. 


Hosted  byGoogle 


MECHANICS   OF    SOLIDS.  177 

Denote  by  I,  the  distance  from  the  spontaneous  axis  to  the  line  of 
the  impact;  by  e,  and  e^  the  absolute  teraia  in  the  second  and  third 
of  Eqs.  (23a),  solved  with  respect  to  s  and  ji,  then  will 

Equation  (232)  will  make  known  the  circumstances  of  the  impact 
and  shape  of  the  body  which  will  determine  the  existence  of  the  spon- 
taneous asis. 

Mate  the  impact  in  the  piano  of  the  principal  axes  x'  y',  and  par- 
allel to  the  axis  x'.  Then,  Equation  (232),  will  0  =  90°,  and  the  spon- 
taneous axis  win  exist.  Also,  Equaljon  (233),  9'  —  00°.  And,  Equations 
(237)and(239),  and  because  X=jy.r,  and  F=e,.j;,, 

'^X         '^  M.e^.v.  '^   e/ 

whence, 

{l~e).e  ^k' (238) 

Th  t  1       th    1  f  th  p    t  tl      pi  It         f  th 

p        pi  d  p      11  1  to  f  th  m  th  II  b         It 

s,dthpodtftslta        tmth  t        f        tbtht 

fthl         fthmptfmth        mpf,         qltthsq 
fthp        plad         fgjt  f  tth         tt 

§  1      — Th  tdybgt            dth              fpt                tt         t 

t     h  1    tl  th      1     t     f  th    b  dy              j                 t        th     f 

btht  df        t                  hi        dbtthtl           to 

J    6s           t  p       t     Th    1         f  tl      mp    t      d  th     p     t     f  th 

body       th    1  11   1        p    t     ly  th               i       t       Jpe          m 

f            ttJipta  At{p=s                f 

f  th      f           y  t      t    t  wl    h      ^  dj  m  y  b      t      k 

vitl      t         m  t            1     k  t       [  1          11                 d     t        ]-     t 
th  th  t 


J  T78, — Now  suppose  the  rotation  to  have  been  impressed,  the  in- 
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stantaneous  axis  nearly  coincident  with  the  principal  axis  s,  and  tho  body 
abandoned  to  itself.    "What  will  bo  the  circumstances  of  the  motion? 

The  first  member  of  tho  third  of  Equations  (194)  will  be  sen^bly 
equal  to  unity,  v,  and  v„  therefore,  indefinitely  small,  their  product  an 
indefinitely  small  quantity  of  tho  second  order;  X,,  Jf^,  and  iV"^  will  be 
zero,  and  Equations  (203)  may  be  written, 

Integrating  the  firit,  wc  have 

V.  =  -  =  n ; 
in  which  c  ia  the  constant  of  integration;  and  this  in  the  other  equations 

-B   ^■+       (1-C).=l        i   -^  +  ,{a-ll)v,  =  0; 

diffcTOutiating  ani  sub*t  tilting  in  cicL  it  tte  lerivcd  equations  tbo 
valnes  of  the  first  di8«rential  coefliLients  obtamel  from  the  primitive, 
we  find 

dl'  ^  A.B 

■i''.   ,   ..    (^-g)-(-g-g)    ^  „„ 
df^     ■  A.B  ■'.-"• 

If  ^  ~  C  and  £  —  0  be  both  positive  or  both  negative,  their  product 
will  be  positive,  and  tho  integrals  are 


..  =  .,..in!,.4/EE2i^-_«).,  +  ,i; 


^-.     .in  I,    ./M-C)-(J-C)    ,  ,,, 
■~   ■■''      '  A.B  ■'Tt.i. 

If  one  of  the  factors  A  —  G  and  5  — C  be  positive  and  tl  o  other  neg- 
ative, tlieir  product  will  be  negative,  and  tho  integrals  will  be 


\''\f^^^s— ■'+'■■ 


In  th^e  integrals,  Oy,  a,,  c^,  and  c^,  are  constants  whose  values  result 
from   the  initial  conditions  of  the    rotation.     They  are  small    at   the 
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T  0.1,  because  i,  and  v,  ate  smill  In  tlit  hist  integi^tiun,  i,  and  v, 
ill  loiitinue  small  and  resume  periodically  their  initial  values,  in  the 

■jiij,  tlie>  wilt  ini,rease  with  tlie  time  indefinitely  If  the  jnatantane- 
iis  IMS  coincide  with  tlie  axis  e,  thpn  will  a^  anl  ct.  bo  zero,  v,  and 
,  «ill  be  zero,  luid,  heoi'e,  a  principal  axis  li  alteaijs  a  jiermanmt  axis 

><  tat  on ,  ani  tiie  rotation  will  be  stable  about  the  axes  of  greatest 
ineitict,  ind  vuitabh  about  all  others. 


MOTION   OF   . 


§179—^6  have  seen  that  the  Equations  (UT)  and  (119)  give 
all  the  circumstances  of  motion  of  the  centre  of  inertia  of  a  single 
body  in  reference  to  any  assumed  point  taken  as  an  origin  of  co 
ordlnates.  For  a  second,  third,  and  indeed  any  number  of  bodies, 
referred  to  the  same  origin,  we  would  have  similar  equations,  tho 
only  difference  being  in  the  values  of  the  co-ordinates,  of  the  inten- 
sities and  directions  of  the  ibrces,  and  of  the  magnitudes  of  the  masses. 
This  difference  faeiug  indicated  in  the  usual  way  by  accents,  we  should 
obtain  by  addition. 


IM- 


dt^ 


■  SX; 


in  which  it  must  be  recollected  that  x,  y,  s,  &c.,  denote  the  co 
ordinates  of  tie  centres  of  inertia  of  the  several  masses  M,  &;o, 
referred  to  a  fixed  origin. 
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MOTION   OF    THE    CENTRE  OF  INEKIIA  OF  THE   STBTEM. 

1 180. — Taking  a  movable  origin  at  tho  centre  of  inertia  of  the 
entire  system,  denoting  tlie  coordinates  of  this  point  referred  to 
the  fixed  origin  by  x,,  y,,  s,,  and  the  co-ordinates  of  the  centres 
of  inertia  of  tho  several  masses  referred  to  the  movable  origin  by 
x',  y',  z',  &c.,  we  have,  the  axes  of  the  same  name  in  the  two  sys- 
tems being  parallel, 

X  =  X,  +  x', 

y  =  y,  +  y', 

2   =   2,+   /, 


(2«) 


d^y  —  d^y,  +  d'^y', 
d^z  =:d^z,  +  d^  z', 

which  substituted   in  Equations  (239),  and  reducing  by  the  relationi*; 

l.M.d^x'  =  Q;     SMd^y'-D]     SMd:'z'  =  0;    ■    -(242) 

obtained  fi'ora   the  property  of  the   centre  of  inertia,  we  find 


dP- 


■  2  jy  =  2  F; 

■  SM- 2  Z 


(243) 


which  being  wholly  independent  of  the  relative  positions  of  the  several 
bodies,  show  that  the  motion  of  the  centre  of  inertia  of  the  system 
will  be  the  same  as  though  its  entire  mass  were  concentrated  in 
that  pfMut,  and   the  forces  applied  directly  to  it. 

§  181. — Multiplying  the  first  of  Equations,  (243),  by  y^,  the  second 
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Viy  x^  and  taking  the  difference ;  also,  their  first  by  a,  the  third 
by  x^,  and  taking  the  difference,  and  again  the  second  by  2^,  the 
third  by  y,,   and   taking   the  diflercnee,  wo  find 


(2M) 


which  will  make  known  the   circumstances  of  motion  of  tlie  common 
centre   of  inertia  about   the  fixed   origin. 


MOTION  OF  THE   BTSTEM  ABODT  ITS   COMMON  CBNTKE  OF 

1 182. — Substituting  the  values  of  x,  y,  s,  ^  x,  &c.,  given  by 
Eq^uations  (241),  in  Equations  (240)  and  reducing  by  Equations  (241) 
and   (242),   there   will   result 


2^r 


(,■ 


dfi 


2(2y'-ro 


.  (245) 


Equations  tiom  which  all  traces  of  the  position  of  the  centre  of 
inertia  have  disappeared,  and  from  which  we  conclude  that  the 
motion  of  the  elements  of  the  system  about  that  point  'will  be  the 
same,  whether  it  be  at  rest  oj  in  motion.  These  equations  are 
identical  in  fotm  with  Equations  (118);  whence  we  conclude  that 
the  molecular  forces  disappear  from  the  latter,  and  cannot,  there 
fore,  have  any  influence  i^pin  the  motion  due  to  the  action  of  the 
estianeous  torcis 


CONSEEVATION   OB"  IHE  MOTION  OF  THE  OENTKE    OS   IKEETIA, 

I  183 — if  the  system  be  snbjietcd  only  to  the  forces  arising  from 
the   niutuil    attriUiona    or    KpuKuns  of  its    sever;Ll    parts,    then 
2j:  =  0;2r=0:  22  =  0. 
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Foi,  the  icticn  ".f  the  mi  ^  M  upon  a  single  element  ot  Jf, 
will  vary  ^^ith  the  nuniher  of  acting  elements  contaned  m  M, 
and  the  effort  oece'isarj  to  jirevent  M  from  moving  under  thia 
action  will  te  ei^ual  to  the  ■nhole  action  of  J/"  upon  a  single  element 
of  M'  repeated  la  miny  times  as  there  irc  elements  m  M  aeted 
upon,  whence,  the  action  ot  M  upon  31'  'will  lary  as  the  product 
M 3r  In  the  sime  ■way  it  will  appear  that  the  force  required  to 
pie^ent  M  from  mo^mg  under  the  action  of  M ,  wdl  be  propor- 
tional to  the  same  product,  and  as  these  reciprocal  actions  are 
e\erted  at  the  «ame  distance  they  must  be  equal,  and,  acting  m 
contT'Hy  directions,  the  cosines  of  the  angles  their  directions  make 
with  the  co^^idmate  aie«,  will  be  equal,  with  contriiy  signs  ^\ hence, 
for  every  set  of  components  P  cos  a,  P  cos  /3,  P  cos  7,  m  the 
values  of  1  X,  2  y,  SZ,  there  will  be  the  numerically  equal  com 
ponents,  —  J"  cos  k  ,  —  P'  cos  /3',  —  P*  cos  j  ,  and.  Equations  (243), 
reduce,  after  dividing  by   2  M,   to 


tiL. 


:0;     5^  =  0.     .     .     .     (246) 


and   from  which  wc   obtain,  after   two  integrations, 
X,  =  C  .  t -\-  B' ■,    ^ 

y,  =  C'.t-^  D";    \ (^i?) 

s,  =  0'".t  +  Z)"'J 

in  which  C,  C",  C",  D',  D"  and  I>"'  are  tlie  constants  of  inte- 
gration; and  from  which,  by  eliminating  t,  we  find  two  equations  of 
the  first  degree  between  the  variables  x^,  y,,  s^,  whence  the  patb 
of  the   centre  of  inertia,  if  it  have  any  at  all,  is  a  right  line. 

Also   multiplying   Equations  (246)  by  2dx,,  ^dy^,  Siiifj,  respec- 
tively, adding  and  integrating,  we  have 


2  4-  dy,^  +  dt, 


=  F3  ^  C     .     .     .     -     (248) 


in  which  V  is  the  constant  of  integration  and  V  the  velocity  of  the 
centre  of  inertia  of  the  system.  From  all  of-  which  we  ccmclude, 
that   when  a  system   of    bodies   is   subjected    only  to    forces^  arising 
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from  the  action  of  its  elements  upon  each  other,  its  centre  of  inertia 
will  either  be  at  rest  or  move  uniformly  in  a  right  line.  This  is 
called  the  conservation  of  the  motion  of  the  centre  of  inertia. 


C0N8EEVATI0N    OF   AEEAS. 

§184.— The   second  member  of  the  first  of  Equations  (245)  may 
ba  written, 

Yx'  -  X/  +1"  x"  ■-  X'>j"  +  &c.; 
and   considering  the  bodies  by  pairs,  we  have 

X~  ~  Z';     r  =  -Y'; 
and  eliminating  X  and   Y'  above  by  these  values,  we  have 
r  («'  ~  x")  -  X{y'  ~  y")  +  &c. 
Cut, 

X=  p."'  ~'^"  ;     Y  =  P'^'  ''""  ; 
f  P 

in  which  p  denotes  the  distance  between  the  centres  of  inertia  of 

the  two  bodies.     And  substituting  these  above,  we  get 

n  y'~y" 


-  {y'  -  y")  =  0 ; 


and  the   same   being  true   of  every  other  pair,  the  second  members 
of  Equations  (245),  will   be  zero,  and   we  have 


^-G'-S'-»'-?5)  = 

3; 

-(-?^--S')-. 

-(/•?J'-S)=«^ 

(md  integrating 

..y^Sf^lA^^a,] 

.,.t^,£-.a.., 

.  (249) 

^M.  "'■"'-'''"'',,  a- 
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But  !^  110,  s'l/y  —  i/'<iy,  IS  twifo  the  differential  of  the  area  swept 
o\ti  by  the  piojiction  of  the  ridius  \ector  of  the  body  M,  on  the 
ix)oidmate  plane  x'  y',  and  the  same  of  the  similar  e,\pres'.ions  m 
the  other  equations,  in  reference  to  the  other  to  ordinate  planes , 
whence,  denoting  by  A.,  A^,  A^,  double  the  areas  described  in  any 
intcrial  of  time,  (,  bj  the  projections  of  the  radius  vei.tur  of  the  body 
M,  -m  the  co  ordinite  phncs,  x  y',  i-'z',  and  ''i' z' ^  and  adopting 
simiUi  notaUons  lor  the  othei  bodie",  wt  have 
dA, 


S.  M -—^  ^  G'"-. 
dt 

in  which  C,  C",  C",  denote  the  sums  of  the  products  obtained  by 
multiplying  each  mass  into  twice  the  area  swept  over  in  a  unit  of  time 
by  the  projection  of  its  radius  vector  on  the  planes  x'  y',  x'  a',  y'  z' ;  and 
by  integrating  between  the  limits  ;,  and  (',  giving  an  interval  equal  to  t, 

SM.A^  =  C'.t; 

SM.A^  -  C"  I; 

SM.A^=  C"'t; 

whence  we  find  that  when  a  syst«m  is  in  motion  and  is  only  sub- 
jected to  the  attractions  or  repulsions  of  its  several  elements  upon 
each  other,  the  sum  of  the  products  arising  from  multiplying  the 
mass  of  each  clement  by  the  projection,  on  any  plane,  of  the  area 
swept  over  by  the  radius  vector  of  this  element,  measured  from 
the  centre  of  inertia  of  the  entire  system,  varies  as  the  time  of  tiie 
motion.     This  is  called  the  principle   of  the  conservation  of  areas. 

§  1 85. — It  is  important  to  remark  that  the  same  concluaons 
would  be  true  if  the  bodies  had  been  subjected  to  forces  directed 
towards  a  fixed  point.  I"or,  this  point  being  assumed  aa  the  origin 
of  co-ordinates,  the  equation  of  the  direction  of  any  one  force,  say 
that  acting  upon  M,  will  be 

Yx-  Xy  =1  0; 
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and  the  second  inembera  of  Ec[uations  (240)  will  reduce  to  zero ; 
and  the  form  of  these  equations  being  the  same  as  Eq^uations  (245J, 
they  will  give,   by  integration,  the   same  consequences. 


}  Equations  (249),  t 
I   quantity  of  motion   of  the   mass    Jk 


3  shall  find  that  M-  -f- 
dt 

in   the  direction  of  the 

axis  y',  and   is  the   measure  of  the  component  of  the   moving  force 

in  that  direction;   the  same  may  he  said  of  M-  — j— i    in  the  direc- 
tion of  the  axis  x' ;  whence  the  expression, 
x'dy'  —y'dx' 


M-  - 


dt 


is  the  moment  of  the  moving  force  of  M,  with  respect  to  the 
axis  e'.  Designating,  as  before,  the  sum  of  the  momenta  with  respect 
to  the  axes  z',  y'  and  x',  by  L,,M,,  N^,  respectively,  Equations  (249) 
become 

L,^C';     M,  =  C";     N,  ^  C". 


Denoting   by 
makes  with  the  i 


.,  and    I 


,  the   1 


nglcs   which  the  resultant  : 
e  have,  §  HO, 


V'i,^  +  jjf,2  +  _y^2 


■y/Lf-  +  M,^  ■+  N,^ 


)3  0,  =  — = 


K 


^C" 

+  C" 

+  C"" 

y/0' 

+  0" 
0"' 

+  c- 

1   position  nf  the  resultant   i 


■  (260) 


These  deter 

The  plMie  at  right  angles  to  this  a\is  is  called  the  prlacipal  plane. 
The  position  of  this  pUne  is  invariable,  and  it  is  therefore  called 
the  invariable  plane,  either  when  the  only  forces  of  the  system  are 
those  arismg  from  the  mutual  actions  and  reactions  of  the  bodies 
upon  each  other,  or  when  the  forces  are  all  directed  toward?  a  fixed 
flentre. 
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PEINCIPLE    or    LIVIBG    FOEOB. 

§  187. — If,  during  the  motion,  two  or  more  bodies  of  the  sjstem 
impiage  against  each  other  so  as  to  produce  a  sudden  change  in  their 
velocities,  the  sum  of  the  living  forces  ■will  undergo  a  change.  To  esti- 
mate this  change,  let  A,  B,  C  be  the  velocities  of  the  mass  m,  in  the 
direction  of  the  axes  before  the  impact,  and  a,  b,  c  what  these  veloci- 
ties become  at  the  instant  of  nearest  approach  of  the  centres  of 
inertia  of  the  impinging  masses,  then  will 

A  -a,    B  -h,     C  -  c, 

be  the  components  of  the  velocities  lost  or  gained  by  ni  at  the  instant 
corresponding  to  this   state  of  the  impact,  and 

m(A-^),    ^{B-b),    m(C-.), 

the  components  of  the  forces  lost  or  gained.  The  same  expressions, 
with  accents,  will  represent  the  components  of  the  forces  lost  or 
gained  by  the  otlier  impinging  bodies  of  the  system.  These,  by 
the  principle   of  D'AIembert,  §  71,  arc  in  ec[uilibrio,  whence 

Xm{A  —  a)Sx  -\-  Sm{B  ~  b)  Sy  +  lm{C  -  c)Sz  =  0. 

The  indefinitely  small  displacements  Sx,  Sy,  5z,  &c.,  must  be  made 
consistently  with  the  connection  by  virtue  of  which  the  velocities  are 
lost  or  gained ;  but  as  a,  b,  c  denote  the  components  of  the  actual 
velocities  of  the  body  whose  masa  is  m,  at  the  instant  of  its  nearest 
approacli  to  that  with  which  it  collides,  this  condition  is  fulfilled  if  wo 

5x  =  a.St;      Sy  =  b.Si;     Sz  ^  c.Sl. 

These  values  being  substituted  in  the  above  equation,  we  have, 
after  dividing  by  S  i, 

^m{A-a)a  +  7.m{B--b)l^-J.7,i{C-c)c^G  ■  •  (251) 


n{Aa  +  £4  +  Cc)  -  2m  (a^  +  b''  +  c^)  =  0   .    .  (252) 
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But  we  have   the   identical   equation, 

or, 

J2  +   £3   4.    f72 


Aa  +  £b  +  Cc^ 


+  - 


{A-ay+{B-bY  +  (C-c)\ 


tttiicli  in  Equation  (252)  gives, 

and  making 

A'^  +  B''  -i-  C^  =  F=, 
a^  +   P  +  c>   =  u% 
i^mV^  ~Sm^^  =  i:m[iA  -  oY  +  (B  -by  +  {C  -cYJ.  ■  (253) 

whtnLL.  wt,  conclude,  £ka/  Ike  dtfeience  of  the  sims  of  the  hvtaff 
forcts  he/me  the  collision,  and  at  the  mstanl  oj  ijrealt^l  compression, 
IS  equal  to  the  svm  of  the  hvtng  forces  which  the  system  would  Aoie, 
tf  the  masses  moved  mlh  the  lelonties  lost  and  gained  at  thi'i  stage 
of  the  collision 

Since  all  the  terms  of  tho  prt  Ceding  equation  are  e'^sentully 
positive,  it  ftUjws  tnit  at  the  instant  of  nearest  approach  oi  the 
impinging  bodies,  there  is   a   loss   of  Iniiig   fcrce 

If  the  im[  mging  masses  now  react  upon  each  other  in  a  wiy  to 
cause  thorn  to  be  thrown  asunder,  and  A',  B',  C",  &c,  denote  the 
components  of  the  actual  velocities,  jn  the  directicn  of  the  aAes,  at 
the  instant  ot  separation,  then  ■■rill  the  components  of  the  velocities 
lost   'ind  gained  while  the  separation  is  taking  plait,  be 

a  -  A',     b  —  B',     c  —  C,    &c.,  &c. ; 

and   Equation   (251)  will  become 

2  ra  (a  -  ^')  a  +  2  ra  (J  -  £')  J  +  S  ra  (c  -  C)  c  =  0, 


n  {A'  a  4-  D'b  +  C  c)  --.  0  ; 
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of  the   identical  cqua- 


and   eliminating  A' a  +  B'b  +  C"  c,  hy 
WO  obtain, 


I       ai  +  i^  +  c'  +  A'^  +  £'^ 


and  making 


A'^  +  J 


-  C"^ 


Smxfi-2mV'^^~Sm[{a~A'y  +  {b-£'y  +  {c-C'y]--{2U) 

All  the  terms  of  this  equation  being  essentially  positive,  it  fol- 
lows, from  the  sign  of  the  second  member,  tliat  during  the  reaction 
of  the  bodies  by  which  they  are  separated,  there  is  a  gain  of  living 

If  the  loss  and  gain  of  velocitieg  after,  be  the  same  as  before 
the  instant  of  greatest  compression,  then  will  there  be  no  loss  or 
gain  of  living  force  by  the   collision. 


§  188. — When  the  ouly  forces  are  those  arising  from  the  mutual 
attiactions  -if  the  SLVcral  bodies  of  the  system  for  one  another,  the  sec- 
ond memheis  of  Equations  (2'19)  reduce,  as  we  have  seen,  §  183,  to  zero, 
and  those  equatmns  btcome 


S  jy.-j-:  =0, 
dp 


(256) 


lel  us  now  find  tlie  motion  of  any  one  body  of  the  system  in  refer- 
once  to  any  other,  taten  at  pleasure.  This  latter  body  will  be  called 
the  central,  the   former   the  primaiy,  and    the   others,  collectively,  the 


.Google 


MECHANICS     OF    SOLIDS.  l^J; 

perlurbaling  bodies.  Let  tlie  coutral  and  primary  bodies  be  tiiose  whose 
masses  are  .J/ and  M,  respectively;  the  perturbating  bodies  those  whose 
masses  are  M^^,  J/,j,,  &c.  The  first  of  the  above  equations  m^y  bo 
wntten 

If  the  pci-turbal.ing  bodies  alone  acted  upon  oue  anothyr,  the  last  term 
would  he  zero;  and  when  the  action  of  the  central  and  prinjary  are 
iucluded,  the  numeiical  value  of  this  term  will  result  from  the  action 
of  these  latter  bodies.  Denote  the  reciprocal  action  of  any  two  bodies 
upon  one  another  by  writing  their  masses  within  the  parenthetic  sign, 
and  nse  the  subsci-ipt  x  to  denote  the  component  of  this  action  pai'allel 
to  the  axis  *.     Then  will 

S  {M  M„),  +  2  {M,  M„  ),  -  S:  1/,,^^  =  0  ; 

adding  this  to  the  next  equation  above,  wo  get 

jy.^  +  jy,.^  +  s(jy"iifj.  +  2(j/, 3/"j,  =  0  .  .  (257) 

Taking  the  movable  origin  at  the  centre  of  the  body  M,  wo  have 

Xi  =  X  —  x',  and  d'  x^  =:  d^x  ~  d'  x', 
whicli,  substituted  above,  gives 

(M  +  M,)~,  ~ M^  .^  + -L  {MM J,  +  S  (M^ MJ,  =  0 ; 

dividing  by  M  +  M^  and  multiplying  hy  M,  there  will  result 

Tlie  value  of  the   first  term    results    from  tlie  component  action  of 
the  primary  and  perturbating  bodies  upon  Jf ;   whence 

from  which  subtracting  the  equation  above,  there  will  result 
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Dividing  by  the  coefficient  of  tlie  first  torin,  and  treating  tlio  other  two 
of  Eqnationa  (255)  in  the  Eame  way,  wo  finally  got 


M+M, 


■.2(3/",J/J,  =  0. 


(268) 


Which,  by  int^cation,  will  giye  all  the  circumstances  of  the  primary's 
motion  in  reference  to  the  central  body. 


§  189  —  \  cential  forct  is  on'  which  is  directed  towards  a  centre, 
mji  iLk  or  h\iJ,  and  ot  whith  the  intensitj  is  a  innotion  o\  tiie  dis 
tance  fiom  the  centie     Tin   foitts  of  nature  ore  of  tLis  desuiptiun 

If  the  peitnrbating  bodies  did  not  exist,  ihea  would  the  action  on 
the  primary  he  diiected  to  tlie  ccntial  body  as  i  centie,  the  Ei^uatons 
(258)  viould  reduce  to  thur  first  two  tcrni't,  inl,  denoting  the  iistiiiLQ 
hom  the  cential  to  the  piimwv  by  r,  the-\  would  be  wntten, 


d'^ 


'  M.M, 


.  {MM,), 


_^M+M, 
-  M.M, 


.  (MM,) .  ■ 


d'^'      M+M,    .,,,^^       M+M,    ,,^,^.    1 
^  -      '-.  {MMX  =  -^^  .  {MM,) .  ■■ 

M+M, 


M.M, 
M+3f, 


{M.M,).= 


.  (250) 


...     ......  -^^]^■(^^'^■P^ 

Multiply  the  first  by  y',  the  second  by  x',  and  take  the  difference  of  the 
products;  also  multiply  the  fii'st  by  s',  the  third  by  a;',  and  take  the  differ- 
ence of  the  products;  and  again  the  second  by  e',  the  third  by  y',  and  take 
the  difference  of  the  products :   tliere  will  result,  omitting  the  accents, 


d'v 


d'x 
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which,  tiein;:;  intej^ratoJ,  give 
dy 


dy 


=  Q"\ 


in  which  (?,  0",  and  O"  arc  tlie  constants  of  integration. 

Multiplying  each   by  the  first  power  of  the  viuiable  which  it  does 
not  contain,  and  adding,  we  have 

0'b  +  C"y-\-C"x  =  'i\ 
whith  ia  the  equation  of  an  invariable  plane  passing  through  the  cen- 
tre, and  of  which  the  position  depends  upon  the  constants  C",  C",  C". 
Whence  wo  conchide  that  the  primary  deflected  by  the  central  body 
alone,  will  describe  a  plane  cnrve  of  which  the  plane  will  contain  the 
centres  of  both, 

§  190. — Take  the  co-ordinate  plane  xy  to  coincide  with  this  plane, 
and  the  Equations  (260)  will  reduce  to 
dy 


y-C.     . 

Transform  to  poliir  co-ordinates;  for  this  purpose  i 
differentiating, 


(261) 


i.i^. 


Substituting  in  Equation  (261),  we  find 
dy 


^.^-^.^  =  ^.^'  =  0' 


integi'ating  again,  ■ 


and  taking  between    the 
time  (,  and  (,,, 


frKdw^C't  +  C", 

^,  a,  and  j-j,,  o.^^,  con-esponding  to  the 

fl'y-\da=C'{t^,-i,) (263) 
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V>m  f  I'lla  is  JouLle  ihii  HU-a  JisciibeJ  by  tiio  inotiun  oi  the  radius 
vector;  wiiuiioi'  we  sec,  Equation  (263),  that  the  areas  Uebcribed  by  the 
radios  vector  of  a  body  revolving  about  a  centre,  are  proportional  to  the 
intervals  of  time  required  to  descnbo  them. 

Maliiti;,',  in  Equation  (263),  t^,—  /,  equal  to  unity,  tbe  ftist  member 
becomes  double  the  aiea  described  in  a  unit  of  time.  Denoting  this 
by  2  c,  that  equation  gives 

C  =  2  c. 
Placing  this  in  Equation  (263),  we  find 


That  is  to  say,  any  interval   of  time  is  equal  to  tiie  area  described 
in  that  interval,  divided  by  the  area  described  in  the  unit  of  time. 

I  191.— The  convei-se  i?  alsotme;  for,  differentiating  Equation  (232), 
we  find 

-j-ia-  — 2/^0; 

d  f  d  f 

Multiplying  by  M,  and  replacing  M.  ^i-  s^nd  M.  y-j  by  their  values 
m  Equations  (120),  there  will  result 

Tx-Xy^O (265) 

which  is  the  Equation  of  the  line  of  direction  of  the  force ;  and  having 
no  independent  term,  this  line  passes  through  the  centre.  Whence  we 
conclude,  that  a  body  whose  radius  vector  describes  about  any  point 
areas  proportional  to  tlie  times,  is  acted  upon  by  a  force  of  which  the 
line  of  direction  passes  tbrough  that  point  as  a  centre.  The  force  will 
be  attractive  or  repulsive  accoi'ding  as  the  orbit  turns  its  concave  or 
convex  side  towards  the  centre, 

§  192.— Replacing  C  by  its  value  2  c,  in  Equation  (262),  and  divi 
ding  bY  r^,  wo  have 


.     ,     .     (266) 
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The  first  member  being  tLe  actual  velocity  of  a  point  on  the  radius 
vector  at  the  distance  unity  from  tie  centre,  is  called  the  angular  ve- 
locity of  the  body.  The  angular  velocity  therefore  varifs  inversely  as 
the  square  of  the  radius  vector. 

§  193. — Multiply  Equation  (266)  by  (?s,  and  it  may  be  put  undei 
the  foira, 

dt  rdix' 

^'   ds 

3  of  the  angle  ■which  the  element  of  the 
orbit  mates  witJi  the  radius  vector,  and  denoting  by  p  the  length  of 
the  perpendjoulac  from  the  centre  on  the  tangent  to  the  orbit  at  the 
place  of  the  body,  ive  have 


V=~ (261) 

whence,  the  actual  velocity  of  the  body  vaiies  inversely  as  the  distance 
of  the  tangent  to  the  orbit  at  the  body's  place,  from  the  centre. 

I  194. — Denoting  the  intensity  of  the  acceleration  on  M^  by  if";  sub- 
stituting M,.F.dr  for  Xdx  +  Tdy  +  Zdz,  writing  M,  for  M  in  the 
coefficient  of  V"'  in  Equation  (121),  and  differentiating,  we  find 

VdV^~Fdr\ 
and  taking  the  logarithms  of  both  members  of  Equation  (28T), 

log  V  ■=  log  2  c  —  log  p  ; 
differentiating, 

dV^ dp 

V  ~        p' 

and  dividing  the  equation  above  by  this, 
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■Whence  wo  conclude  thiit,  the 
velocity  of  a  body  at  any  point 
of  its  orbit  is  the  same  as  that 
wliich  it  would  have  acquired  had 
it  fallen  freely  from  rest  at  tiat 
point  over  the  distance  ME,  equal 
to  one-fourth  of  the  chord  of  cur- 
vature M  &,  through  tie  fixed  cen- 
tre— the  force  retaining  unchanged 
ita  intensity  at  M. 

§  195.— Resuming  Equations  (120),  wo  have 


X=M---^  =  I 


and  perfoi-ming  the  operation  indicated,  regarding  the  arc  of  the  orbit 
(as  the  independent  variable,  we  have,  after  dividing  both  numerator  and 
denominator  by  d  s", 


dj  ^ 
^Ts'd? 


i  dU 


'Idt^'ds''      d 


x=ir.rF-.J|+§f.fil. 

L        d^      as   d f-i 

L        ds'      ds    df'S 
L        ds'      ds  dt'J 


Sqnaring  and  adding, 
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yds'     da*       ds'/     \dl'/ 
but,  denoting  tlia  radius  of  curvature  by  p,  we  have 
/d^x\-      (■PyV      /d'^K"      1* 

and  multiply iiig  the  secomi  term  of  the  second  member  of  the  pre«e- 
ding  cqaation  by  -,  it  may  be  put  under  the  form, 

MV  M.d>s(dx      d^x      dy      d' y      dz      rf^a\ 


in  which  S  denotes  the  angle  made  by  the  element  of  the  curve  ! 
radius  of  cm-vsture ;  also 


ds'      d 
whence,  saiistituting  for  X'  +  F'  +  Z"  its  value  iE',  we  lii 


I^  = 


-  +  2. 


.S.5  4 


-■Q'^ 


and  comparing  tliis  with  Equation  (56)  we  find  that  R  is  equal  to  the 
rceitltaiit  of  the  two  component  fflrces 

■ and  M  ■  -r^., 

p  dr 

T^hieh  mate  with  each  other  the  angle  d.     Ent  d  is  equal  to  90°,  and 


I^  = 


-■©)■ 


:e  Apptnilis  Krt-  4 


.     .     (269) 
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Tile  s'-i'oiid  of  tbese  components  is,  Equation  (13),  the  intouiity  of 
the  reaction  of  inertia  in  the  direction  of  the  tangent,  and  the  first  is 
therefore  its  reaction  in  the  direction  of  the  radius  of  eurvature. 

This  first  component  is  called  the  centrifugal  force,  and  may  be  de- 
fined to  be  the  resistance  which  tlie  inertia  of  a  body  in  motion  opposes 
io  whatever  deflects  it  from  its  rectilinear  path.  It  is  measured,  Equa- 
tion (260),  by  the  living  force  of  the  body  divided  by  the  radius  of 
turvature.  The  direction  of  its  action  is  from  the  centre  of  curvature, 
and  it  th'is  differs  from  the  force  which  acts  towards  a  centre,  and 
whicii  is  called  centripetal  force.     The  two  are  called  ceiiiral  fores. 

If  the  component  in  the  direction  of  the  orhit  be  zero,  then  will 


d  denoting  the  centrifugal  force  by  F^ ,  we  have 


»ad  integrating  the  next  to  the  last  equation,  we  have 

at 

m  which  C  IS  the  constant  of  integration  Whence  tbo  velocity  will 
be  constant  ind  we  conclude  that  a  body  m  mot  on  and  a  ted  upon 
by  a  force  whose  3iiection  is  always  i  oimal  to  the  path  destnbed,  will 
prcsene  its  \eloiit}   unchanged 

Tipsc  lans,  except  that  etpiessed  bj  Equit  on  (2(a)  in  wholly  in- 
dependent ot  tht  intLHsitT  ot  the  e\trane>us  toi  e  ^ud  tf  the  law  of  its 
vanation     Not  oo,  however,  of 


§  196. — To  find  the  differential  equation  of  the  oibit,  multiply  the 
first  of  Equations  (259)  by  2  d  x,  the  second  by  2  d y,  add  and  inte- 
grate ;  wo  find,  omitting  the  accents, 


M.M^    J^         ''  r  ' 
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=  x"  +  if,  aad  rdr  —  r,  d  x -\-  y  d  y\ 


rfs=  —  r  sm  n,  d  a.  -{-  cos  ad  r 
dy  :=  r  cos  ada  -i-  sm  ndr; 
Hid,  Equation    (286), 


Those  substituted  above,  i 


^■a-^)^ 


jff.fiMMMr. 


-  =:  a,  and  tlierefore    —j=—du, 
substitute  above,  difTerentiate  and  reduce,  there  will  result 

V«"^    '       M.M,     ^        •'  I    M      ^     M,    1' 

and  making 

F    =    [(i^  +  <^]=„kli,.  a.c*,.ti„no.-«-,    .     (2?!) 

iP=*c'»'.(J|  +  .\ (272) 

From  ■which  the  equation  of  the  orbit  nidj  i  f  in  1  hj  mtctfration, 
when  the  law  ot  the  f  r  e  is  known  or  the  law  ot  tlic  force  deiluced, 
whei    the  equation  of  the  oil  it  is  gnen 

In  the  fiist  ciue  tie  integr-il  will  contain  three  aibitraij  constants 
— two  iitioluocd  in  the  process  of  integration  and  the  thu  !  r  exist 
ing  in  the  difftrential  equatiru  These  an,  determmel  ly  the  initial 
or  other  circumitanc  s  of  the  motion,  iik  the  bodj  s  velocity,  ita  dis 
tance  from  the  centre  an  1  ducLtion  of  the  motion  at  a  given  instant. 
The  general  integral  only  determines  the  natuie  of  th  oibit  described 
the  circamsfincea  of  Ihe  motion  at  any  ^iv^n  t  me  deteimine  the  tpanes 
and    ;     en    » s  of  th    o  liL 
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In  the  second  case,  find  tlie  second  differential  coefficient  of  u  ia 
regard  to  a,  from  tlie  polar  equation  of  the  curve ;  substitute  this  in 
the  above  equation,  eliminating  a,  if  it  occur,  by  means  of  the  relation 
between  m  and  a,  and  the  result  will  be  F,  in  terms  of  m  alone. 


§  ISV— The  mo^t  TunirtaUe  s}stem  of  bodies  of  which  wo  huo 
anj  knowledge,  tnd  to  which  the  preceding  punciples  hiie  *  direct 
application,  is  that  cillod  the  solii  sjstem  It  consists  of  tlie  .Smr, 
the  Planets,  of  which  the  eirfh  we  inhabit  is  one,  the  Satellites  of  the 
planits,  and  the  Comets  These  bodies  are  of  great  dimensions,  are 
spheroidal  in  figure,  aie  sepaiitcd  by  distances  comp'irs.d  to  which 
their  dnmeters  tre  almost  iiibi^nificant,  and  the  mass  of  the  sun  is 
so  much  greater  thtn  tli'^t  of  the  sum  ot  all  the  others,  s&  to  bnng 
the  eommon  centre  of  mertia  of  the  whole  withm  the  bcfundary  c^ 
its  own  volume 

These  bodies  revolve  about  their  respective  centres  of  inertia,  are 
ever  shifting  their  relative  positions,  and  our  knowledge  of  tbem  is  the 
result  of  computations  based  upon  data  derived  from  actual  observation. 

Kepler  found ; 

I.  That  the  areas  swept  over  hy  the  radius  vector  of  each  planet 
about  the  sun,  in  ike  same  orhit,  are  priyportional  to  the  limes  of  de- 
scribing them. 

II.  That  the  planets  move  in  ellipses,  each  having  one  tf  its  foci  ire 
Ike  mn^s  centre. 

III.  Tliat  the  squares  of  the  periodic  times  of  the  planets  about  the 
SUM,  are  proportional   to   the  cubes   of  their  mean  distances  from    tliai 

These  are  called  the  laws  of  Kepler,  and  lead  directly  to  a  tnowl- 
€dge  of  the  nature  of  the  forces  which  uphold  the  solar  system. 

cONSBguENCES  ov  ebflke's  laws. 
§  198.— The  first  law  shows,  §  191,  that  the  centripetal  forces  which 
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keep  till;  jJanels  in  tlieir  orbits,  are  all  dii'ected  to   t!ie   sun's   centre; 
and  that  tlie  sun  js,  therefore,  the  centre  of  Ike  system.- 

§  ltl9. — ^Wbat  law  of  the  tbrce  -^ill  cause  a  primary  to  describe 
about  a  central  body  an  ellipse  having  one  of  its  foci  at  tlio  cenjre  of 
tlic  latter  ?     The  equation  of  the  ellipse  referred  to  its  focus  as  a  pole  is 


which,  substituted  m  Equation  (2V2),  give 


^-^'"^'[^ry^-Y 


reducing  and  replacing  u  by  iU  value  -,  we  have 


(273) 


and  from  which  wo  conclude,  tliat  the  only  law  for  the  relative  accel- 
eration, is  that  of  the  inverse  square  of  the  distance. 

§  200. — Conversely,  let  the  force  vary  inversely  as  the  square  of  the 
distance;  required  the  orbit 

Denote  by  h^  the  reciprocal  attraction  of  one  unit  of  mass  upon  an- 
other at  the  unit's  distance;    then  will 

and,  Equation  (271), 

F=lc^.{M-\-M).'>i^=:k,.m. «' ; 

m=.M^M, (273)' 
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and,  Ec|uafion  (272), 


multiplying  hy  idu  and  integrating, 

(214) 


dii 
da 

}         i.c'    ■" 

»'  +  c 

da: 

-du 

v/«+?i? 

..-.< 

the 

negatJve 

sign 

being 

taken,  because 

L«_li__ 

dr 

Place  under  the  radical   |  -j-r)  ~  (  i""r  )  '  ^""^  ^^  ^^7  write, 


and  integrating, 


^m 


in  which  ip  is  the  constant  of  integration. 

Eeplacing  !t  by  its  value,  taking  cosine  of  both  members  and  solving 
with  respect  to  r,  there  will  result 


which  is  the  equation  of  a  conic  section,  liaving  its  polo  at  the  central 
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body.  To  fiiid  the  precise  eiirve,  we  must  find  C  To  do  this,  denote 
by  r^  tlie  initial  value  of  tbe  radius  vector,  and  by  e^  the  angle  which 
the  orbit  mates  with  r^  at  the  point  of  intersection  therewith.  Then, 
Equation  (275), 


and  tliis  in  Equation  {2T4)  gives 

c  =  ^- Ihint. 

but,  Equation  (307), 

1  IT!        Y^r 

in  which  V^  is  the  velocity  corresponding  to  r^ ;   hence, 


4  (^ )-, 
which,  substituted  in  the  equation  of  the  c 


"'+V''+ra-(''--^)-«"("+- 


•   .     (276J 


and  comparing  this  with  the  general  polar  equation  of  a  coni;  section 
referred  to  the  focus  as  a  pole,  viz. : 

*■  =  T+Tlo.  (.  +  »)• 

we  find 

'•■('-'''  =  i^ ("') 

•■=>+j;^-('''-^) (™) 

and  this  last  value  will  be  greater  or  less  than  unity,  according  as  F,' 

is  greater  or  less  than  — — — . 

Multiplying  and  dividing  the  last  ,  \>r  by  M,r„  and  replacing  wi 
by  its  value,  the  orbit  will  be  an  ellipse,  parabola,  or  hyperbola,  ac- 
cording as 
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*,F,.<iMi;^'.if,.„; 

That  is,  according  as  the  living  fovce  of  tlie  primary  at  any  point  of 
its  orbit  is  Jess  ihan,  eqaal  to,  or  greater  than  twice  the  work  its  rela- 
tive weight,  at  that  point,  would  perform  over  a  diatanee  equal  to  its 
radius  vector.  So  that  a  primary  may  describe  any  of  the  conic  sec- 
tions as  well  as  the  ellipse,  the  only  condition  for  this  jmrpose  being 
an  adequate  value  tor  its  velocity. 

Substituting  the  value  of  e'  in  Equation  {2'r7).  \ic  find 


■  2  jfc, .  Hi 


(270) 


and  denoting  the  semi-parameter  by  p,  the  equation  of  the  eurve  gives, 
by  making  a  +  f  —  90°, 

4  c'         r;.sin's,.r,' 


2'  = 


and  denoting  the  semi-conjugate  axis  by  b^, 

h^=V-^  =  V,.m,e,.r^\/^     .     .     .     (279)' 

Whence  it  appears  that  the  nature  of  the  orbit  and  its  transverse  axis 
are  independent  of  tlie  direction  of  the  primary's  motion,  while  the 
conjugate  axis  ia  dependent  upon  this  element. 

§  201. — The  consequence  of  Kepler's  third  la\Y  is  not  leas  important. 
Denote  the  periodic  time  of  the  primary  by  T^ ;    then.  Equation  (264), 


and    substituting    the    values    of  6„  m,  and  c,  Equations  (279)',  (273)', 
and  (275)', 
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und  for  another  body  wiioso  miiss  is  M,„  about  the  s;ime  central  body, 

and  by  division, 


(280) 


If  the  difference  of  the  masses  M,  and  M,,  be  so  small  in  comparison 
with  M  as  to  make  its  omission  insensible  to  ordinary  observation, 
wiiicii  is  the  case  in  the  solar  system,  the  above  may  be  written, 

T,/  ~  a,;  '  k, ' 
But  by  Kepler's  tliird  law, 

3V    __  a/  _ 

whence 

K    =1 

Thit  IS,  the  central  l->h  -^  voull  ict  tqndlj  on  thi,  unit  ot  nia-.s  of 
eich  ot  the  pr  mines  M,  anl  M  „  wi-re  the)  at  the  &ame  distance,  so 
that  not  only  is  the  law  of  the  central  foice  the  same,  but  the  abso- 
lute force  it  the  sime  distaiiLO  is  the  same,  and  it  is  one  and  the 
same  foi\,e  that  keeps  the  pUnets  m  their  oibits  ibout  the  sun 

§  202 — Tht.  observations  of  Di  Miskelyne  on  the  fl\ed  et-ws,  show 
that  a  neighboiing  mountain,  Schehalhen,  diew  the  plumWine  of  his 
instrument  scnsiblv  irom  the  vertical,  and  those  of  Cavendish  and 
Baily  npon  leaden  and  other  balls  dimon&trate  this  powei  of  attrac- 
tion to  reside  in  e^en  piiiticle  of  mittei  wheiever  found,  and  thit  it 
IS  exerttd  unUtr  all  ciioumstanee-,  without  the  po'«ib)lity  of  being  inter 
eepted  It  is,  therrtoip,  concluded  that  nnttpr  is  enJowed  with  a  gen- 
eral gravitating  piintiple  by  which  every  particle  attracts  eierj  other 
jiarticle,  and  accoidrag  to  the  l3\s  bt^fori.  given 


§  203. — Granting,   for   the   present,   that   universal    gravitation  is   a 
principle  of  nature,  and  denoting  the  distances  of  the  several  bodies  of 
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the  system  from  tlia  central  by  r  wiih  subscript  accents  corresponding 
to  those  of  the  bodies  to  whicK  they  belong,  and  employing  the  same 
notation  in  regard  to  the  co-ordinates,  we  shall  have 


M,  M.,  x" 


2(if,af„).  =  i.2- 


(a;"-K')'+(y'-J(')'+(^"-l)"     v'  («"  -  ''J-\-i2l"-y'f+i?"-^f 

which,  substituted  in  first  of  Equations  (258),  give 


but 


and  making 


the  last  term  of  the  cqnation  above  becomes 
I      dX 

and 

~-^-k\{M+M)-~^-^-^  +        .  =,0. 

Make 


J,   jf„(.v+/,,"+zy')  ^  jf,„ 

"■'■"r.'''"^''"+*»-  i-^(=») 

then  Mill 

which,  substituted  above,  give,  after  treating  the  other  two  of  Equations 
(258)  in  the  same  way, 
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k  \{M  +  M,)  . 


The  curve  which  would  bo  described  by  the  primary  about  the  central, 
iiuder  the  reciprocal  action  of  these  two  bodies  alone,  and  which  we 
have  seen  is  a  conic  section,  ia  called  the  vnduturhcd  orbit  of  the  pri- 
mary. That  which  it  actually  desoribos  under  the  joint  action  of  all 
the  bodies  of  the  system,  is  called  the  disturbed  otbil.  The  undisturbed 
orbit  ia  given  by  the  first  two  terms  of  Equations  (283) ;  the  disturbed 
by  all  three.  The  departures  of  the  disturbed  fi-om  the  undistarbed 
orbit  are  called  perturbations,  and  the  last  terms  of  Equations  (283), 
which  determine  them,  are  called  pertitrbating  functions.  The  constmc- 
tions  of  the  perturbating  functions  are  given  in  Equations  (281)  and 
(282),  and  the  methods  of  computing  their  values  are  greatly  facilitated 
tiy  the  principle  of  the 

COEXISTENCE   AND    SUPBRrOSInON   OT   SMALL   MOTIONS. 

§  2U4. — Denote  bv  $,,,  6,„,  &c.,  numerical  quantities  which  depend 
upon  the  perturbating  actions  of  the  bodies  whose  masses  are  M^^,  M^^^, 
&C.,  and  of  which  the  values  are  so  small  as  to  justify  the  omission  of 
all  terms  into  which  their  products  enter  as  factors,  in  comparison  with 
such  as  contain  them  singly.  The  co-ordinates  of  M^,  at  the  time  (, 
when  undisturbed,  being  x'  y'  z',  become,  when  the  body  M^  is  disturbed 
by  M,^  at  the  same  time, 

x'  +  e^^ .  »' ;     y'  +  e„  .y';     z' +  6,, .  e' ; 
and  for  the  same  reason,  when  also  disturbed  by  if,;,, 

or,  performing  the   multiplication   and    omitting   the    terms    containing 

^'  +  i^'(o„ +  ",.);   y'  +  y'i^u  +  ^^y^   ^'  +  ^' («„  +  »,„); 
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in  tlie  same  way,  wken  also  disturbed  by  J/,„^, 

■c'^x-{o,^+9^,^-[-d,,j;  y'+y'(e„+e,„+'9„J;  ^'+-'='io„+o,„+e„j 

and  for  the  simultaneous  djstnrbance  of  all  the  bodies  of  the  system, 
x'  +  x'^S. 8„ ;    y'-\-y"S. e„ ;    -d'  +  z'S. 0„ \ 


I  which  : 


I  y'-2e 


■ .  S  0,, 


I   the  i 


!vementa  of  3 


spectively,  due  to  the  joint  action  of  all  the  disturbing  bodies. 

in  which  9  denotes  any  fuiietion  of  x'  y'  g',     Difforcntiiiting,  w 

dx  <>■  y'  d  z 

and  performing  the  11ml ti plications  indicated,  ive  lia\c 


Now  let 


dx' 


+ 


dy' 
dw 


+ 


•y'<^.,A 


itc. 


■  dx' 

,   du 


d  %•  ■ 


s'",,. 


i-c. 


Whence  it  appears  that  the  perturbation  in  u  or  (p  {x'  y'  s'),  is  equal  to 
the  sura  of  the  separate  perturbations  due  to  each  of  the  porturbating 
bodies,  supposing  the  othei's  not  to  exist.  The  practical  effect  of  this 
principle  is  to  reduce  the  problem  of  the  perturbations  from  one  of 
several  to  one  of  a  single  perturbating  body,  and  to  give  rise  to  what 
is  known  as  the  problem  of  the  three  bodies,  viz. :  the  central,  primary, 
and  perturbating. 
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§  205. — From  all  of  which  it  is  manifest  that  either  Kepler's  laws 
cannot  be  rigorously  true,  or  universal  gravitation  is  not  a  Principle  of 
Nature.     Now,  in  point  of  fact,  observations  of  far  greater  nicety  than 
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tlii-tp  01  KcpltT  prove  that  Ida  laws  arc  not  accuraleli/  true,  though 
tiey  ditFer  but  tlightly  from  the  truth ;  a  drcumstancu  arising  entirely 
from  the  fact  of  tte  great  mass  of  the  sun  as  compared  with  the  sum 
of  the  masses  of  all  the  planets.  Were  there  but  a  singlu  hoily  in  ex- 
istence besides  the  son,  it  would  describe  accuratclj'  an  elliptical,  para- 
bolic. TV  hyperbolic  orbit  about  tie  centre  of  the  sun,  depending  upon 
its  living  force  and  the  sun's  attraction.  A  third  body  would  derange 
this  motion  and  cause  a  departure  from  this  simple  path,  and  the  de- 
gree "f  the  disturbance  woul'I  depend  upon  the  mass,  distance,  and  di- 
roctioji  of  the  disturbing  body  as  compared  with  those  of  the  sun.  Iho 
same  remark  wonld  apply  to  a  fourth,  fifth,  and  to  any  number  of  addi- 
tional bodies.  The  disturbed  orbits  in  the  solar  system  have  been  com- 
puted by  Equations  (283),  and  the  complete  harmony  which  is  found 
to  subsist  between  the  numerical  results  deduced  from  theory  and  ob- 
servation, is  tlie  strongest  possible  evidence  in  suppoit  of  the  Law  of 
Universal  Gravitation. 

If  the  principal  plane  of  the  solar  system,  as  determini^d  at  different 
and  remote  periods,  be  found  to  have  undergone  no  change,  this  will 
show  tliat  the  system  is  uninfluenced  by  tlie  action  of  the  fixed  stars 
and  other  distant  bodies,  and  its  centre  of  inertia  will,  §  193,  either  be 
at  rest  or  be  moving  uniformly  through  space  in  a  right  line ;  but  if 
tiio  principal  plane  be  found  to  have  changed  its  place,  it  will  be  a  sign 
that  the  system  is  in  motion,  and  that  its  centre  of  ineitia  ia  describing 
a  curvilinear  path  about  some  distant  centre. 

§  206. — Thus  much  for  the  larger  bodies  of  nature.  But  these  aro 
themselves  built  up  of  innumerable  molecules  which  are  ever  on  the 
move  about  their  respective  places  of  relative  rest  The  molecular 
forces  within  the  range  of  their  natural  action  vary  directly  as  the  dis- 
tance from  their  respective  centres.  Let  it  be  inquired  to  determino 
the  nature  of  the  orbits  under  this  law.    Then  will 


which,  in  Eqn'atioT  (272),  gives 
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luiiltiplying  by  2  d  u,  and  integrating,  we  find 

~  +  u'=C'-  ^j^,  .... 
from  which  we  gel 

the  negative  sign  being  taken,  because 

d<i.         dv.  l-'da 

Placing  ^C  —  \  C  under  ttie  nidioal,  we  may  write 


(284) 


(284)' 


V    4        4c-       /         C"      k,.m 

V       T-T? 


and  integration, 


2  (a  +  (p)  =  cos  " 


/6"       fc,.? 
4         ic= 


in  which  p  is  the  constant  of  integrating. 

Taking  cosine  of  both  members,  replacing  u  by  its  value  and  solving 
with  respect  to  r,  we  find 


\/}o+i\/e'-^. 


•  2(«  +  f>) 


Denote  by  r,  the  radius  vector  which  is  normal   to   the  orbit ;   corr& 
Kponding  to  this  value  we  have 

and,  by  Equation  (284), 


e^ij  +  tl^-lli; 
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&nd  because 

cos  2  {^ +  <{.)  =  cos^  (a  4-  ?)  -  Bin'  (a  +  <p), 
the  above  reduces  to 

1 


Va- ''■ 


(285) 


cos'  (a  +  9)  +  — '      ;■'   sill'  (a  +  9) 


whicli  is  the  equation  of  an  ellipse  referred  to  its  centre  as  a  pole,  tho 


§  207, — The  time  required  to  describe  tbe  entire  ellipse  being  deno- 
ted by  T,  we  have,  Efiimtioti  (284), 


ing  m  by  its  value,  Equation  (273)', 


Thus  the  time  is  wholly  independent  of  the  dimensions  of  the  orbit, 
and  will  be  the  same  in  all  orbits,  great  and  small.  This  result  finds 
its  application  in  the  subject  of  acoustics,  thermotics,  optics,  &c. 

§  208. — Let  us  conclude  the  planetary  motions  with  the  centrifugal 
force  on  ite  surface,  arising  from  the  rotation  of  one  of  these  bodies, 
say  the  earth,  about  its  axis. 

If  V,  denote  the  angular  velocity  of  a  body  about  a  centre,  then  will 
J"=pFi,  and  Equation  (370)  becomes 

The  earth  revolves  about  its  ai;is  A  A'  once  in  twenty-four  hours, 
and    the    circumferences    of   the    parallels    of    latitude    have    velocities--  , 

u  X,oogle 
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\vliieh  diminish  from  tlie  eqiator  to 
the  poles.  The  law  of  this  diminu- 
tion, on  the  supposition  that  the 
planet  is  a  sphere,  is  given  by 

in  which  M  is  the  body's  mass,  F, 
tho  cai'th's  angular  velocity,  and  S' 
the  radius  of  one  of  its  parallels  of 
latitude. 

Denoting   the    equatorial    radius  CIS  =  C P,  by  B,  and   the    angU 
CP  ff  =  P  CE,  which  is  the  latitude  of  the  place,  by  ip,  we  have 


R'  -. 


which  substituted  for  R'  abov« 


:flc 


f  V'  B  c 


(286)' 

The  only  vaiiable  (juantity  in  this  expression,  when  the  same  mass 
is  taken  from  one  latitude  to  another,  is  f ;  whence  vie  cmiclude  that 
tie  rentrifugal  force  varies  as  the  cosine  of  tlie  latitude. 

'Ihe  centrifugal  force  is  exerted  in  the  direction  of  the  radius  B'  of 
tho  parallel  of  latitude,  and  therefore  in  a  direction  obliqne  to  the  ho- 
rizon T  T'.     The  normal  and  tangential  components  are,  respectively. 


F,  .  COS  9 


(  Y^  R  c. 


\  vr,'Bsi 


:2ip; 


■nhence  we  Lont,lude,  tlut  the  dimrnution  of  the  weights  of  bodies 
artmiij  from  the  centrifugal  fence  at  Ihe  earth's  surface,  varies  as  the 
square  of  the  cosme  of  thi.  latitude ,  anl  that  all  bodies  are,  in  con- 
sequence of  the  ceniTtfugal  force,  argtd  towaids  the  equator  hy  a  force 
which  lanes  as  the  sine  of  twice  the  latitude 

At  the  equator  the  dimmuton  (f  the  foice  of  gravity  is  a  max- 
ininni,  and  equal  to  the  entire  centrifugal  foiie;  at  the  poles  it  is  zero. 
The  earth  is  not  perfectly  spherical,  xnd  alt  observations  agree  in  de- 
monstrating that  it  is  piotuberant  at  the  tqnator  and  flattened  at  the 
p  Its,  the  diffprence  between  thi,  equitoml  ind  polar  diameters  being 
about  twenty  si"c  English  niilt-     If  we  suppose  the  earth  to  have  been 
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at  one  lime  in  oi  state  of  fluidity,  or  even  approauViiug  to  it,  its  \ii 
figure  is  readily  accounted  for  by  the  foregoing  consideiationa. 

To  find  the  value  of  tbe  centrifugal  force  at  the  eqimtop,  m-, ! 
Equation  (286)',  M-=  1  and  cos  p  =  I,  which  is  efjiiivaliint  to  .- 
sing  a  unit  of  luass  on  the  equator,  aud  wo  have 

in  which,  if  the  known  radius  of  the  eij^uatoi'  and  a.n;iul;ii-  vol" 
eubstituted,  we  shall  find 

r  =  V   R=0,  U12. 

Ij  fan!  tl  o  anjjuhr  idoct\   niih  wliich  the  earth   should  rot; 

I     If,    th        eitiiu^dl    iir        nt    -i    hody    ;<t    tlie    equator    tqiial 

I  e  ght    n  ike 

/ 
ff  =  32,  1931  =  F/^ii; 

/ 
in  which  32,  1D37  is  the  force  of  gravity  at  the  equator. 

Dividing  the  second  by  the  fii'st,  we  find 


32,1937       r,"       „  ^ 

0,1112- r,^-''^' 

nearly ; 

whence, 

F,'  =  l7r,; 

that  is  to  say,  if  the  earth  wei'e  to  revolv. 

e  seventeen  times 

it  does,  bodies  would  possess  no  weight  at 

the  equator. 

§209. — When  a  boi^  n  n  ot  on  con  s  t  coll  o  tli  another, 
cither  at  re  t  or    an   t  on    an      pact    s  s'l  d  to  a  s 

The  acton  and  re'ict  on  wh  h  tal  phce  bLtveen  t  o  bodies,  when 
pressed  together  are  everted  along  tl  e  sa  e  r  ght  1  e,  [  pendicular  to 
the  surfaces  of  both  at  the  r  con  mu  po  nt  of  contact  1"  s  arises  from 
the  synimetr  cldpst        otli       olclrp  in^  abo  t  this  line. 

When  the  mot  o  s  of  tl  e  centres  of  t  a  of  the  t  o  bodies  aro 
parallel  to  th  s  norm  1  bcfo  e  coll      n    th      npa  t    s       d  to  be  dirfcl. 

When  th  \  i  tl       ^1     t!  nt        of  tia   of  loth 

ivGoogle 
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bodies,   and   the   motions   of  these   centres 
impact    is    said    to    be    direct    and 
central. 

When  the  motion  of  the  centre 
of  inertia  of  one  of  the  bodies  is 
along  the  cominoa  normal,  and  the 
normal  does  not  pass  through  the 
centre  of  inertia  of  the  other,  the 
impact  is  said  to  be  direct  and 
eccenlrk. 

When  the  path  described  by  the 
centre  ot  mertia  of  one  of  the  bodies, 
makes  an  angle  with  this  normal, 
the  impjLt  IS  i-iid  to  be  ohhque 

When  tfto  bodies  come  into  col 


hsi 


L  the  figiii 


sure  liom  the  reaction  of  the   othei  ,  and  as  all  LodiL'j 

Jess  compi edible,  this  pressure  ■wdl   produce    a  change  i 

of  both,  the  change  ot  hguie  will  increase  till  the  mstnit  the  bodies 

cease  to  appioich  each  other,  when  it  will  haie  attained  its  maximum 

The   molecuUr   spiing   of    each  ■will   now   act  to    restore  the  forme!" 

figures,  the  bodie'!  ■nill  npel  each   other,  and  finally  separate 

Three  periods  mu«t,  therefore,  be  distinguished,  viz  1st,  that 
occupied  bj  the  piocess  of  compression,  3d,  that  dunng  which  tlie 
gieatest  compression  eiists ,  3d,  that  occupied  by  the  pioccs,  as 
fjr  as  it  extends,  of  restoring  the  figures  The  frrce  of  resMuhon 
must  also  be  distinguiahed  from  the  fi»ee  of  diitortion,  the  latter 
denoting  the  reciprocal  action  c\prted  between  the  bodies  in  the 
first,  and  the  former  m  the  third  period 

The  greater  or  less  capacity  of  the  moleculai  spimgs  ol  a  bi  dy 
to  restore  to  it  the  figure  ot  ^hich  it  h\s  bteii  depmed  bv  the 
application  of  some  txtianeous  Itric  whin  the  latter  ceases  to  att, 
is  called  its  eloAtictty 

The  ratio  of  the  force  of  restitution  to  that  of  distoitioii,  is  the 
mci'^ure  of  a  body's  tlasticity  This  latio  is  sometimes  called  the 
coepaent  <t  etailicUi/       Wlien   these  two  forces  are  e^ual,  the  raUo 
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is  unity,  and  the  body  is  said  to  bo  perfectly  elastic ;  when  tha 
ratio  is  zero,  the  hody  is  said  to  be  non-elastic.  There  are  no  liodies 
that  satisfy  these  extreme  conditions,  all  being  more  or  less  elastic, 
but  none  perfectly  so. 

Let  the  two  bodies  AB  and  A' £',  the  former  moving  along  tha 
line  H  T,  and  the  latter  along  "^ 

M'  3",  come  into  collision  at  the 
point  0.  Through  0,  draw 
the  common,  normal  JfL.  De- 
note the  angle  ^(7iF  by  (p, 
and  IP  EN  by  9' — these  beii^ 
the  angles  which  the  directions 
of  the  two  motions  make  with 
the  normal.  Also  denote  the 
velocity  and  mass  of  the  body 
AB  hy  V  and  M  respectively,  and  the  velocity  and  mass  of  A' B' 
by    V  and  M". 

The  components  of  the  quMitity  of  motion  of  the  two  bodies  in. 
the  direction  of  the  normal  Mid  of  the  perpendicular  to  the  normal, 
will   be 

jWF"eos(p,     -W  F' cos  9'     and     M  V  am  a?,     M'V'smi?', 


•The  former  of  these  components  will  alone  be  involved  in  the 
impact;  for  if  the  bodies  were  only  animated  by  the  latter,  they 
would  not  collide,  but  would  simply  move  the  one  by  the  other. 
For  simplicity,  let  the  body  A  B  lita  spherical ;  the  normal  will 
pass  through   its   centre  of  inertia. 

Denote  by  «,  the  velocity  of  the  body  AS  in  the  direction  of 
the  normal  at  the  instant  of  greatest  compression,  and  by  m'  tha 
velocity  of  the  body  A'  B'  at  the  same  instant  in  the  same  direction. 
Then   will 

r  cos  ip  -  «,     and     V  cos  9'  -  «'     ■      ■     ■     (287) 

be  the  velocities  lost  and  gained  in  the  direction  of  the  normal,  and 

M{V<M&<9  -  u),     and     if  (F' cos  ?'  -  «') 
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be  the  forces  lost  and  gained  at  the  instant  of  greatest  compression ; 
and  hence, 

jy(rcos,p-M)  4-if'{F'cosf -w')  =  0;  -     ■     (280) 

and  denoting  the  angular  velocity  of  the  body  A! B'  by  F"/,  the 
distance  Q'  B  from  the  centre  of  inertia  of  A'  B'  to  the  normal 
by  e,  and  the  principal  radius  of  gyration  of  A'  B',  with  reference 
to    the  instantaneous  axis  by  k^ ,  then  will 


MV<^ 

)s^  +  jJ/T'cosp'  -\-  M'e  r/ 

M+  M' 

MVc^ 

,s  ip  +  if'  V  cos  9'  -  Me  V; 

(290) 

and  since   the  velocity  u  must  be   equal   to   that  of  tlie   point  B  at 
the   end   of  the   Jever  arm  e,  we  have 

«  =  «'-H«.F/ (291) 

Substituting  the  values  of  n  iind  w'  frofii  this  equation  successively 
in  Eiiuation  (289),  we  find 

(392) 

After  the  instant  of  greatest  compression,  the  molecular  spi-iugs 
of  the  bodies  will  be  exerted  to  restore  tlie  original  figures,  and 
if  c  denote  the  co-efficient  of  elasticity,  then  will  the  velocities  lost 
"bj  AB  and  gained  by  A' B'  during  the  process  of  restitution  be, 
respectively, 

c(Fcos(p-«)     and     c  (F' cos  <p' -  «'); 
and   the   entire  loss   of  A  B,  and  gain  of  A'  B',  will  be,  respectively, 
Fcosip  —  M  +  c(Fcos<p  —  w),    and     F'eos^'— «'  +c{V' coaf'— ii'). 

Also    the    gain    of   angular  velocity    of  the   body  A'  B',  during    th« 
process  of  restitution,  will  be 


( Foos  y  —  w)  ■  e  M_ 
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aud  the  whole  angular  velocity  produced  hy  the  impact  and  denoted 
ty  V^,  will  he  given  by   the   equation, 

r,  =  (i  +  .)i^=^.|    .  .  .    (.94) 

Denoting  the  velocities  of  AS  and  A'  B",  after  the  collision  by 
tr  and  v',  and  the  angles  which  the  directions  of  these  velocities 
make  with  the  normal  by  6  and  6',  respectively,  then  will 

y  cos  d  ^  Fcosip  -  Tcos?  +  m-c  (F  cosip-  m)=(1  +  c)u-c  Vcostp, 

tp'cos  a'^Feos^'-F'cos  ?'+«'— c(F' cos (p'-M')={l+c)i('-cr'cos  9', 

and  replacing  the  values  of  u   and   «',  as  given  by  Eijuations  (292) 
and  (293), 


M+  M' 

Moreover,  because  the  effects  of  the  impact  arising  from  the  compo- 
nents of  the  quantities  of  motion  irf  the  direction  of  the  normal  wili 
be  wholly  in  that  direction,  the  components  of  the  quantities  of 
motion  before  and  after  the  impact  at  right  angles  to  the  normal  will 
be  the  same,  and  hence 

V  sin  fl  =  Tsin  <p, (297) 

v'  sin  d'  =  F  sin  ip' (298) 

Squaring  Equations  (295)  and  (297)  and  adding;  also  Equations 
(296)  and  (298)  and  adding,  we  find  after  taking  square  root,  and 
reducing  by  the  relations 


•=\/[{i+<)* 


Vcosif+M' V'coaip'+M'eV/ 


"'-V^ 


f)-    . \f,    „,    ^-cF'oos9'P+F'%in=(p.(. 
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Dividing  Equation  (297)   by  Equation  (295),  and   Equation  (298)  bj 
Equation  (296),  wa  have, 

-WTTT- — ;; — ■(=<») 

— — c  V  COS  9 


M+  M'  ^ 

Equations  (290)  and  (292),  will  give  the  values  of  w  and  F/,  in 
known  terms,  and  tlieso  in  Equations  (294),  (295)  and  (296)  will 
give  the  values  of  F„  v,  and  v',  and  all  the  circumstances  of  tlia 
collision  will  be  known. 

§  210. — If  the  bodies  be  both  spherical,  then  will  «  =  0,  and  Equa- 
tion (294)  gives  V,  —  0;  and  Equations  (299)  and  (300),  (301)  and 
(302),  ■ 


(303) 

(304) 
(305) 


.  'm  1  i""" 

^f+M'V. 

30S9' 

-cFc< 

)S9]=-f-F2sm2f  .  .  . 

M  +  W 

Vk'+'I^^ 

•Sit. 

-cF'cos^'P+F'^'sin^'.- 

'"'-(!+.)  *"» 

■  9  +  «■  r 

M+if 
r  sin  ?' 

c  Fcos^ 

vi-r., jqr^T ..  w.. 

The  Equations  (303)  and  (304)  will  make  known  the  velocitioa, 
and  (305)  and  (306)  the  directions  in  which  the  bodies  will  move, 
after  the   impact. 

Now,  suppose  the  body  A'  B'  at  rest,  and  its  mass  so  great  that 
the  mass  oi    A  B    is   insignificant   in    comparison,    then   will    V  be 

M 

zero,  M'  may  be  written  iov  M  -^  M'  and  -^  will  be  a  fraction  so 
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Email  that  all   the  terras  into   which  it  enters  as   a   factor   may   be 
neglected,  and  Equation  (303)    becomes 


and  Equation  (305), 


-.YVi' 


tan^  : 


(307) 


that   the  angle   WHK^ 


The  tangent  of  fl  being  negative,  showj 
which  the  direction  of  A  £'e  motion 
makes  with  the  normal  iViV"'  after  the 
impact,  is  greater  than  90  degrees ;  in 
other  words,  that  the  body  AB  is 
driven  hack  or  reflected  from  A'  B'. 
This  explains  why  it  is  that  a  cannon- 
ball,  stone,  OP  other  body  thrown  ob- 
liquely  against  the  surface  of  the  earth, 
will  rebound  several  times  before  it 
conies  to   rest. 

If  the  bodies  be  non-elastic,  or,  which  is  the  same  thing,  if  c  be 
zero,  the  tangent  of  fl  becomes  infinite ;  that  is  to  say,  the  body 
AB  will  move  along  the  ta,ngent  plane,  or  if  the  body  A' B'  were 
reduced  at  the  place  of  impact  to  a  smooth  plane,  the  body  AB 
would  move  along  this   plane. 

If  the  body  were  perfectly  elastic,  or  if  c  were  ecjual  to  unity, 
which   expresses  this  condition,  then    would   Equation  (307)  become 


(308) 


which  means  that  the  angle  NHF—EHIT  becomes  equal  to 
KEN'.  The  angle  EHN'  is  called  the  angle  of  incidence,  the 
angle  KHN',  commonly,  the  angle  of  reflection.  Whence  we  see, 
that  when  a  perfectly  elastic  body  is  thrown  against  a  smooth,  hard, 
and  fixed  plane,  the  angle  of  incidence  will  be  equal  to  the  angle 
of  reflection. 

If  the  angles  ip  and  9'  be   zero,  then- will    cos  ip  =  1,    cos  ip'  =  1, 
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sin  «  =;  0,    sin  ip'  =  0 ;   the   impact  will   be   direct   and   central,  and 
Eq^uations  (303)  and  (304)  tiewme 

>    +    '      M+lt 

-I'  +'J       MJrM' 

and  passing  to  the  limits,  noil-elasticity  on  the  one  hand  and  perfect 
elasticity  on  the  other,  we  have  in  the  first  case,  e  =  0,  and 

MV+MV    

,  _  MV  +  WV 
"    ~       M  +  M 

and  in  the  second,  c  —  1,  consequently, 


(310) 


MV  +  M'V 


MV-l-M'y' 
M  •\-  M' 


V (312) 


CONSTRAENKD  MOTION. 

§211. — Thus  far  we  have  only  discussed  the  subject  of  free  motion. 
We  now  come  to  Mnsirained  motion. 

Motion  is  said  to  be  constrained  when  by  the  interposition  of 
some  rigid  surface  or  curve,  or  by  connection  with  some  one  or 
more  fixed  points,  a  body  is  compelled  to  pursue  a  path  different 
from   that  indicated  by   the  forces  which  impart  motion. 

§  212. — The  centre  of  inertia  of  a  body  may  be  made  to  con- 
tinue on  a  given  surface,  by  causing  it  io  slide  or  roll  upon  some 
other  rigid  surface. 

§213.— We  have  seen,  1 128,  that  the  motion  ol  translation  of 
the  centrii   of  inertia,  and  of  rotation    abour   tliat  point,  are  wholly 
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independent  of  one  another,  and  the  generality  of  any  discussion 
relating  to  the  former  will  not,  therefore,  ho  affected  hy  nialiing, 
in  Equation  (40); 

59^0;     1J4.  —  0;     5®  ~  0; 
which  will  reduce  that  eijuation  to 


+  {2Pcos,S- 
+  (2/' cosy  — 


df 


iPz 


■  'S.m)S 


Making 

^m  =  M;    S/'cosK^-S';    2i'eo3/3  =  r;    SPcos/  =  2; 
and  omitting  the  subscript  accents,  wc  may  write 

(X-*.^)  *.  +  (F-if.^)  H  +  (Z~*-^:)  5.=0,p.S) 

Now,  assuming  the  movable  origin  at  the  centre  of  inertia,  and 
supposing  this  latter  point  constrained  to  move  on  the  surface  of 
which  the  equation  is 

L^  F{xy£)=^% (314) 

the  virtual  velocity  must  lie  in  this  surface,  and  the  generality  of 
Equation  (313),  is  restricted  to  the  conditions  imposed  by  this  cir 
cumstance. 

Supposing  the  variables  x  y  z,  in  the  above  equations,  to  receive 
the  increments  or  decrements  S  x,  Sy,  S  a,  respectively^  we  have,  from 
the  principles  of  the  calculus. 


dL 


Sx  + 


=  0. 


(315) 


Multiplying  by  an  indeterminate  intensity  X,  and  adding   the   product 
to  Equation  (313),  there  will  result 


.(.^mA 


7)'-^ 
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The  quantity  "k,  being  eutirely  arbitrary,  lot  its  value  be  such  as  to 
reduce  the  coefficient  of  one  of  the  variables  Sx,  Sy,  S  z,  say  that  of 
Sx,  to  zero;  and  there  will  result 


(316) 


Now  in  Equation  (315),  Sy  and  Sz  may  be  assumed  arbitrarily,  and 
Zx  will  result;  hence  Sy  and  ^s  in  Equation  (317)  may  he  regarded 
as   independent  of  each  otlier,  and  by  the  principle  of  indeterminate 


and  eliminating  X  by  means  of  Equation  (316),  we  find, 


(318) 


.(319) 


which,  with  the  equation  of  the  surface,  will  determine  the  place  o 
the   centre  of  inertia  at  the  end  of  a  given  time. 


MOTION   ON   A  CDKVE  OF  DOUBLE   CURVATUKE. 

§214, — If  the  centie  of  mcifii  be  c  nstriineJ  to  move  upon 
two  surfaces  it  the  same  tirre  or  which  js  tie  same  tb  ng  upon 
a  cu'fve  of  ^ovbk   c  iriai ire  result  n,^  f  rm  their  nitei  ection    tike 

i  =  i?(»,.)  =  o,  I 

i/=ii-(ij2)  =  0;f 


.     .     ■     .     (330) 

Hcs  cab,  Google 


MECHANICS    OF     SOLIDS. 


from  which,  by  the  process  of  diiferentiating  and  replacing  dx,  dy,  dz, 
by  tho  projections  of  tko  virtual  velocity, 


.  (321) 


'.••■■  (322) 

Multiplying  the  first  of  these  hy  >.,  and  the  second  by  X',  adding  the 
products  to  Equation  (313),  and  collecting  the  coefficients  of  hx,  Sy, 
and  Sz,  wn  have 

\  df  dz  ds / 

Now  the  coefficients  of  two  of  the  three  variables  S  x,  S  y  and  S  s, 
say  those  of  Sa:  and  Sy,  may  be  made  eijual  to  zero  by  assigning 
proper  values  for  that  purpose  to   the  indeterminate  intensities  X  and 


X',  in  which  case,  since  5  a  is  not  equal  to  i 
also  be  eq^ual  to  zero ;    whence 


r  +  >--^  +  ^'- 


■,  its   coefficient     must 


1£ 


and  eliminating  X  and  X',  there  will  j-csult 
/d  Z     dH 


dy 
dH 


\  dpy     \dz      d] 

V       ■"'    dl-"/     \dx      ds  dz 


/dj^  dll_ 
\dx  ■  dz 
{d  L     d  H 


dL_    d_B_- 
dL     dH 


=  0.  (325) 
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■which,  with  the   eq^oations  of  the   surfaces,  is   sufficient    to   determine 
the  co-ordinates   of  the  centre  of  inertia  when  the  time   is  given. 


(326) 


1 215. — If   the    given    surfaces    be   the    projecting  cylinders  of    a 
curve  of  double  curvature,  then   will   Equations    (320)   liecome 
L  =F[xi)  =  0;) 

And   because  L  is  now  independent  of  ij,  and   H  is  independent  of  », 


dy  ~ 
which  reduce  Eq^uationa  (324)  t 


dH 


•  (327) 


ai.d  Equation    (325)  1 


df-/  d 

dC/  d%  dz 

-    d?_z\  dL^  dS_ 

d  l'^  /  dx  dy 


dL    dH^ 
dL     dH 


This,   with  the  equations   of    the   curve,   will  give   the  place  of  the 
centre  of  inertia  at  the   end   of  a  given   time. 

§  210.— If  the  curve  be  plane,  the  co-ordinate  plane  x  z,  may  ba 
assumed  to  coincide  with  that  of  the  curve ;  in  which  case  the 
second  of  Equations  (327),  becomes  independent  of  y,  that  varia- 
ble reducing  to   zero,   and 


d^y  =  0,     and 


dff 


=  0; 
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hence  Equations    (327),  bcome 

dl?  dx 

r=0;  [•    •    ■  (329) 

dP  dz  dz  J 

ftnd  because  the  factor 

Equation    (328)    becomes,  on   dividing  out   the   common  factor  ~t~, 

§217.— By   transposing  the  terms  involving  X,  in  Equations  (316) 
and    (318)  and  squaring   we   have 


The  second  member  of  this  equation  is,  Ec[uation  (50),  the  scjuare  of 
the  iatensity  of  the  resultant  of  the  extraneous  forces  and  the  forces 
of  inertia.     Denoting   this  resultant  by  M,  %ve  may  write 


and  dividing  each  of  the  equations 

dx  \  dpJ 
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obtained    by    the  transposition  just  referred  to,   by   Eq^uation   (331), 
ve  find, 


The  second  members  are  the  cosines  of  tho  angles  which  the 
resultant  of  all  the  forces  including  those  of  inertia,  makes  with  the 
axes;  the  first  members  are  the  cosines  of  tho  angles  which  the 
aormal  to  the  surface  at  the  body's  place  makes  with  the  same  axes, 
rheso  being  equal,  with  contrary  signs,  it  follows  not  only  that  the 
forces  whose  intensities  are 

are  equal,  hut  that  they  are  both  Jiormal  to  the  surface,  and  act  m 
opposite  directions.  The  second  is  the  direct  action  upon  the  surface; 
the  first  is  the  reaction  of  the  surface. 

Equation  (331),  will,  therefore,  give  the  value  of  a  passive 
resistance  sufficient  to  neutralize  all  action  in  the  system  which  is 
inconsistent  with  the  arbitrary  condition  imposed  upon  the  body's 
path.  If  the  body  be  constrained  to  move  on  a  rigid  surface  or 
1   arise   from   its   reaction. 


I  218.— If  Equations    (33-.i) 
and  the  angles  \vliii:h  the  norm 


lulilplied    by 


of  Ihc  surface  malii 
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the  axes   a:,  y,  s,    respectively,    be  denoted  by    i„   6^,   and    6„   ihasa 
equations  will  take  the   form 


^-^■^+^- 

eosS 

-  0; 

r-M.tl^M. 

cosd 

=  0; 

z-j/.g  +  jy. 

cosS 

=  0. 

§219. — To  impose  the  condition,  therefore,  that  a  hody  in.  motion 
5hall  remain  on  a  rigid  surface,  is  equivalent  to  introducing  into 
the  system  ao  additional  force,  which  shall  be  equal  and  directly 
opposed  to  the  pressure  upon  the  surface.  The  motion  may  then 
be  regarded  as  perfectly  free,  and  treated  aeeordingiy.  The  same 
might  be  shown  from  Equations  (324)  to  be  equally  true  of  a 
rigid  curve,  but  the  principle  is  too  obvious  to  require  further 
elucidation. 

Equations  (333),  may,  therefore,  be  regarded  as  equally  appli- 
cable to  &  rigid  curve  of  any  curvature,  as  to  a  surface ;  the  -nor- 
mal reaction  of  the  curve  being  denoted  by  N,  and  the  angles 
which  2T  makes  with   the  axes  x,  y,  z,    by   &,„  6^  and   S,. 

§  220. — To  find  the  value  of  jV,  eliminate  d  t  from  Equations 
(.S33),  by  the   relation 


in   which  V  and  s  are  the  velocity  and  f 
(ition  these  equations  m.ay   be  written 


!  space;    tHen  by  traaspo- 


JV-coai.  =  M-V-- 
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Squaring,  adding   and  reducing  by   the  relations 

£:»  =  X'  +  y^  +  2P, 
COS*l,  +  cos^fl,    +  cos'    i,  =  1, 

and  we  find 


JW"» 


■^.[{d'^y  +  {d^vY  +  {d^zY']-i-Ji^ 


~2M-r^ 


[-?! 


+  r.^-^  +  2 


^1 


Eesolving  H  into  two  components,  one  parallel  and  the  other  per- 
pendicular to  the  path,  the  former  will  he  in  equilibrio  wilh  the 
inertia  it  develops  in  the  direction  of  the  curve ;  and  denoling 
by   ip   the  inclination  of  S  to    the   radius   of  curvature,    we    have 


^si 


--M- 


d^s 


-M.V^.'-^, 


0  =  ii.sinq)-.W".  V'ji; 
Squai-ing  and   subtracting   fiom    the  equation  above,  there  will  result. 

yu    ds^       It   difl       K  ds^  di?/ 


_X    dx 
~  Jl'ds 


Y  dy      Z    de 


multiplying   the   second    member   by  p  -=-  p,  substituting   above,   and 
reducing  by    the  relations, 

d—  d—  a~ 

(Px     dx  d^s       ds  d^y     dy  d^s       ds  dH    dz  d^s       ds 

«is^     dsds^       ds'         ds'     da  ds'       ds'         ds^     ds  rfs*       ds' 


,dx 


,de   ' 


•Sec  AppeiidlK  Mo.  £. 
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Ui    whlcii    p    denotes   the   radius   of  curvatui 

and  taking  square  root, 

N  = .R  cos  tp. 


.      (334) 


The  first  t«nii  of  the   second  member  is 

1 19o,   the  centnfugal  force   aiiaing   liom 

the  deflecting  action  of  the  cur^e    and  the 

list  term  is  the  noimal  ctrnpfnent  ot  the 

resultant  B      As  the  equal  on   stands    its 

signs  af  ply  to  the  case  m  whith  the  i  odj 

IS  on  the  cracave  side  of  the  cur\e    and 

the  resultant  acts  ftom  the   curve      Hie  angle  f,  must  be  measured 

Jrom  the  ridius   of  cuivaturc    oi    that  ridius  produced,  according  as 

the  bod\    IS    on   the  cnncive   or   convex  side  of  tlie   curve.     "When 

the    Itdy     s    novnig   m    the   cfniox    side   of    the    curve,   the   first 

ttim    of    the    betoid    n  cmbei     nut    (hange    its    sign    and    become 

ni^ativ  e 

|22I.— Writing  Equations  (333)  under  the  form 
M-~=X+2foos6„ 


M-j§:=r^i 


-}f<x 


multipljing  the  first  by  2ii«,  the  second  by  2di/,  the  third  by  3rf«, 
ftdding  and  redneing  by  the  relation 


J.I'''' 


">,  +  ; 


o-=«. 
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the  second  factor  being  the  cosine   of  tJie   angle   made  by   the   nof 
mal   and   taagent  to  tlie  curve,  irc  have 

^,  (^J..„',  +  ^i,.i',  +  2,l..^.y  =2(«.+  Fij+Zi); 

integrating  and  reducing  by 

_  dx^  +  dif  4-  dt^ 

we  find 

MV^  z^'SJlXdx -i-  Vdy  +  Zd^)  +  C.      •     •     (S35) 

Tliia  being  independent  of  the  reaction  of  the  curve,  it  can  have  ny 
effect  upon  the   velocity. 

Tf  the  incessant  forces  be  zero,  theii  will 

X=0:     r=:0;    and    Z  =  0: 


that  IS  a  hody  moving  upon  a  n^il  surfice  or  cuive  and  not  leted 
upon  by  inces«ant  farces  will  preserve  its  \elo(-ity  cun'stant  and  the 
motion  will  be   uniljim 

We  alsj  recognize  in  Epation  (335)  the  geieril  theorem  of 
the  Imng  force  and  quantity  of  work  ind  from  which  as  btfore, 
it  appears  that  the  /ek  t\  i-,  wholly  n  Wpend--}  t  tf  the  pith  dt- 
bciibed 

£!xa}ij/le  1 — 1  Lt  t lie  bod  le  r  n  ip\  to  u<  (,  uj  ii  tl  o  mteri  r 
suiface  of  a  "-jhen  al  buwl  tndt,i  the  action  uf  ita  u  m  WLght  in 
this  cv>e, 

£  ~  x^  +  ^^  +  z^  -a^  =  0;      .     .     ,     .     (33fi) 
dL    _  rf-S  „  „  rfi 
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and  the  axis  of  s  being  vertical   and 
positive  downwards, 

X  =  0;     r=:  0;     Z^Mg; 

which    values    in    Eijuations    (319), 
give 

■  ■(337) 


gy~ 


rfP 


de-  ' 


and  differentiating  the  equation  of  the 
sphere  twice,  we   have 

x^x  +  y^y  +  e.cf  2  =  —  (<?»'*  +  .iy^  +  rfs^); 

dividing  by  di*,  and  replacing  the   second  member  by  its  value   P^j 
the  velocity,  we  find, 


dfi 


dp 


-  V. 


But,  Eijuation  (335), 

1^  =  2^3+0 (338) 

and  denoting  by  V  and  tc,  the  initial  values  of  V  and  z,  respectively, 

V'^  F'^  +  2^{g-i), 


wh'ch  substituted  above,  gives 


dfi 


dP 


Eliminate  x,  y,  li^a;,  d^y,  from  this   equation 
tions  (336)  and  (337). 

From  the  latter  we  find, 


•^=2,(1, -.)-?"   ..(339) 

ins  of  Equa- 


^  -JL  rf£.  _  ^^ 

dl?    ~    z   \dP        ^/  ' 

'dJ  ~  T  \d¥  ~  ^)  ' 
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which  substituted  in  Equation  (339),  and  reducing  hy  means  of 
Equation  (336),  we  get 

multiplying  by  2dz,  and  integrating,  we  find 

"'■  5^  =  ^''-"'^  -  '■  +  '"'•  ~y"''  +  C; 

in  which  C  is  the  constant  of  integration,  and  to  determine  which, 
we  denote  the  component  of  the  velocity  F',  in  the  direction  of  the 
axis  2,  by  V/,  and  make  z  =  k.     This  being  done,  we  get 

whence, 

«'. ^  =  2j («'« - 2-  +  i!>)  -  Y"^'  + «"  r,"  +  r"i' -  2}.-i, 

adding  and  subtracting  a'  V'^  in  the  second  member,  this   reduces  to 

in  which 

C,    =    {a^  -  F)  V^  -  «s  r/'. 
^Finding  the  value  of  dt,  and  integrating,  we  have 

.=  f    ,  "''  ■■■■  (340) 

Could  this  equation  be  integrated  in  finite  terms,  then  wouid  s 
become  known  for  a  given  value  of  ( ;  and  this  value  of  s  in 
Equation  (336),  and  the  first  of  Equations  (337),  after  integration, 
would  make  known  the  values  of  x  and  y,  and  hence  the  position 
of  the  body ;  its  velocity  would  be  known  from  Equation  (335)^ 
But  this  integration   is   i 
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1222—^6  maj,  however,  approximate  to  the  result  Tihen  tlia 
initial  in  pul=e  is  •small  and  in  a  horizontal  d  reetion  and  the  point 
of  departuie  i-i  near  the  boft  m  of  the  bowl  Let  A  be  the  angle 
which  the  radius  drawn  to  the  \'Hiable  po'-iticn  ot  tho  bodj  makes 
with  the  axis  ot  z  ip  the  ingle  whioli  the  plane  of  the  ingle  6 
makes  with  the  plane  through  the  axis  z  and  initial  place  ot  tht 
body  supposed  in  the  plane  x"  V  =  (3  v^T  the  ^el>Lity  ol  pro 
jection  lit  a  hor  zontal  direction  ji  being  i  Ti,iy  smill  quantity 
and   tt  the  init  al  value  of  i      Then    becau-^e 

E  =  a  .  cos  3  =  a  f  1  -  2  sin'  ^6);     A  =  a  cos  ct  =  a  (I  --  2  sin'  ^  a) ; 

d2=  -a. sin/)  .di;      V,'  =  0; 

C.^a'.i  sin'  1  a  .  cos'  -J  «  .  /3' .  <^7  =  a" .  j3" . ,';  .  sin=  a  ; 

Equation  (340)  becomes 


"JlA 


and  making  6  and  a  vevy  pmall,  their   avcs    may   be   taken    for  their 
wnes,  and  the  above  becomes,  after  differentiating, 

il^^jl.^         •    .    .    (341) 

which  may  be  put  under   the   form 


21 


=  Vf-/v 


whence,  by  integration, 

making    1  =  0,   aud    S  —  a,    wo    have     C  —  —  cos  I  . -i/a  ■- -^ff,    or 
C/=0;    and   solving  the  equa'.iou   with    reference  to   6,    we  get 

J«  =  ^  (a»  +  /3')  +  ^  K  -  /3^).cc32yf  ■  (.     •  •  (343) 
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From  which  it  appears  that  the  greatest  and  least  values  of  6 
will  occur  periodically,  and  at  equal  intervals  of  time.  The  forme! 
of  these   values  is  found  by  malting 

cos2\/--l~i;     -whence  3  \/--;  =  0,     or  3::  2*,     or  =  4*, 
iterval  b 


uid  so  on ;    and  for  a  single  interval  between  two  consecutive  maxi- 
na,  without  respect  to   sign, 


(S44) 


The   least  value   occurs   when 


■  (  ^  -  1, 


whence  for  a  single  interval  between  any  maximum  and  the  succeed- 
ing minimum, 


'^^ 


'  =  J'V7' t^*'*) 

tlie    minimum   being   /3, 

The  movement  by  which  these  recurring  values  are  brought  about^ 
is  called  oscillatory  motion;  that  between  any  two  equal  values  is 
called  an  oscillation;  and  when  tbe  oscillations  are  ] 
equal   times,   they  are   said  to   be  Isoehn 

Again, 


d<9         d(p     dl_ 

d6  ~  JfTi' 

suDstituting  for  -3—,  its  vaiue  obtained  from  the  relation  y  = 

=  «tan(p, 

we  find 

d<p              \           /      dy               dx\     dt 

■       dS          v^^yi       V       dt           ^       dt)      d6 

integrating  the  first  of  Equations  {S37),  we  get 

.■■';^-,-'^  =  ^^^r..  =  .,,V7^: 
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substituting  this   above,  and  also  the   value   of  -— - ,  given  by  Ec^ua- 
tion  (341),  we  find 

dp    _        a^ . 


<i6  dVp-<)^)(fl^-^*) 

dividing  this  by  Equation  (341), 


(346) 


dl       y  a      6^         \ 


i  (cc^  +  0^)+i  («^  -  ^=) .  cos2  y^ .  ( 


=  cos^-\/~-(- 


from  which  we  find 


integrating,   and  taking    tangents   of  both   members, 

tan (p  =  —  ■  tan  W-^  ■  ( (348) 


from  which  the  azimuth   of  the  plane    of   oscillation   may  be   found 
Kt  the  end  of  any  time. 

Making  tan  ^  =:  co,  we  have 

</-a--i  =  — *;     or     =—*;     or     =—  ir,  &&, 
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and   the  interval  from  the  epoch  to   the   first  azimuth  of  90°,  is 

and  to  tho  first  azimuth   of  270°, 

and  the  interval  from  the  azimuth  of  90°  to  the  next  azimuth  of  270" 

(^,  —  (,  =  ;  ^  ff .  v/— > 

equal   to  the  time  of  one   entire  oscillation. 

From   Equation    (348)    we   have,    after   substituting   foP   tanip    its 
value  iu  the  relation  y  =  a;  tan  9, 

adding  unity  to  both  members, 

S^  x'  4-  a^  «^        .  fa 

also  fi'om   y  ^^  X.  tan  9, 

dividing   the  last  equation  by  this  one,  and  replacing  x^  +  y^  by  ita 
value  a^  —  z\  from   the   equation   of  the   surface,  we  get 


a^,/  +  p.^xi  =  ^^.{a?-z')- 
t,  neglecting  the  term  involving  fi*. 

1  +  taii^Y'-f--' 

1  +  tan^  ij>                ' 

Buhstituting  this    above,  replacing    tan^p    by   its    value   in    Equatioi 
(S48),  and  A'^  by  its  value  in  Equation  (343),  after  making 
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'V'-i 


(349) 


irhich  shows  that  the  projection  of  the  path  of  the  body  on  tho 
plane  sci/,  is  an  ellipse  whose  centre  in  on  the  vertical  radius  of  the 
sphere,  and  that  the  line  connecting  the  body  with  the  centre  of 
the  sphere,  describes  a   conical   surface. 

li  a  -  13,  then  will,  Equations  (343)  and  (348), 

()2  =  a^  =  /3iJ;     ^  =  ^^.t; 
and,  Eciuation   (349), 

x^  +  y^  =  «?a^; (350) 

hence,  the  body  will  describe  a  horizontal  circle  with  a  uniform 
motion. 

The   pressure  upon   the   surface,  at  any  point  of  tho  body's  path, 
is   given  by  the  value  of  JV  in  Equation  (334). 

§223. — Example  2. — Let  the  body,  still  reduced  to  its  centre  of 
inertia  and  acted  upon  by  its 
own  weight,  be  also  repelled 
from  the  bottom  point  A 
of  the  howl,  by  a  force  which 
varies  inversely  as  the  square 
of  the  distance  ;  required  the 
position  of  the  body  in  which 
it  would   remain  at  rest. 

As  the  body  is  to  be  at 
rest,  there  will  be  no  inertia 
exerted,  and  we  have 


-  =  0; 
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and  assuming  the  axis  s  vertical,  positive  upwariis,  and  the  origin 
at  the  lowest  point  J, 

L-j?-^-fj^z'>'-%az-%     •     .     ■     .     (351) 

dx  ^     dy  -^ '      dz  ^  '' 

and  denoting  the  di'it'ince  <>t  the  hojj  tri>m  the  lowest  point  by  r, 
the  intansitj  of  the  repelling  force  at  the  units  distance  by  F,  and 
the  force   at  any   distance  by  P,  then  will 


/-  =  _;     r  =  y-^s  +  y^i  +  aa.  .     .     .     .     (353) 

for   the  force  P,    cos  a  =  — ;     qos^  —  — ;     cos  y  =  —  ;     for    the 
weight  Mg,  cos  a'  =  0 ;     cos  ^'  =  0  ;     cos  7'  =  —  1  ;    and 

These   several  values  being  substituted  in  Equations  (319),  gtve 

fll  _  -^y  _  0 
^  ,.3     —    ' 

(5-^%)-^-^-i— )  =  »■ 

The  first  equation  establishes  no  relation  between  x  and  y,  since 
the  equilibrium,  which  depends  upon  the  distance  of  the  particle 
from  the  source  of  repulsion,  would  obviously  exist  at  any  point 
of  a  horizontal  cirde  whose  circumference  is  at  the  proper  height 
from   the  bottom. 

"From   tlie    second   equation  we  deduce, 

Fa 


■     (353) 
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fi'oni  which  r  becomes  known ;  and  to  determine  the  position  of  the 
circle  upon  which  the  body  must  be  placed,  we  have,  by  making 
*  =  0  in  Equations  (352)  and  (351), 


Equation  (S5S)  makes  known  the  relation  between  the  weight 
ef  the  body  and  the  repulsive  force  at  the  unit's  distance;  the  in- 
tensity of  the  force  at  any  other  distance  may  therefore  be  deter- 
mined. 

If  there  be  substituted  a  repulsive  force  of  different  intensity, 
but   whose  law   of  viiriation   is  the  same,    we    should   have,    in    like 


F:F::  t^:t'^; 

that  IS  the  foices  ait-  a*!  the  cubes  of  the  distantLS  it  which  the 
body  IS  brought   to  rest 

If  mstt.ad  of  be  ng  supportel  on  the  "iuifiGO  of  i  sjheie  the 
body  had  been  connected  by  %  peifeetly  1  ght  and  inflexible  Ime 
with  the  Ltntre  if  the  sphere  and  the  ^urfice  removed  the  result 
would  hive  been  the  simt  In  tVis  form  of  the  proposition  we 
nave  the  eommon  FMioseope 

The  dfferentjal  ou  Lfticients  of  the  seconi  frder  tr  the  terms  which 
measure  the  force  of  inertia  being  equal  f>  zero  Equations  (332) 
show  that  the  resultant  of  the  extraneous  foiees  in  this  case  the 
weight  and  repulsion  is  normal  to  the  surlaco  which  should  be  the 
case  for  then  there  is  no  reason  whj  the  bod>  should  mo\e  in 
one  iitection  rither  than  anjthei  The  pressure  upon  the  birface  13 
gncn  bv    the   value   tf  Y  i     Epatnn  (334) 

^224. — Example  3.     Let  it  be  required  f)  find  the  cirtumstan(,e3 
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of  motion  of  a  Lody  acted  upon  by   its   own  weight  while   oc  the 
arc  of  a  cycloid,  of  which 
the   plane  is  vertical,  and 
directrix  horizontal. 

Taking  the  axis  of  z, 
vertical;  the  plane  zx,  in 
the  jiliine  of  the  curve; 
and  ihe  origin  at  the  low- 
est point,  then  will 


z 

^ 

;  =  »-^/2l7 


which  i 


;   taken  positive    upwards, 

dx    ~     '      dz    ~  ~  V        i 
X  =  0  ;     Z^  ~  Mg, 
and  Equation  (330)  becomes 


(354) 


(355) 


■  ^-9  + 


dfi  ' 


md  by   transposition    and    div 


Prom    the   equation    of  the  curve   we   find, 


,v^ 


multiplying  by  Equation    (357),  there   will  result 


(357) 


(S5S) 
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and   by   integration, 


and  suppoaiiig   the    velocity  zero,   when  z  =  h; 

0=  C-'igh; 
which  subtracted   from   the   above  gives 

;^+^  =  2,(/,-.); (359) 

ar.d    eliminating   dx^   by  means  of  Equation   (358), 

whence, 

/o  dz 

V  9    y/hz  —  z^ 

the    negative   sign    being    taken   because  z   is  a  decreasing    function 


By  integration, 


Making  a  =  A,  we  have 

0=  -./i-Tcrsiir'a  +  Oi 
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whence, 


When  the   body  haa  reached  the  bottom,  then  will  «  i^  0,  and 


which  is  wholly  independent  of  h,  or  the  point  of  departure,  and 
we  hence  infer  that  the  time  of  descent  to  the  lowest  point  will  do 
the  same  in  the  same  cycloid,  no  matter  from  wl^t  point  the  body 

Whenever  z  =  h,  the  body  will,  Equation  (359),  stop,  and  w^e 
shall   have   the  times   arranged  in  order  before   and   after  the   epoch, 

the   difference  between  any  two   conseeutiYo  values  being 

The  body  will,  therefore,  oscillate  baik  and  forth,  in  equal  times. 
The   cycloid  is  a  Taulochrone. 

The  pressure   upon  the  curve  is   given   by  Equation  (334). 

The  time  being  givi-n  and  substituted  in  Equation  (!5C0),  the  value 
of  «  becomes  known,  and  this,  in  Equations  (359)  and  (354),  will 
give   the  hody's  velocity  and  place. 

§225. — Example  4. — Let  a  body  reduced  to  its  centre  of  inertia, 
and  whose  weight  is  ilenoted  by  W,  be  supported  by  the  action 
of  a  constant  force  upon  the  branch  EM  of  an  hyperbola,  of  which 
the  transverse  axi=i  is  vertical,  the  force  being  directed  to  the  centre 
of  the  curve.     Eequired   the  position  of  equilibrium. 
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Denote  the  constant  force  by  W,  whieh  may  te  a  weight  at  the 
end  of  a  cord  passing  over  a  small  wheel 
at  C,  and  attached  to  the  body  M.  De-  - 
note  the  distance  CM  by  r,  and  the  axes 
of  the  curve  by  A  and  B.  Take  the  a\is 
z  vertical,  and  the  curve  in  the  plane  xz. 
Make 

P'=  W, 


X  =  i^  cos  a'  +  P"  COS  a"  =  —  IT' .  ~, 

2  =  P'cos/  +  P"cos7"  =  TF-  H".-l, 
and  as  the   question   relates  to  the   state  of  rest, 

dl'  '    df 

The  Equation  of  tho  curve   is 

L  =  A^i'-B'i-'  +  ^'i'  =  0; 
wlience, 

S  =  "-*''■ 

thise  values  substituted  in  Equation  (330),  give 

W'£^^-  WA^x+  WA-^~  =  0r 


(4=  4-  .B=) 


TT.g  -  WA^r 


.     (361) 
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whence,  denoting  the  eccentricity  by  e, 

and   this,   in  Eqnatioii   (361),  gives  after  reduction, 


which,  with  the  equation  of  the  curve,  will  give  the  position  of 
equilibrium. 

If  We  be  greater  than  W,  the  equilihriura  will  he  impossible- 
If  We  =  W,  the  body  will  be  supported  upon  the  asymptote. 

The  pressure  upon  the  curve  is  given  by  Equation  (334). 

§  226. — Example  5, — Required  the  circumstances  of  motion  of  ft 
body  moving  from  rest  under  the  action  of  its  own  weight  upon  an 
inclined  right  line. 

Take  the  ajsis  of  z  vertical, 
the  piano  s  a;  to  contain  the 
line,  and  the  origin  at  the 
point  of  departure,  and  let  z 
be  reckoned  positive  down- 
wards.    Then  will 

L  =  z  ~  ax  =  0, 


X  =  0;     Z  =  Mff; 
which   in  Equation    (330)  give,  after  omitting  tlie 


From  the  equation  of  the  Vim 
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which  ill  Eijuation  (362),  after  slight  reduction, 

MultJpiyiag  by  2t?z,  and  uitegrating, 

d^        „         a^ 

flie  constant   of  integration  being   zero. 
Whea*a 


V       g-a^  2-1 


V^' 


^  =  -V/^2+Zr;^,/?II+Zr7;     .     .     .    (3G3) 
V        J(a^  \       g<i'z 

the  constant  of  int^ratioti  being  again  zero. 

The  body  being  supposed  at  B,  then  will  z  =  AD;  and  if  W« 
draw  fi'om  B  the  perpendicular  £  C  ta  A  B,  wc  have 

which  substituted  above, 

.^^y^^^yiZ^ (364) 

in   whieh  rf  d      t      tl     d   t  4  C 

But  th  d  m     b  tl     t  B       f  f  11  f     ly  fl        1    tl 

vertical  dtcerf       tthf  Ibd  bdpn4(7 

a  diamet  tlttlt         dnaiynfthdt 

minatiag  at  th      pp  1  w      p      t     f  th     d  m  t  11  b     the 

same  as  tlat    h      gh  th  toil  d    n    tc      t    U     T!  ^11  d  tl 

mechani  al  p  ope  y    f  th         I 

Si^ample  6. — A  spherical  body  placed  on  a  plane  inclined  to  the 
horizon,  would,  in  the  absence  of  friction,  slide  under  the  action  of 
its 'own  weight;  but,  owing  to  friction,  it  will  roll.  Required  the 
circumstances  of  the  motion. 
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If  tlie  sphere   move  from  rest  with  no  initial  impulse,  the   centre 
will  describe  a  straight  line 
parallel  to  the   element  of  j; 

steepest  descent.  Take  the 
plaae  xz,  to  contain  this 
element,  the  axis  s  vertical 
and  positive  upwards. 

The  equation  of  the  path 
will   be, 


whence, 

_rfi  _  ^„  t 

The  extraneous  forces  are  tlie  weight  of  the  sphere  and  the  fric 
tJon.  Denote  the  first  hy  W,  and  the  second  by  Ji".  The  nature 
of  friction  and  its  mode  of  action  will  be  explained  in  the  proper 
place,  §354;  it  will  be  suiBcient  here  to  say  that  for  the  same 
weight  of  the  sphere  and  inclination  of  the  plane,  it  will  be  a  con- 
stant force  acting  up  the  plane  and  opposed  to  the  motion.  We 
shall  therefore  have 

Z^  -Mg  +Fsma;     X  =  -  Foosa, 

which   values,  and  those   above   substituted  in   Equation  (330),  give 

But  from  the  equation  of  the  path,  we  have 
d^z  =  —  d^x-ta.na; 
and    eliminating  d^x  by  means  of  this  relation,  there   will  result 
—  =  Sina(^-j,sm«;. 
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Multiplying  by   2dz,   integrating    and  making  the    velocity    zero 
when  z  =  k,  we  have 

^=P:.=  2staa(5-5sm«). (.-;.). 

This  gives 


dt  = 


1 


and   by  integration,  the  time  being  zero  when  e  =  ft, 

*-8  =  i,m.(j.sln«- J).P.      ...      (a). 

Again,  all  ax«s  in  the  sphere  through  its  centre,  are  priQcipal 
axes ;  *the  sphere  will  only  rotate  about  the  movable  axis  y,  in 
which  case  v,  and  v.  will  each  be  zero,  and  Equations  (202)  will  give 

dt  " 

whereiu, 

'  '      d  t  dt'  ' 

r  being   the  radius   of  the   sphere. 
Whence, 

^4-  _    Fr 
Tf    ~  Mk}' 

Multiplying   by   Zd-^^  integrating,  and    making   the   angular  velocity 
and  the  arc  4/  vanish  together, 


whence, 
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and  by  integration,  making  t  and  -^^  vanish  together, 

Also,    because   the    length  of  path  described  in  the   direction  of  the 
plane  is  r.-^,  we  have,  in  addition, 

A  —  a  =  r .  ^^  .  sin  a ; 

and    eliminating  4-  fr'>m    tli's    and    the    above    equation,   there-  will 
result 

'=V^S&^ « 

Dividing  Equation  (a)  by  Equation    [h),  and  solving  with   respect 
to   ^ 

F=,.una.^^-- (c) 

and  ibis  in    Equation    (&),   gives   - 

-v^S>F^ « 

if  the   sphere  be  homogeneous,  then   wiil 


if  the    matter   be  all    cimcentrated   into   the  surface,  then   will 


k-^  =  \r'  and 

wlileh   times   are   to  one   another   as    y^  to    -yf^. 

CONSTRAINED  KOTIOS  ABOin  A  ITSED   POINT, 

I  227.— If  a  body  be  retained  by  a  fimA  point,  tJie  fixed  and 
what  has  been  thus  far  regarded  as  a  movaWe  origin  may  both  be 
taken  at  this  point;  in  M-Mch  case,  hx^,  Jy,,  5s„  in  Equation  (40), 
will  1)6  zero,  the  first  three  terms  of  that  general    equation   of  equi- 
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libriuui  will  reduce  to  zero  independently  of  (he  forces,  and  tiie  equi- 
librium will  be  satisfied  by   simply  making 


2P(.cos/3-,c 

o,.)^2 

Si'(r«.»-.c 

or)  -  s 

z.i"  (?■>"?-" 

■«-2 

dfi 

t 

^ 

Kd^Z 

df- 

y 

di 

z-^ 

.d?>I 

df 


=  0 


■  (3(i5) 


the  accents  being   omitted   because    the   elements   m,  m 
referred  to   the   same  origin,  ^',  y',  z'  will  become  x,  y. 

The  motion  of  the  body  about  the  fixed  point  might  be  d 
both  for  the  cases  of  incessant  and  of  impulsive  forces,  but  the  discus- 
sion being  in  all  respects  similar  to  that  relating  to  the  motion  about 
the  centre  of  inertia,  |  127  and  §  173,  we  pa-ss  to 

CONSTRAINED  MOTION   ABOUT  A  FIXED   AXIS, 

§22S. — If  the  body  be  constrained  to  turn  about  a  fixed  axis, 
both  origins  may  be  taken  upon,  and  the  co-ordinate  axis  y  to 
coincide  with  this  axis;  in  which  case  5j;,,  Sy^,  Sz^,  Si^  and  S'a, 
in  Eq^iiation  (40),  will  be  zero,  and  to  satisfy  the  conditions  of 
equilibrium,  it  will  only  be  necessary  for  the  forces  to  fulfil  the 
condition, 

the   accents  being  omitted  for  reasons  just  stated. 

§229.' — The  only  possible  motion  being  that  of  rotation,  let  TIB 
transform  the  above  equation   so   as  to  cont^n  angular  co-ordinates. 

"For  this  purpose  we   have,  Eijuations  (36), 

x'  =  c"sin-^;     z'  =  r"eos-i. (367) 

in  wbich  r"  denotes  thu  distance   of  tbe  clement  m  from  the  axis  y. 

Omittiiig  the  accents,  diff'Tcntiating  and  dividing  by  d  I,  we  have 


,,1+;    ^•=_„ta4,.5y:.    .    .    (368) 
^  dt'     dt  ^    dt  y^    ' 
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Now, 

d(2  df     ~  dc'      \    '  dt        ^' dt/  ' 

whence  by  substitution,  Equations  (367)  and  (368), 

^'  dp       '^-  dp  ~  dt'     y''dt/~^"dP' 

and  since    — j    must  be  the  same  for  every  element,  we  have,  Equa- 
tion   (366), 

2mr=.5^=SP(.cosa-;.co.7), 


dP    -  Zmr^  V-""' 

That  is  to  say,  the  angular  a«celeration  of  a  body  retMned  by  a 
fixed  axis,  and  acted  upon  by  incessant  forces,  is  equal  to  the 
moment  of  the  impressed  forces  divided  by  the  moment  of  inertia 
with  reference  to^this  axis. 

Denoting  the  angular  velocity  hy  V^ ,  and  the  moment  of  inertia 
by  I,  we  find,  by  multiplying  Equation  (369)  by  3  d-^/  and  integrating, 

/r.=  =  2y"sP{scosa.  — xcosy)^-].  -f  C, 

and  supposing  the  initial  angular  velocity  to  be  F/,  we  have 

7{F,»  -  Fi'=)  =  2f2F{^cosa  -  xc<}SY)d-l.. 

But  the  second  member  is,  1 107,  twice  the  quantity  of  work 
about  the  fixed  axis ;  whence  the  quantity  of  work  performed  be- 
tween the  two  instants  at  which  the  body  has  any  two  angular 
■vdoeitiea,  is  equal  to  half  the  difference  of  the  squares  of  these 
velocities  into  the  moment  of  inertia,  or  to  half  the  I'ving  force 
gained   or   lost  in    (he  interval. 
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Mk^  =  jTf,.  (1)^  =  M,\    so   that,   the  moment  of  inei-tja 
t  mass  wliioh  would,  if  concentrated  on   the    arc  ^-i  have 
ig  force  equal  to  that  of  tho  hody  which  actually  rotates. 


COMPOUND    PENDULUM. 

§  230. — Any   body   suspended  from   a  horizontal  axis  A  B,    about 
which  it  may    swing  with  freedom,  under  the 
action  of  its  own  weight,  is  called  a  com;pown.d  „ 

pendulum. 

The  elements  of  the  pendulum  being  acted 
upon  only  by  their  own  weights,  we  have 

P  =  mp;     P'  =  m'g,  &c.  ;  y 

tho  axis  of  z  being  taken  vertical  and  positive         A 
downwards, 


'  ^  &e.  =  0  ; 
'  z=  &e.  =  1, 


and  Equatio 


\^^ 


dt"  ■ 


.  (370) 


Denote  by  e,  the  distance  A  6f,  of  the  centre  of  gravity  from  the 
axis;    by  4'i    fke  angle  HAG,  which 
A  G  makes  with  the  place  yz;   by  «„ 
the  distance  of  the   centre  of  gravity 
from  this  plane ;    then  will 


and  from  the  principles  of  the  centre 
of  gravity, 

which  substitute!  above,  gives 


.     .     (S71) 
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Multiplying  by  2d-^,  and  integrating, 

Denoting  the  initial  value  of  -^  ^Y  "i  ^^  ''^^^ 
Me 


whence, 


d^ 


:2^-. 


jy.« 


i(-o.+  - 


«); 


.  (372) 


cos  4-  =  1  -  T^ 


1.2        1.2.3-4 


1.2    '^  1.2.3.4 

and  taking  the  value  of  4-,  so    small   that  its  fourth  power   may  be 
neglected  in  comparison  witJi  radius,  we  have 


which  substituted  above,  gives,  after  a  slight  reduction,  and  replacing 
Imr'  by  its  value  given  in  Equation  (216), 


the  negative  sign  being  taken    because  -j-  ia  a   decreasing  function  of 
the  time. 

Integrating,  we  have 


The   constant  of    integratioti  i 
(  =  0. 


...    (373) 
because  when  4"  =;  a,  we    have 
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Making  4-  =  - 


■  (3") 


which  gives    the    timu   of  one   entire   oscillatio 
conclude  that  the  oaciUations  of  the  same  penc 
nai,  no  matter  -what  the  lengths   of  the   arc 
they  be  small. 

If  the  number  of  oscillations  performed  i 
ten  or  twenty  minuUs,  be  counted,  the  duraliu 
will  be  found  by  dividing  tlie  whole  interval  by  this  number. 

Thus,  let  6  denote  the  time  of  observation,  and  iV  the  number  of 
oscillations,  then  will 


,  and  from  which  WB 

ilum  will  be  isochro- 

I   of  vibration,  provided 

n  a  given   interval,  say 
n  of  a  single  oscillation 


Jf-     V     ,.s    ' 

and  if  the  same  pendulum  be  made  to  oscillate  at  some  other  location 
during  the  same  interval  fl,  the  force  of  gravity  being  different,  the 
number  N'  of  oscillations  will  be  different ;  but  we  shall  have,  aa 
before,  g'  being  the  new  force  of  gravity. 


Squaring  and  dividing  the  first  by  the  second. 


iva  ■ 


(374)' 


that  is  to  say,  the  intensities  of  the  force  of  gravity,  at  different 
places,  are  to  each  other  as  the  squares  of  the  number  of  oscilla- 
tions performed  in  the  same  time,  by  the  same  pendulum.  Hence, 
if  the  intensity  of  gravity  at  one  station  be  known,  it  will  be  easy 
to  find  it  at  others. 


§  331.— From  Equation    (37^3), 

d-\:- 


■  Zmr^  ^  3  jtf".  17 .  f  (cos  +  - 


(375) 
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and  making 


I.Vi>  -2M.ff.H; (376) 

in  whicli  S,  denotes  tlie  vertical  height  passed  over  by  the  centre 
of  gravity,  and  from  which  it  appears  that  the  pendulum  will  come 
to  rest  whenever  4'  becomes  equal  to  tc,  on  either  side  of  the  ver- 
tical plane  through  the   axis, 

§232. — If  the  whole  mass  of  the  pendulum  be  conceived  to  be 
concentrated  into  a  single  point,  the  centre  of  gravity  must  go 
there  also,  and  if  this  point  be  connected  with  the  axis  fay  a  medium 
without  weight  and  inertia,  it  becomes  a  simple  pendulum,  Deno- 
tiag  the  distance  of  the  point  of  concentration  from  the  axis  by  /, 
we  have 

^T,  =  0 ;     e  =  1, 
which  reduces  Equation  (374)  to 


■  (3TV) 


If  the  point  be  so  chosen  that 


1=    '      ■ ; (378) 

tivL  bi  pie  inl  comp  iid  penJuluri  wdl  ptrf  rm  the  r  oiciUati  lis  in 
the  same  time  The  foimer  is  then  called  the  equttialent  simple  pen 
duhim,  and  the  point  of  the  compound  pendulum  into  whch  the 
mass  may  be  concentrated  to  sat  sfj  this  tond  t  on  of  equal  duration, 
n  called  the  centre  of  oscillation  A  line  thiough  the  centre  of 
oscillat  on  and  parallel  to  the  axis  of  suspension,  is  called  an  axis  of 
ttsciltih    I  ^ 
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§  233. — The  axes  of  oscillation  and  of  suspension  are  reciprocal. 
Denote  the  length  of  the  equivalent  simple  pendulum  when  the  com- 
pound pendulum  is  inverted  and  suspended  from  its  axis  of  oscillation, 
by  I' ,  and  the  distance  of  this  latter  axis  from  the  centre  of  gravity 
by  $',  then  will 

I   =e  +  e'     or     e'  =  l-e; 

and,  Equation  (378), 


V  +  {l-e)\ 


and  replacing  I,  by  its  value  in  Equation  (378), 


That  !■!,  il  the  old  a\is  of  o=ci!htion  be  tiken  at  a  ne;^  axi^  of  sus 
pension,  the  old  axis  of  suspension  becomes  the  nt,w  axis  of  o'iL  lid 
tion  This  furnishes  an  easy  method  for  finding  the  length  of  an 
equivalent  simple  pendulum 

Differentiating  Equation  (37^),  rtgardm;^  I  and  t.   as   Miiable,   we 
have 

dl         e=  ~  A/ 


But  when  Ms  a  minimum,  then  will  t  be  a  minimum,  Equa- 
tion (377).  That  ia  to  say,  the  time  of  oscillation  will  be  a 
minimum  when  the  axis  of  suspension  passes  through  the  principal 
centre  oi. gyration,  and  the  time  will  be  longer  in  proportion  as  the 
axis  recedes  &om  that  centre. 
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1  et  1  ai  I  j1  b  tv, 
ected  with  the  peiidulur 
eins    turned    towards 


ben  J 


s  M  the  (.Liitre 


atute  parallel  prismatic  axts  firmly  cott' 
the  acute  edges 
iaeh  other  The 
O'-c  lUt  II  1  ii>  be  mile  tn  take  pHce 
ab  ut  t,  iher  a\  s>  by  simpjj  inverting  the 
penduluii  U^o  let  if  be  i  sliduig  mass 
capiblt,  cl  being  retimed  in  anj  posit  n 
by  the  clamp  screw  H  For  any  assumed 
positiott  of  M  let  the  principal  ralms  ot 
gynton  hu,  G  C  with  ff  as  a  centre 
6  C  &■'  ri  \mi  describe  the  circumfcrei  ce 
CSS  Fi  m  whit  has  been  e\plAned 
the  time  of  osclUtion  abcut  either  a'^is. 
will  be  -.hcrtened  aa  it  approaches  and 
lenfjthened  as  it  recedes  from  this  circumferi'  i 
or  least  possible  when  on  it  By  mo\mg  the  : 
of  giavitj,  and  therefore  the  gyratory  circle  of  which  it  is  the 
centre  may  be  thrown  toward-*  either  a\  =  Tie  pendulum  6ob  being 
n  ade  hea^j  the  centie  of  gravity  maj  be  brought  ^o  near  one  of 
the  axes  ^laj  j1  ,  as  to  plat*  the  httei  within  the  gjratory  cir- 
cumicronce  keeping  the  >-entre  ol  this  cicumfticnce  between  the 
ases  as  indicated  in  the  figute  In  this  position  it  is  obvious  that 
any  motion  in  the  ma^s  Jl/"  would  at  the  stme  tunc  either  'ihirten 
01  lengthen  the  duiation  of  the  fscillation  ibout  both  axes  but 
unequallj  m  ccnBequence  of  then  unequal  distances  fiom  the  gyritory 
circumf*,rt.nce 

The  pendulum  thus  arranged  is  made  t  Mlvate  abi  ut  each  axia 
in  -.ucc*  sion  during  equal  intervals  say  an  hour  oi  i  lay  and  tha 
numler  of  oscillatifns  carefully  noted  if  these  nu  nbert,  be  the 
B^me  the  distance  between  the  axes  is  the  length  /  of  the  equiva- 
lent 'i  mple  pendulum,  if  not  then  the  weight  M  must  be  moved 
totalis  that  a\is  whose  numbei  is  the  least  an!  the  tnal  lepeated 
till  the  numbers  are  made  equal  Ihp  distanco  between  the  axes 
may  be   m^'^suiei  Ij    a  scale  of  equal  pirls 

§234— Fiom  this  value  ol  /,  we  maj  eas  Ij  fid  that  of  l\i-simple 
teeonda  pendilni,    that  i«  to  ba>    the  sin  pie  pendulum  which  will 
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perform  its  vibration  in  one  second.  Let  jV,  be  the  number  of 
vibrations  performed  in  one  hour  by  tlie  compound  pendulum  whose 
equivalent  simple  pendulum  ia  I;  the  numlDer  performed  in  the 
same  time  by  the  second's  pendulum,  whose  length  we  will  denote 
by  I',  is  of  course  3600,  being  the  number  of  seconds  in  1  hour, 
and  hence, 


'^T 


and  because  the  force  of  gravity  at  the  same  station  is  constant, 
we  find,  after  squaring  and  dividing  the  second  equation  by  the  first, 

•'-^SSmr    ■■■■■■■    (SW) 

Such  is,  in  outline,  the  beautiful  process  by  which  Kater  determined 
the  length  of  the  simple  second's  peudulum  at  the  Tower  of  London 
to   be   39,13908  inches,  or  3,26159  feet. 

As  the  force  of  gravity  at  the  same  place  is  not  supposed  to 
change  its  intensity,  this  length  of  the  simple  second's  pendulum 
must  remain  forever  invariable ;  and,  on  this  account,  the  English 
ha^e  adopted  it  a'!  the  basis  of  their  system  of  weights  and  measures. 
l^'or  this  purpose,  it  was  simply  necessary  to  say  that  the  ^,2  6i5»"' 
part  of  the  simple  secoTid's  pendulum  at  the  Tower  of  Lintdon  shall 
be  one  English  foot,  and  ali  linear  dimensions  at  once  result  fronx 
the  relation  they  bear  to  the  foot ;  that  the  gallon  shall  contain 
A'zV"'  "*"  "'  ciitt'C  foot,  and  all  measures  of  volume  are  fixed  by  the 
relations  which  other  volumes  bear  to  the  gallon ;  and  finally,  that 
a  ewJfc  foot  of  distilled  water  at  the  temperature  of  sixty  degrees 
Pahr.  shall  weigh  one  thousand  ounces,  and  al!  weights  are  fixed  by 
the   relation  they  bear  to  the  ounce. 

§235. — !t  is  now  easy  to  find  the  apparent  force  of  gravity  at 
London ;  that  is  to  say,  the  force  of  gravity  as  affec-ted  by  the  cen- 
trifugal force  and  the  oblateness  of  the  earth.     The  time  of  oscillation 
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being   one  second,  and  the  length  of  the   simple  pendulam    3,26159 
feet,  Equation  (377)  gives 

_         /3J26I59 
~     V        ^        ' 
whence, 

J  =  fl-i'  (3,26159)  =  (3,1410)^ .  (3,26159)  ^  32,1908  feet. 
Prom  Equation  (377),  wo   also  find,  by  making   I  one   second, 

and  assuming 


t  +  y  cos  2  -I-, 


1324- 


Now  starting  with  the  value  for  p  at  London,  and  causing  the 
same  pendulum  to  vibrate  at  places  whose  latitudes  are  known,  we 
obtain,  from  the  relation  given  in  Equation  (374)',  the  corresponding 
values  of  g,  or  the  force  of  gravity  at  these  places ;  and  these 
values  and  the  corresponding  latitudes  being  substituted  suecessively 
in  Equation  (380),  give  a  series  of  Equations  involving  but  two  un- 
known quantities,  which  may  easily  be  found  by  the  method  of 
least   squares. 

In  this   way  it  has  been  ascertained  that 

■r^.x  =  32,1808    and    w^ y  =  -  0,0821 ; 

whence,  generally, 

i?  =  32,1808  -  0,0821  cos  2  4-;      ....     (381) 

and  substituting  this   value   in   Equation    (377),  and    making    (  =  1, 
we  find 

/  =  3,26058  -  0,008318  cos  2  4-     -     •     ■     ■     (382) 

Such  is   the  length  of    the   simple   second's    pendulum   at  any  placq 
of  which  the   latitude  is  4'. 
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If  we    make   4-  ^  40°  42'  40". 
New  York,  we   shall  find 


the    latitude  of  the    Citv  Hall  of 


?- 


3,25938  ^  39,11256. 


^330 — Ihe  prmciple'j  whioh  have  ju^t  been  explaiiieci,  enable  us 
to  htid  the  moment  <if  inertia  of  any  body  turning  about  a  fixed 
dMs,  with  great  jci'uiicy,  no  matter  "shat  its  figure,  density,  or  the 
distubution  of  itsi  mattei.  If  the  axis  do  not  pass  through  its  centre 
of  graiitj,  the  body  will,  when  defiected  fronl  its  position  of  equi- 
librium,  oscillate,  and  become,  in  fact,  a  compound  pendulum  ;  and 
denoting  the  length  of  its  eijuivalent  simple  pendulum  by  I,  we  have, 
after  multiplying  Equation  (378)  by  M, 

M.l.e  =  M  (V  +  e^)  =  2  m  r^  ;     ■     .     .     -     (.383) 


■  l.e 


(384) 


in  which   W  denotes   the  weight  of  the   body. 

Knowing  the  latitude  of  the  place,  the  length  l'  of  the  simple 
second's  pendulum  ia  known  from  Equation  (382) ;  and  counting  the 
number  N  of  oscillations  performed  by  the  body  in  one  hour 
Equation  (379)   gives 


To  fold  the  value  of  e,  which  is 
the  distance  of  the  centime  of  gi'avity 
from  the  axis,  attach  a  spring  or 
other  balance  to  any  point  of  the 
body,  say  its  lower  end,  and  bring 
the  centre  of  gravity  to  a  horizontal 
plane  through  .the  axis,  which  posi- 
tion will  be  indicated  by  the  max- 
imum reading  of  the  balance.  De- 
noting by  a,  the  distance  from  the  axh 
17 


I  the  point  of  Buppcut  H, 
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I  indication   of  the  balance,    we  have,   ftfiin 


and  by    b,  the  ; 
the  principlft  of 


:  We. 


The  distance  a,  may  be  measured  by  a  scale  of  equal  parts.  Sub- 
stituting the  values  of  W,  e  and  I  in  the  expression  for  the  moment 
of  inertia,  Equation  (38i),  we  get 


b.a.l'.  (3600)^ 


=  1. 


i5) 


If  the  axis  pass  through  the  centre  of  gravity,  as,  for  example, 
in  tbe  Jiy-wlieel,  it  will  not  oscillate ;  in  which  case,  take  Equation 
(383),  froi 


I  which  ^ 


J/A/ 


:  If.l.e  -  Me^ 


1  t  passing  through  the 


Mount  the  body  upon  a  parallel  ax  s  ^ 
tre  of  gravity  and  c'iu&e  it  ta  \  trite 
f  r  in  houi  as  bef  re  from  the  n  im 
her  «f  these  vibrat  ons  an  1  the  len^^th 
«t  the  simple  second  e  pendului  i  tl  e 
valuL  of  /  ri3j  befound,  3f  ii  known 
bein^  the  weight  W  <h\  dcd  1  v  j  and 
e  may  bi,  found  by  d  rcLt  measure 
ment  or  by  the  a  d  of  the  sprmg 
balance    as  already  indicated    whence  A    becomes  known. 


OF  A  BODY  ABOUT  AN    AXIS   UNDEE   THE   ACTION    OF    IMPITL- 
SIVE    FOKCES. 

%  237.— -If  the  forces  be  impulsive,  we  may,  §  170,  replace  in 
i^uation  (366)  the  second  differential  co-efficients  of  x,  y,  z,  by  the 
first  differential  co-efficients  of  the  same  variables,  which  will  reduce 
it  to 


^^(Bcosa 


>,y)_.2™ -- 


^0; 
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Bnd  replacing   dx  and  dz,    hy  their  valuea   in    Equatio 
find 

d^         ^P{zco^a-x^^y) 


dt 


■  (386) 


Tliat  i"!,  the  angular  lelocttij  of  a  body  ritaine'i  by  a  Jixed  aa;^^,  and 
rtiibjectcd  to  ike  simullanwwi  action  of  impuhtve  forces,  u  equal  to  the 
','in>  of  the  momiOtts  of  the  impressed  forces  aividcd  hy  the  moincHt  of 
zthertia  toiih  reference  to  iMs  axii,. 


§  2  8  —In  srt  lierj    tie    ntd     eloeity  of  projectiles  is 
i         ei  s     f  the  ballist  c  pe  diuu 

ascertained 

v*h  1   con     ts  of  d  n  as-*  of  n  utt^r 

^A 

u  p  nded    fr  m   i  hor  z  utal    ax  s 

1 

n  tl  e    1  ape  of  a  kn  f  edge    after 
the  TO  nn  r  of  fho  Cf  npoi.nd  p  n 
dulon        Tlie   lob    s   ether      ad 

I 
1 

1 

oi     son  e    u  eh  t  c    s  bstin  e     as 

1 

wood    or  of  metal   prov  d  1        h 

H 

a    Urge    &     ty    filled    w  th     o  n.^ 

z 

soft    n  atter     as    d  rt,    wh  h      e 

-^ 

-^^ 

ce  vea    tho    project  le    and    reta 
tl  e  si  aj  e    npre    cd    pon    1 1  j    1 
bl 

'-==5 

si 

S 

Deao  e   by   r  a  d        the    c 

I       J    a  d        >«     f    be  ball; 

F    tie  angular     el     t     of     h     l 

11         1     d  1  m    h      n     lit    after 

tl      1  lo  T    /  and  Jtf    ts    n  om  n 

f                   dm            Al  0  let    ^ 

ep  esent  the    1  s  anee  of  th        n 
from  tl  e  av  s   A      Ihat  no  m 

of  o     11 

f    1      peiiduhim 
he     esi  stance 

n  may   b     1        \ 

of  the   ax  g  ar    ng  f  oia  a  sh    k 

h     b  11   n  u      be               d   ill  the 

d  rec  on  of  a  !    e  pap.,  na;  tbr      b 
[bne    f  li     1   s       i  1         10      \\ 

n            1  p  rpc  d     1  r  to  the 
1     h            1           Li    (  8  )  gives 

d^i.     ^     "..rj_    ■"" 

+ 

r 

dl  -^'-   Kmr'  -(«-+ 

n7^7"+  ^')  ~ 

^J/  + 

m).« 
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whence 


M+v 


\ud  supposing  tlie  icgulai  veInLit\  curamuDiLite!  ti>  the  p  Ddulnm  tc 
be  (!C[ua!  to  thit  acquired  by  filliog  fiom  lest  thiough  the  initnl  arc 
o,  in  Equitioii  (372)  we  ha\e,  from  tbit  equition  and  Equation  (216), 
1 J  iviitiD^  e  for  d, 


and  Eq.  (374), 

which  substituted  above  gives 

Fi  :=  2  -  .  siu  h  a ; 

and  this  in  the  yalue  for  V  gives,  after  substituting  for  the  ratio  of  tlin 
masses  that  of  their  weights, 

V=2        ^      ---e-sinia (3S7). 

F    m  th       q    t  fi    1    th  t   1       I     tv   T  d  1 

th     p    p  t  w  11       ly  b        ce  t    1         th    d      t         t  gl 

11  t  d  th      mpl  t  d      t  th  d       b«d  ly  th  t       f 

g        ytthpdlniTlp  tfid        tht         hln 

pi       d       T     ft  1   ll  t       H    b         ffi       t  t       tU  h    t      tl 

I  tmttthpdl  pt  itofi  pern        t 

Iblw  Igltelg  h  tf 

t    4     tl  be        hll  J      th  ft       b  t  t  11        tl 

p      t  11         k  t  tl         t    t     f  th  It  K  tl 

1  d  tl  i        t       t       I   Ta     1      dy  d        b  d    i,      t 

I         i 
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THE    GUN    PBNDDLUU 


This  consists  of  a  gun  suspended  Irom  i  lioiizontal  ixs  The  shot 
IS  tncd  fiom  the  gun  and  its  velocity  is  inferred  trom  the  lecoil  as 
in  the  Bollistit.  Pendulum  The  lorces  meas^u  ed  bv  the  quantities,  of 
mot  on  de\elop(-d  by  the  txpatisnc  ict  "n  ut  the  exploded  pow  ler, 
m  1st  be  in  equihbiio     M<ikc 

V  =  velocitj  of  the  bill  on  Jeivin^  tie  gin 
«.F=-  aveit^e  veloctj   ot  the  inflamed  powder, 

T    =  angular  velocit\  ot  p  nlulum  on  piiting  from  shot, 
It^  =  weight  of  gun  pen  luluiti 
lis  =  Iiall  lad  waJ 

W,  =        '  the  dai^e  of  jo'.du  anl  Ug, 

W^  =  of  powder  alone, 

d  =  diiiBftei  of  honf 

d  =r  diimeter  ot  bill 

e  =  diitiuce  ot  a\  a  it  lore  fiom  1:1  ■*  of  siiijeniion 

The  quantify  ot  motiun  m  ball  and  wad  01  leu  ig  the  gin  will  be 
—  V  the  corresponding  pie^nie  on  the  bottim  cf  tl  *■  gui  is  to 
that  ■«!ncli  generates  th  a  mot  01  as  the  aici  ct  a  cio«s  section  ot  the 
\  re  19  to  that  ot  a  greit  iirck  ot  the  btli  ^^a  n  the  blist  of  the 
powdci  will  continue  its  ction  on  tl  t,  gun  after  thp  b^U  leaves  it. 
Let  this  a  t  on  bo  proportional  to  the  cl  a  ge  of  pon  loi  Tlie  moment 
of  file  foice  impussei  u(oa  the  jtnduluiii,  m  rcter  ice  to  tho  axis  of 
suspenson  mil  be  t,iven  by  Ejs  (384)  and  (2"0)  ind  taking  the 
n    [1   uti,    f  the  otler  ter  ls  in  rcfucnce  (o  th^  sam      \ia    ne  lii\e 

W  W.  !,i      W  W, 

?  9  •'■'       9  3 

HI  which  «',  like  11,  is  a  constant  to  be  determined  by  experiment; 
and  from  which  we  find 
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'iJie   living  force  with   which  the  pendulum  separates  from    tlie    ball 
must  equal  twice  the  work  performed  by  the  weight  while  the  centre 
of  gvavity  is  moving  to  the  highest  point;  whence 
W 

V'.~?.i.e  =  2ir, .«.  vmlne  a  =  4  IT, .  e  .  sinH  ». 

g  <'  ' 

ill    which    a,    denotes    the    greatest    inclination    of   e    to    the    vertical. 


'=Vi- 


which  substituted  above  gives, 


The  methods  for  finding  e  and  a.  are  the  same  as  ia  the  ballistic 
pendulum.  To  find  n  and  n',  fire  the  ball  from  the  gun  into  the 
ballistic  pendulum;  the  effect  upon  the  latter  will  give  the  initial 
velocity  Y.  Kepeat  as  often  as  may  be  thought  dnsirabie,  and  with 
different  charges.  The  corresponding  initial  velocities  substituted  in 
Eq.  (388),  will  give  as  many  equations  as  trials.  These  equations  will 
contain  only  )(  and  »'  as  nnknown  quantities,  which  may  be  found 
by  the  method  of  least  squares.  For  full  and  valuable  information 
on  this  subject,  eouiult  Mordecai's  "Experiments  on  Gunpowder." 
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MECHANICS    OF    ELUIDS. 


INTRODUCTORY     REMARKS. 

§239. — The  physical  condition  of  every  body  depends  upon  the 
relation  subsisting  among  its  molecular  forces.  When  the  attrac- 
tinns  prevail  greotlj  over  the  repnlycna  the  particles  aie  held  firmly 
together  and  the  b  dy  is  solid  In  pioportion  a^  the  different^  be- 
tween these  two  sets  cf  forces  becomes  less  the  body  is  softer  and 
its  figure  J  lelds  more  readilj  to  e\tenial  piessuie  When  these 
forces  are  equal  the  piiticles  will  yield  to  the  slightest  force  the 
body  will,  under  the  action  ot  its  own  weight  and  the  resistance 
of  the  sides  cf  i  teasel  into  which  it  is  placed  ii,adily  take  the 
figure  of  the  htter  and  is  hquii  Fuiilly  when  the  repuhut,  et 
ceed  thn  <ittract\e  fortes  the  elements  of  the  body  tend  ti  separate 
from  eich  other  and  require  cither  the  application  of  somi.  extra- 
neous force  <.  r  to  be  c  jnfined  in  i  closed  ^  t  ssel  to  keep  them 
together  the  bidj  is  then  -i  aos  In  the  ^a  t  rinqe  of  relation, 
among  the  moleudar  torces  fiom  that  w^hioh  distmgu  she=  a  solid  to 
(hat  which  determines  a  gas  or  lapor  bodies  are  found  m  all  possible 
conditions — schds  run  imperceptibly  into  liquids  and  liquids  mto 
gases  Henee  ill  classification  of  bodice  founded  on  the  r  fhjical 
proptrtics  olme    muist    ff  iiPC(^sitY    be  arbitrary 

§240. — Any    body    whose    elp-mcntary   particles    admit   of   motion 
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a  11  lid/      —       has  y 

th  Jglldd^  Ufhh  d 

ouldf  Idbyh  irbljfh        jitl       amng 

hml  Ihl       mh       ppy  dff  dtn-es 

dff  Iq    d  —  giea  h        h  d     1    h  1  la 

I  ss  d  w  11    I  1  1       h  p 

ga,  did  llfl  hdflilj         Iph 

podEtJiairSlfld  dl  p 

CO    y     r     lly  a  b  dy  PP       h  1     1     1    h         I  d      d 

Iq    1  k         dffi    1  jl  1 

clasR,  as  paste,  putty,  and   the  like, 

§241.; — Fluids  are  divided  in  mechanics  into  two  dasses,  viz.: 
compressible  and  incompressible.  The  term  incompressible  cannot,  in 
strictness  of  propriety,  be  applied  to  any  body  in  nature,  all  being 
more  or  less  compressible;  but  the  enormous  power  required  to 
change,  in  any  sensible  degree,  the  volumes  of  liquids,  seems  to 
justify  the  term,  when  applied  to  them  in  .a  restricted  sense.  The 
gases  ai'e  highlj  eompiessible  All  liqtiidi,  will,  therefore,  be  regarded 
as   incompies^ible,   the  (fu  es  as    comprcsaible. 

§242. — The  most  tmportmt  and  remarkable  of  the  gaseous  bodies 
is  the  atmosphere  It  envelops  the  entire  earth,  reaches  far  beyond 
the  tops  of  our  highest  mountain's,  ind  pervades  every  depth  from 
which  it  18  not  esduded  bj  the  preseiiLe  of  solids  or  liquids.  It 
is  even  found  la  the  poles  of  these  latter  bodies.  It  plays  a  most 
important  pait  ra  all  natuial  phenomena,  and  is  ever  at  work  to 
influence  the  motions  ■\Mthin  it  It  is  essentially  composed  of  oxygen 
and  nitroffen,  m  a  state  of  mechanicii  mixture.  The  former  is  a 
supporter  cf  combustion  and,  with  the  various  forms  of  carbon,  is 
one  of  the  jiincipal  agents  emplo}ed  in  the  development  of  mechan- 
ical powei 

The  existence  of  gases  js  proici  bv  a  multitude  of  facts.  Con- 
tained in  an  inflexible  and  impeimeable  envelope,  they  resist  pressure 
like  solid  lodies  Gas,  in  an  inveitcd  glass  vessel  plunged  into 
water,  will  not  )ield  tts  plate  to  the  liquid,  unless  some  avenue  of 
escape   be   piovided  foi    it      lornadte*  which  uproot   trees,  ovevtuin 
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houses,  and  devastate  entire  districts,  are  but  air  in  motion.  Air 
opposes,  by  its  inertia,  the  motion  of  other  bodies  through  it,  aad 
this  opposition  is  called  its  resistance.  Finally,  we  know  that  wind 
is  employed  as  a  motor  to  turn  mills  and  to  give  motion  to  ships 
of  the  largest  kind. 

§243. — !n  the  discussions  which  are  to  follow,  fluids  will  be  con- 
sidered as  without  viscosity ;  that  is  to  say,  the  particles  will  be 
supposed  to  have  the  utmost  freedom  of  motion  among  each  other. 
Such  fluids  are  said  to  be  perfect.  The  results  deduced  upon  the 
hypothesis  of  perfect  fluidity  will,  of  course,  require  modification 
when  applied  to  fluids  possessing  sensible  viscosity.  The  nature  and 
extent  of  these  modifications   can  be    known   only  from  experiments. 


.  LAW. 

§244 — Gases  readdy  contrict  int)  mailer  volumes  when  pressed 
extemallj  ,  they  aa  readily  eipind  and  regain  their  former  diroen 
Bions  when  the  pressure  js  lemovtd  Thej  ire  theicfoio  both  corn 
preisible  and  elastic 

It  IS  found  by  experiment  tbit  the  ch'in^e  in  ^oliirie  i-,  frr  a 
Con'.tant  temperature,  always  diicctlj  proportional  to  tlio  thange  tf 
prfisuie  The  dmsity  of  the  same  bodj  is  inversely  pioportional  to 
the  -(olume  it  rccupe'9  If  thciefore  P  denote  the  pressure  upon 
a  unit  of  eurlace  which  will  prod  ice,  it  i  gnen  temperature,  say 
0°  Centr  a  deiaity  equal  to  unity  and  D  any  othei  dens  ty,  and 
p  the  pressure  upm  a  unit  sf  surface  which  wll  at  the  same  tern 
peratiire  tf  the  ga"  produce  th  s  density  then  ace  rd  ug  to  the  et 
pcrmients  abovL   referred  tj    will 


-.  P.D  ■ 


This  law  was  investigated  by  Boyle  and  Mariotte,  and  is  known 
as  MariotU'a  Law.  By  experiments  made  at  Paris,  it  was  found  thai 
this  law  obtains,  when  air,  ia  its  ordinary  condition,  is  condensed  27 
and  rar^ified    112  times. 
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LAW    OF    I'HE    rrj^ssmi''-,    dknsity,    A^"l)    tempeeatuke. 

§  245. — Lfnder  a  constant  pressure,  nil  bodies  are  expanded  by 
heat ;  under  a  conitant  volume,  their  elastic  force  is  increased  by  the 
saine  agent.  Experiment  has  shown  that  the  laws  of  these  chanties 
for  gase3   are    expressed   by 

p^r.I).(l+aS); (S90) 

in  which  p  denotes  the  pressure  upon  a  unit  of  surface,  D  the 
density  of  the  gas,  S  tlie  difference  betiveen  the  actual  and  some 
standard  temperature,  and  a  a  constant  which  is  equal  to  -j-^ir^ 0,003665 
when  the  standard  is  0°  centr.,  and  S  is  expressed  in  units  of  that  scale. 

First  supposing  D  and  6  variable  and  p  constant;  then  p  and  i 
variable  and   D  constant.    Equation    (390)  gives 

dP  _    _     a..D  ^V__^T_  ,v 

7T~       l+ccfl'      "rfi^l  +  ad      ■     ■     ■     •      W 

The  quantity  of  heat,  denoted  by  g,  necessary  to  change  the  tem- 
perature fl  degrees  from  the  asMinied  siandard,  will  be  a  function 
of  p,  i),  fl  ;    but  hecause   of  Equation    (390,)    we   may  write 

!=/(A?) W 

The  Incfcinent  of  heat  which  will  raise  a  body's  temperature  one 
degree,  is  called  its  ipecijie  lieoi.  The  specific  heat  lieing  the  in- 
crement of  q  for  each  unit  of  ^,  if  c  denote  the  specific  heat  when 
the  pressure  is  constant,  and  c^  lliat  when  the  density  is  constant, 
then  will 


Hid  by    divis 


dq       dq    dD_ 

T&  ^ Td ' ~dl  ' 

dq        dq    dp 

*"'  ''~d~B~7~p''d»' 

dq      «.Z»    , 

dl)    l  +  aS' 

dq  a.p  _ 
'        dp'  I  +aS' 

making   cr^y.c,, 

dq    ,  dq 


^  dB^'  ''  dp- 

m  nhich  7,  denotes  the  ratio  of  ilie  speeifie  heat  of  the 
constant  pressure  to  that  at  h  ronstant  density.  This 
known  from  experiment  to  be  constant  f  r  atmospherie  aii 
piobably     so     fur    all     gisfS,        Th.i     oi'^'ilments    of    Desor 
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Clements  make  its  value  1,3483;  those  of  Gay-LuKsac  aud  Walter 
1,3748;  and  those  of  DuloDg  on  perfectly  dry  air  1,431.  Regard- 
ing y  as  constant,   the   integration   of    the    foregoing    equation   gives 


^/(S)  »••• 


in  which  /,  denotes  any  arbitrary  functi 
the  parenthesis,  and  from  which,  dcnotinj 
F,   we  may   write 

From    Equation    (390),    we   have 

a=_^ \=A-.i? 

a.F.D       a.       ct.F 

Sudden    compression   iticreasi'^,  niid  a  sudi 

tempernture   of  hodies,    and    if  g   remain 

p,I>,&,   become  J)',  i3',  fl',   we   have 

p'=J)'^.F{q),     ■     .     (e)  l>'  =  J-^^J)-'^~'.F{q)-l.     ■     ■      (g 

Eliminating  F  (?)  first  from  Equations  (c)  and  (e),  and  ihtn  from  Equa 
tions  (d)  and  (g),  we  have,  replacing  y  and  a  by  their  nuirierical  teIucs 


on   of  the 
[   the   invt 

quantity  withm 
;rse    functions  by 

■     •     -     -     ■      (c) 

-'■F(^)- 

_1.  ...,., 

len  expant 
the   same 

ilon  decreases  the 
,    while    sudtJenly 

p'=p(§y'"'  ....  (391) 

=  (273  +  6)  (jy'"'273      ....  (392) 


These  equations  give  the  relation  between  the  densities,  elBstic 
forces,  and  the  temperatures  of  a  gas  suddenly  compressed  cr  dila- 
ted,  and  retaining   the   quantity    of  its  heat   unchanged. 

The  pressure  being  constant,  niaiie,in  Eq.  (390),  6  ~  0,  Ji  =:  i>,.  and 
divide  same  equation  by  the  resuli  ;  we  find  D  ^  Ii^~  (I  -|-«S),  Make 
p=i).-A„  -g'  =  weight  of  a  column  «if  merciiiy  at  standard  loiTiperature 
T,  and  resting  on  a  base  unity,  in  Lat.  45°,  whi  re  gravity  Is  /.  Thest 
in  Eq.  (389)  give,  filter  writing  0,0^  204  f.;r  o.,  mk\  i'  -  32°  for  {,, 

P  =:??.■_  ^^.l^.[H-(,<=_-r2°).0,0€i-04].     .     .     (M3; 
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and  become    2"  then  will  J)„  also  vary  and  become  D,'„  uud  to  exert 
the   same  pressure   A,,    must  have  a    new    value     /i,    and    such  that 

D„.\,.g'  ^Dl.h.g. 
Mfiieui-y    expards   or    contracts   0,0001001'*'    part   of    its    entire   vol 
ume    for    each   degi-ee  of  Tahr.    by    which   it  increases  or   diminishes 
its   temperature.       And    as   the    density    of    the    same    body    variea 
inversely   as   its  volume,   we   have 

I>1  ^  D„{V  +  {T ~  T)  ■  0,0001001] 
which   substituted    above   gives 

4„  =  741 +  (r-  !"). 0,0001001] (394) 


EQUAL    TSAN8MI6SION    OF 


§246. — Let  JSHL,  represent  a  dosed  vessel  of  any  shape,  with 
which  two  piston  tubes  A  B'  and 
D  C  communicate,  each  tube  be- 
ing provided  with  a  piston  that 
fits  it  accurately  and  which  may 
move  within  it  with  the  utmost 
freedom.  The  vessel  being  filled 
with  any  fluid,  let  forces  P  and 
P',  be  applied,  the  former  per- 
pendicularly to  the  piston  A  5, 
and  the  latter  in  like  direction 
to  the  piston  CD.,  and  suppose 
these   forces   in   equilibrio,   which 

they  may  be,  since  the  fluid  cannot  escape.  Now  let  the  piston 
A  B  \i&  moved  to  the  position  A' B' ;  the  piston  (7i>  will  take 
some  new  position,  aa  0'  D',  And  denoting  by  s  and  «',  the  dis- 
tances A  A'  and  C  C,  respectively,  we  have,  from  the  principle  of 
virtual  velocities, 


Denote  tlje  area  of  the  piston  AB  hy  a,  and  that  of  the  piston 
CD  by  «',  then  will  the  volume  of  the  fluid  which  was  thrust  from 
^e  tube  A  B',  be  measured  by  a  .  s,  and  that  which  entered  the  tul)e 
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i>  C,  will  be  measured  by  o!  s'.  But  the  pressuie  upon  tlie  pistons 
and  the  temperature  remaining  the  same,  the  entire  volume  of  the 
fluid  itt  the  vessel  and  tubes  will  be  unchanged.      Hence, 


dividing  the  eijuatioa  above  by  this  one,  we  have 
P         J" 


(396) 


That  is  to  say,  two  furce^  applied  to  pistons  ■wJiieh  comnvunicate  freely 
with  each  oilier  through  the  inlervention  of  aorae  conjinal  JIaiif,  leiU 
be  in  equikbrto  when,  their  intensities  are  directly  proportional  to  tlie 
areas  of  the  pistons  upon  which  tlfi/  act. 

This  result  is  wholly  independent  of  the  relative  dimensions  and 
positions  of  the  pistons ;  and  henee  we  conclude  that  any  pressure 
communicated  to  one  or  more  elements  of  a  fluid  mass  in  eqvilibrio,  is 
equally  transmitted  throughout  the  whole  fluid  in  every  direction.  This 
law  which  is  fully  confirmed  by  experiment,  is  known  as  the  prin- 
ciple o£  equal  transmission  of  pressure, 

§247. — Let  a  become  the  superficial  unit,  say  a  square  inch  or 
square  foot,  then  wiU  P  be  the  pressure  applied  to  a  unit  of  sur- 
face, and.  Equation  (396), 


:  Pa'. 


That  IS  the  pleasure  tiinsmittt^d  to  mj  portion  of  the  surface  of 
the  contamug  %es«el,  will  be  eqial  tc  thit  applied  to  the  unit  of 
Buifaci.  multiplied  by  thi,  irea     f  the  aurftee  tr  which  the  transmis- 


§  248 — Since  the  elements  of  the  fluid  are  supposed  in  equilibrio, 
the  pressure  transmitted  to  the  surface  through  the  elements  in  con- 
tact with  it,  must,  |  217  and  Equations  (332),  be  normal  to  the  sur 
face.  That  is,  Ute  pressure  of  a  fluid  against  any  svrface,  acts  alieayi 
in    the  direction   of  the  normal. 
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MOTION  OF  THE  FLUID  PAItTICI.E3. 

§249. — The  partides  of  a  fluid  having  the  utmost  freedom  of 
motion  among  one  another,  all  the  forces  applied  at  each  particle 
must  be  in  eqmlibrio.  Eegardjng  the  general  Equation  (40)  as  ap- 
plicable to  a  single  particle,  whose  co-ordinates  are  x,  y,  a,  we  shall 
have 


and  supposing  the   particle   to   have   simply  a  motion  of  translation, 
we  also  have 


and   that   equation  becomes 

(.PC 

..-, 

"'  dl')  ^' 

+    (.Pco 

5|3- 

+    (s  Poas  y  ~  t 

de> 

whence,  upon   the  principle  of  indeterminate  co-efficients, 


I.P& 


di-'   ■ 


Now  the  tcrm^  SPfosc  DPcjb  3  ind  2Pcosj,  aie  euh  composed 
of  two  distinct  parts,  \iz  1st,  the  component  of  the  resultant  of 
tSe  foices  applied  direttlj  to  the  pirticle ,  and  2d,  the  component 
of  the  pressure  transmitted  to  it  lioni  a  distance,  arising  fiom  the 
forces  impressed  upon   other  partides. 

Denote  bj    X,   Y  and  Z  the  aLLtleiations    m.  the  directions  of  the 
axes   X,  y,  a,    respectivelj     due  to   the  foices   applied  directly  to    the 
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partide;  then  m,  being  the 
the  forces  directly  impresse 
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of  the  particle,  the  components  of 


II  Y; 


The  pressure  transmitted  will  depend  upon  the  particle's  place, 
and  will'  he  a  fanetion  of  its  co-ordinates  of  position.  Denote  hy  p, 
the  pressure  upon  a  unit  of  surfiiee,  on  the  supposition  that  every 
point  of  the  unit  sustains  a  pressure  equal  to  that  communicated  to 
the    particle  from  a  distance ;   then,  for  a  given  time,  will 

Conceive    each  particle  of  the  fluid   to   consist  of  a  small  rectan- 
gular   parallelopipedon    whose 
faces   are  parallel    to    the  co-  ^i 

ordinatfl  planes,  and  whose  con-  1 

tiguous   edges   at    tiie  time   t,  /  j 

are  dx,  dy  and  dz;  and  let 
X,  y,  z,  be  the  co-ordinates  of 
the  molecule  in  the  solid  an- 
gle nearest  the  origin  of  co- 
ordinates. Then  would  the 
difference  of  pressure  on  the 
opposite  faces,  which  are  paral- 
lel  to  the  plane  ey,  were   these 


« 


F^x 


',)- 


aces   eijaal   to   unity,  be 

F{,,,,,,)=ii  d.. 


and  upon  the  actual   fiices   whose    dimensions    arc  each  dz.dy,  this 
,  Equation  (397), 

*7^  ■  dx-dy  •  dz. 


In  like  manner  will  the  difference  of  the  pressures  transmitted 
to  the  opposite  faces  parallel  to  the  planes  zx  and  xy,  he,  respeo 
lively, 


dy-ds-dx,     and     --r—  -dz- dx-dy. 


dz 
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These  pressures  being  noriiia!  to  l^e  surfaces  to  which  they  are 
respectively  applied,  they  will  act,  the  first  iu  the  direction  of  x, 
the  second  in  the  direction  of  y,  and  the  third  in  the  direction 
of  3.  And  as  these  diiferences  alone  determine  that  nortion  of  the 
motion    duo  to   the  transmitted   pressures,  we   have 


SPeosa  =z  mX  -' 
2  P  cos  ^  =  m  F  — 
2  P  cos  7  =  w  Z  - 


■  dx . dy . dz  ; 

■  dy .dx.de; 
•  ds  .dx ,  dy. 


Denote  by  D  the  density  of  the  muss  in,  then  will,  Equation  (1)', 
m  ^  D  .dx  .dy  .dz, 
mid  by  substitution,  Ei^uations  (398)  become 
\       dt    _  ^        d^ 


\       dp 


=  F. 


dt^  ' 


-.  Z  -  - 


Denote  by  M,  v  and  w,  the  velocities  of  tlie  molecule  whose  co- 
ordinates are  xye,  parallel  to  the  axes  x,  y,  s,  respectively,  at  the 
time  t.  Each  of  these  will  be  a  function  of  the  time  and  the  co- 
ordinates  of  the  molecule's  place;  and,  reciprocally,  each  co-ordinato 
will  bo  a  fmictior.  of  t,  u,  v  and  w ;  whence,  Equations  (12)  and  (13), 


and  replae 


-O 

dt       du 
dt'^  dx 

dj: 

du 
dy 

•dy 
'  dt 

-t 

dz 
'  dt' 

dx 

di 

dy     dz 
dt'   dt 

Ijy  ttei 

valu 

,u. 

respectively 

-m)- 
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in   the   same  way, 

tl.  -  (±t\  4-  iiL    „  4-  i^    „  4-    ' 
di^  ~  \dt/  '^  dx         '^   dy        "^ 

rf(^  -  \dt/  ^  dx         ^   dy         ^ 
which,  substituted  in   Ec[uations  (399),  give 

D'  dx  ~  \dt/         dx'^    •    dy""        1 

'D"dy~       ~  \dt)         rfs'"        dy'^         <. 

i_  dj>_ 

D'  dz  ' 


-{^)- 


Here  are  three  equations  involving  five  unknown  quantities,  viz.  • 
u,  V,  w,  p  and  D,  which  are  to  he  found  in  terms  of  x,  y,  z  and  (. 

Two  other  equations  may  be  found  from  these  considerations,  viz ; 
the  velocity  in  the  direction  of  w,  of  the  molecule  whose  co-ordinates 
are  xtfz,  is  w;  the  velocity  of  the  molecule  in  the  angle  of  the 
parallelopipedonat  the  opposite  end  of  the  side  dx,  at  the  same  time, 

...... 

and  hence  the  relative  velocity   of  tlie   two  molecules  is 

u  +  ^.dx  -u  =  —.dx 
dx  dx         ' 

At   the  time  t,  the  length  of    the   edge    joining  these   molecules   is 
dx,  and   at  the   end   of  the  time  t  ■{-  dt,  this  length  will   be 

dx  +  ~-dx.dt  =  dx{\  +~-dt); 

the    second   term    being    the    distance    by   which    the    molecules    in 
question    approach    toward    or     recede     from     one     another    in    the 
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In  ttie  same  way  the  edges   of  the  parallelopipedon  -which  at  the 
time  (,  were  dy  and  dz,  become  respectively, 


dz  +  -j--ds.dt    =dz(\  +  -^-dt); 

and   the   volume  of  the  parallelopipedon,  which   at  the  time   I,   ■ 
dx.dy.dz,  tiecomes  at   the   time  (  +  d(, 


The   density,  which   was  I>,  at  the   time  t,  being  a  function  oixy* 
and  (,  becomes   at  the   time  t  -\-  dt, 

which  may  be  put   under   the   form, 

"^  \di  '^  'd^'l't   "^  IJ'lt    '^  17'  l~t)       ' 
and  replacing 

rf(  '      dt  '      dt  ' 
by  their  values  «,  w,  lo,  respectively, 

\  dt  d  X  d  y  dz      ^ 

Multiplying  this  by  the  volume  above,  we  have  for  the  mass  of   thfl 
parallelopipedon,  which  was 

I>\dx.dy.dz, 
at  the  time   i,  the  value, 

at  the  time    t  -\-  dt. 
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But  tlie=s  massi-s  must  be  equal,  since  the  q^uantity  of  matter 
is  uHChanged-  Equating  them,  striking  out  the  oommon  factors,  per- 
forming the  imiltiplieation,  and  neglecting  the  second  powers  of  the 
ditferentiali,  we  have 

I,  (iii  +  4i+i^)+"+".„+;^^.. +  ",  =  0.(401) 

\dx         dy        tf^/         at        dx  dy  de  ^       ' 

This  is  called  the  Equation  of  (xnlinmty  of  the  fiuid.  It  expres- 
ses the  relation  between  the  velocity  of  the  molecules  and  tlie  den- 
sity of  the  fluid,  which  are  necessarily  dependent  upon  each  other. 
This  is  a  fourth  e<juation. 

§250-— If  the  fluid  be  compressible,  then  will  the  fifth  equation 
be  given  by  the   relation, 

F{D,p)  =0, (402) 

as  i%  illustiatod  iii  the  paiticuKr  mitmcc  <f  Minotte  s  law,  Equa- 
tion (389)  The  iorm  of  the  tunctioi  d  'Signaled  by  thq  letter^ 
will  depend  upon  the  nature  of  the   fluid 


§ 

;ioi 

.—11     UiB 

fluid  be  iiieompressible 

■,    u.a    K,*^i 

diflerential  of  J) 

will 

be 

zero,  and 

dD 

dt 

dD            dD           dD 

I  0 ;     ■     .      (403) 

and 

com 

*equcntly, 

the  equation  of  eontiiiu 
dx    ^  ds    ^    dz 

ity,  Equatio 

ill  (401),  becomes, 

—     J 

i^^'^) 

and 

we 

have   for 

the  determination    of 

■  «.  V,  w,  i> 

and  p,   the  five 

Equations  (400),  (403),  (404). 

§  253, — Ihcse  equations  admit  of  great  simplifscation  in  the  case 
<rf  an  incomprmsible  Jiamoyeneov^  jiuvl  when  u-do:-^  v.dy  -f  v!,dz, 
ia  a  perfect  diA'crential,     For  if  we  make 

u'd x  +  vdy  +  wdz  ^  rf^, 
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tlieu  from  tHe  partial  differentisfls  will 

~  dx'        ~  dy  ^         ~  dz  ^  ^       ' 

which,  in  Equation  (404),  gives  for   the  equation  of  continuity, 

dx^         ay^         difl  '       ' 

by    the  integration  of  which  the  function  9  may   he  found. 
Differentiating  the  values  of  w,  v  and  w  above,  we  have 


Eliminating  w,  v,  w,  dK,dv  and  din,  from  Equation  (400),  by  1 
of  the   values  of  these  quantities  above,  we  have 


1 
JJ 

dp 
'  dx    ' 

^  X  - 

d^<f, 

dx-dt 

d^ 
dx 

d^(f)        dip       <Pis?          d((i       d^(fi 
dx'       dy     dx.dy       dz     dx.dz 

1 

dp 
'  dy  - 

=  r  - 

dy.dt 

d<p 
dx 

d'^ip          df   d^  (s       d(p       d^ip 
dy.da:      dy  dy^       dz    dy.dz' 

1 

D 

dp 

'  dz  ' 

=  z  - 

dz.dt 

d<p 
dx' 

d^ip           d(p       (P9           dtp    #9 
dz.dx       dy    dz.dy        dz     dz^ 

Multiplyuag  the  first  by  dx,  the  second  by  dy,  the  third  by  (i3,and 
adding,  we  find, 

From  which,  by  integration,  may  be  found  the  pressure  at  any  point 
of  an  incompressible  fluid  mass  in  motion,  when  Equation  (406)  ia 
the   equation  of  continuity. 

§253. — When  the  excursions  of  the  molecules  aro  small,  the 
second  powers  of  tha  velocities  may  be  neglected,  which  will  reduce 
Equation  (407)  to 

^■dp^XdxJrTdy  +  Zdz-d'^^.     ■     ■     (408) 
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1 254. — ^If  the  lionditioii  expressed  T)y  Equation  (406)  be  not  ful- 
filled, then  we  must  have  recourse  to  Et^iiation  (404)  to  find  the 
pressure. 

J255.— Eesuming  Equation  (401),  which  appertains  to  a  compres- 
sible fluid,  retaining   the  condition  that 

udx  +  vdy  +  ifdz  ~  dtp 

is   a  perfect  diifercntial,  and  from  which,  therefore, 

.  =  il,    „  =  it;    „=4!L;     .     .    ,     (409) 
dx  ay  '  (iz  ^       ' 

we  obtain  by  substitution, 

i  ^         dv        dwl       dp      dD  dt?        dP  df    .   dPd^  _ 
\  dx    ^    dy'^.dz   \'^  dt'^  dx    dx'^  dy  dy^  dz  ds~ 

If  the  excursions  of  the  molecules  from  their  places  of  rest  be 
very  small,  both  the  change  of  density  and  velocity  will  be  so 
small  that  the  products  which  constitute  the  last  throe  terms  of 
this  equation  may  bo  neglected,  and  the  equation  of  continuity  be- 
comes 

\dx  dy  dz  /         d I 

and  replacing  dii,  dv  and  dw,  by  their  values  from  Equations  (409), 
and  dividing  by  P,  we  find 


dt  dx^         dif         dz^ 


=  0.     .     ■     •      (410) 


from  whieli,  and  Eq.  (408),  the  equation  connecting  the  extraneous 
forces  with  the  co-ordinates  xyz,  and  that  expressive  of  Marlottc's 
law,  the  function  ip  may  be  found,  then  the  value  of  I),  and  finally 
tiiat  of  p. 

The   excursions  being  small,   if  we   impose   tfie   additional   condi- 
tion that  the   molecules  of  the   fluid   are  not   acted    upon   by    extni- 

Google 


278         ELEMENTS    OF    AHALTTICAL    MECHANICS. 

iicoiis  forces,  in  wliieli  case   the  motions  can   only  arise  from    some 
arbitrary  initial  disturbance ;    then,  Equation  (408), 

and  by  Mariotte's  Isw, 

p  -  I'.D  =  cfi.Z> (411) 

from  wiicli 

dp  =  a^dD (412) 

acj  the  above  may  be  written,  after  dividing  by  d  t, 


Ti'~]J  ""  ■      dl      ~ 


(4,13) 


.wliii^h,  in  Equation  (410),  gives 

dp  ^dx^         d'f-         d%^  ^  \       / 

FroTQ  this  Equntion  the  funitmn  9  is  to  be  drtemiineii,  then  the 
value  of  D,  from  Equation  (410),  and  thit  of  p,  fiom  either  of  the 
Equations  (411)  or  (413) 

§  256.— Concede  a  homogeoeou'-  ehstii  fluiil  to  be  disturbed  at  one 

cf    ti,  p    n      ly  tie  grtden  e  paa  ot  contrdctiim  ot  the  element 

the  estd      Tl      wllbaLi  I     iqnilibiiiiiii  of  the  siirroiiniJing 

molec  lar  lo     s  a      I  a    po  a      h  1  a -tides  atlyii.ent  mil  wwl  to  ri,- 

sto  e  the        foin  y  D  <leu         and  expanilinij  lisatQibaiitc  will  pio- 

ceed  ontw    do       la          no  laki,  ihb  oiij;in  at  the  point,  ini! 

de  ot    tl  e    !              o    a       pa  [".I'd  111  ihe  lu'-tiiiLanu,  it    11  j 

tme          bfce        t    t>    h    d     u  l>,n  U  i,  tln.11  u  IS 


I  oi  thi,  paitiik,  *Lij>|>oscd  isi  the  direction  of  )',  bj 
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Diffiir<iiili'Aliiig  tlic  first  of  Clia  alxivo  oq nations,  wa  have 
idx-i-i/dy  +  zdz^  r ,  di: 

Substituting  t!ic  values  of  a',  >/,  and  z  from  the  sucoiiJ,  tliii-d,  and  fouttli, 
tliere  will  ws.ilt 

ndx  +  vdy-{-indz  =  !;.dr; 

so  that  this  satisfies  the  condition  of  tha  first  mombur  being  an  esact 
differential ;  and,  therefoi'C,  dcf  ^  (^ .  dr\  or 


dx       dr     f'  d^f        dr     /■' 

differentiating, 

<t' \f      d' !f    t}      d'i>    tf' +  j' 


^d^    ^'  +  ?/'. 


ind  these  values,  siibstitnted  in  Equation  (414),  giv 


if  r 


(41*)' 


©f  which  the  integral  is,  Appcndlj:  N*.  Vf^ 

r,  =  *'(,.  +  „()+/(r-„l)-, 

and  in  nhicli   F  and  /  denote  uny  arbitrary  functions  whatever.     From 
this  wo  bflve 
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^  =  l[Fir  +  at)+/(r-al)]     ....     (415) 

Taking  the  fii'st  diiTorential  coefficient  of  i?  with  I'espcct  to  r,  and  re- 
placing its  vahie  by  ^, 

i:=l.[f'(,-+«i)+/'('-«')]-,-.[''{'  +  »0+/('~«0]- 

For  any  considerable  distance  from  the  origin,  the  second  term  may  l>e 
omitted  in  comparison  with  the  first;  and  tliere  will  result,  after  squai-ing 
and  niiiltipijing  by  m,  the  mass  of  the  moving  particle. 


"  f =5  •["'(••+'")+/'(•■  T»  or 


{41  S) 


Tlie  first  momLiur  is  the  living  foi-oe  of  tlie  moving  particle,  or  double 
the  quantity  of  woit  it  may  impress  upon  the  organs  of  sense  exposed 
to  its  action.  The  effect  it  may  produce  will,  therefore,  all  other  things 
being  equal,  vaiy  inversely  as  the  square  of  its  distance  from  the  place 
of  primitive  disturbance.  Equatiuns  (-ilC)  and  (416)  are  employed  in 
discussing  the  theory  of  sound. 

EQUlLniEIUM    OP    FLtllDB. 

§  257.— If  the   fluid  bo   at  rest,  then  -wilt 


find   Equations  (390)  become 
dp 


dy 


D.X; 
D.Y; 


§258. — Multiplying  tbe  first  by  dx,  the  second   by  dy,  the  third 
by  dz,  and  adding  we  find, 


dp^D  (Xdx 


■  Ydv  4-  Zdz);  ....    (418) 

Hosted  byGoogle 


MECHANICS    OF    FLUIDS.  281 

and  by  integration, 

p  =fD.{Xdx+  Ydy  +  Zdz);    .     -     ■     -{419) 

whence,  in  order  that  the  value  of  p  may  be  possible  for  any 
point  of  the  fluid  mass,  the  product  of  the  density  by  the  function 
Xdx  -\-  Ydij  +  Zdz^  must  be  an  exact  differential  of  a  function  of 
the  throe  independent  variables  x,y,z.  Reciprocally,  when  this  condi- 
tion ia  fulfilled,  not  only  will  the  pressure  at  any  point  become  known 
by  substituting  its  co-ordinates,  but  the  Equations  (417),  will  be  sat- 
isfied, and  the  fluid  will  be  in  equilibrio. 

§  259, — Conceiving  those  points  of  the  fluid  which  experience  equal 
pressures  to  be  connected  by,  indeed  to  form  a  surface,  then  in 
passing  from  one  point  to  another  of  this  surface,  we  shall  have 
dp  —  0,  and 

Xdx  +  Ydij  -h  Zdz  =  0, (420) 

which  is  obviously  the  differential  equation  of  the   surface. 

Dividing  this  by  Rds,  in.wblcb  m^;,  denotes  the  resultant  of  the 
forces  which  act  upon  any  particle,  and  ds,  the  clement  of  any 
curve  upon  the  surface  passing  through   the  particle,  we  have 


X    dx  Y   dy         Z     d 

Ji'  ds   '^  li'  ds    '^  a'  d 


+  T^-Tr  +  -^--rr  =  ">■'•  ■  ■  -m) 


whence  the  resultant  of  the  forces  acting  upon  any  one  of  the 
elements  of  a  surface  of  equal  pressure,  ia  normal  to  that  surface. 
This  is  the  characteristic  of  what  is  called  a  level  surface,  which 
may  be  defined  to  be, any  surface  which  cuts  at  right  angles  the 
direction  of  the  resultant  of  the  forces  which  act  upon  its  particles. 

g  260.— If  Equation  (420)  be  integrated,  wc  have 

f{Xdx  +  Ydy  +  Zds)  =  C,       ....  (422) 

in  which  C  is  the  constant  of  integration.  The  magnitudes  of  this 
constant  must  result  from  the  dimensions  of  the  surface,  or  front 
the   volume  of   the   fluid    it   envelops.       JJy   giving    it    different.^and 
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suitable  values,  w  mn  stirt  f  ni  a  s  ngle  particle  and  proceed  out. 
wards  to  the  boundirj  f  tte  fluid  and  it  the  successive  values 
differ  Ly  a  small  quantity  we  sWll  have  i  ser  ts  of  leiel  eoncentrte 
strata. 

The  last  poss  bli,  value  toi  C  will  ieti,rminu  the  exterior  or  bounding 
surface  of  the  fl  i  d  bei^au^e  lb  s  surface  being  fiee  the  pressure  upon  it 
will  be  zero;  tlie  d  ftercntial  ot  tbu  pre'^uie  from  one  pcmt  to  mother 
will,  therefore,  le  zeio  iid  the  diffeiential  equation  will  le  that  num 
bered  (420),  or  that  li  equal  preiiun.  Every  free  suifai.i.  of  -i  fliil  in 
equilibrio  is,  therefore  a  level  suiftCL 

§261.— Putting  Equation  (418)   under  the  form 

■     .     .     .     (423) 

we  see  that  whenever  the  second  member  is  an  exaet  differential, 
P  must  be  a  iiinetioa  of  D,  since  the  first  member  must  also  be  an 
exact  differential.     Makti^,  therefore, 

p  ^F{D), (434) 

in   which  F  denotes   any  function  whatever,    the   above  equation  be- 

i^^^X<{x+  rdy  + Zd^;      -     ■     ■     (425) 

but  for  a  level  surface  or  stratum,  the  second  member  reduces  to 
zero ;  whence, 

dF{I))  =  0; 
and  by   integration, 

F(D}  -  C; 

whence,  not  only  will  each  level  stratum  be  subjected  to  an  equal 
pressure  over  its  entire  surface,  but  it  will  also  have  the  same 
density  throughout. 

§262. — If  the  fluid  be  homogeneous  and  of  the  same  temperature 
throughout,  then  wiil  D  be  constant,  and  the  condition  of  equilibrium 
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simply  requires  that  the  function  Xdx  +  Ydy  +  Zdz,  EijUatioh 
(419),  shall  he  an  exact  differential  uf  the  three  independeni 
Yariablea  x,  y,  »,  and  when  this  is  not  the  case,  the  equilibrium 
will  be  impossible,  no  matter  what  the  shape  of  the  fluid  mass, 
and   though  it  were   contained  in  a  closed  vessel. 

But  the  function  above  referred  to  is,  1 133,  always  an  exact 
differential  for  the  forces  of  nature,  which  are  either  attractions  or 
repulsions,'  whose  intensities  are  functions  of  the  distances  from  the 
centres  through  whiuh  they  are  exertei^.  And  to  insure  the  equi- 
librium, it  will  only  be  necessary  to  give  the  exterior  surface  such 
shape  OS  to  cut  perpendicularly  the  resultants  of  the  forces  wliich  act 
upon  the  surface  particles.  This  is  illustrated  in  the  simple  example 
of  a  tumbler  of  water,  or,  on  a  iarger  scale,  by  ponds  and  laltes 
which  only  come  to  rest  when  their  upper  surfaces  are  normal  to 
the  re™ltant  of  the  force  of  gravity  and  the  centrifugal  force  arising 
from   the   earth's  rotation   on   its  axis. 

In  the  case  of  a  heterogeneous  fluid  subjected  to  the  action  of  a 
central  force,  its  equilibrium  requires  that  it  be  arranged  in  concentric 
level  strata,  each  stratum  having  the  same  density  throughout.  And 
the  equilibrium  will  he  stable  when  the  centre  of  gravity  of  the 
whole  is  the  lowest  possible,  1 138,  and  hence  the  denser  strata  should 
be  the  lowest. 

When  the  fluid  is  incompressible,  the  density  may  be  any  function 
whatever  of  the  co-ordinates  of  place.  It  may  be  continuous  or  dis- 
continuous. When  it  is  given,  the  value  of  the  pressure  is  found  from 
Equation  (419). 

§  263.— In   compressitle  fluids   the  density   and  pressure  are    con- 
nected by  law,  and   the   former  is  no  longer  arbitrary. 
Dividing  Equation  (418)  by  Equation  (389),  we  have 

dp_  _  Xdx  +  Ydy  +  Zde      ....     (425)' 


•  =  / 


•Xdx+Ydy  +  Zdz 
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denoting  the  "base  of  the  Naperiau  system  by  e,  we  have 

and   this  substituted  in  Equation  (389),  gives 


i>  =  -^ p (428) 

These  equations  determine  the  pressure  and  density. 

For  any  surface  of  constant  pressure,  the  exponent  of  e,  in  Equa- 
tion (437),  must  be  coDstact,  its  differential  must,  therefore,  be  zero, 
and  all  the  consequences  deduced  from  Equation  (420)  will  follow ; 
that  is,  when  the  fluid  is  at  rest,  it  must  be  arranged  in  level  strata, 
each  stratum  having  the  sanrie  density  firoughout,  with  the  addition 
that  the  law  of  the  varying  density  must  be  continuous  by  the  re- 
quirements of  Mariotte's  law. 

If  the  temperature  vary,  then  will  F  vary,  and  in  order  that 
Equation  (425)'  may  be  an  exact  differential,  P  must  be  a  function 
of  *  y  3,  and  hence,  Equations  (427)  and  (428),  when  j>  is  constant, 
D  will  be  constant;  that  is,  each  level  stratum  must  be  of  uniform 
temperature  throughout. 

It  is  obvious  that  the  atmosphere  can  never  be  in  equilibrio  ;  for 
the  &un  heating  unequally  its  different  portions  as  the  earth  turns 
upon  its  axis,  the  layers  of  equal  pressure,  density  and  temperature 
can  never  coincide.  Hence,  those  perpetual  currents  of  air  known  as 
the  trade  winds,  and  the  periodical  monsoons ;  also,  the  sea  and  land 
breezes,  variable  winds,  &e,,   itc. 

§  2C4, — Rest  is  a  relative-term;  when  applied  to  a  particle  of  a 
fluid  mass,  it  means  that  that  particle  preserves  unaltered  its  place  in 
regard  to  the  other  particles;  a  condition  consistent  with  a  bodily 
movement  of  the  entire  mas.s. 

If  a  liquid  mass  turn  uniformly  about  an  a\is,  the  preceding 
equations  will  make  known  its  permanent  figure.  For  this  purpose 
it  will  be  sufficient  to  join  to  the  forces  X,  T,  Z,  the  centrifugal  furcei 
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Take  the  axis  s  as  the  axis  of  rotation ;    denote  the  angular  velocity 
by  (p,  and    the  distance  of 
the   particle   M   from   the 
axis  s  by  )•:  then  will 


the  centrifugal  force  of  M 
regarded  as  a  unit  of  mass, 
will  be 


iind  its  components  m  the 
direction  of  x  and  y,  respectively. 


and  these  in    Eq^uation  (418),  give 

dp  =  D.{Xdx  +  Ydy  +  Zdz  +  ^'^.xdx 


j2y.(?y)-.(429} 


When  the  second  member  is  an  exact  differential,  the  permanent  form 
will   be   possible, 

Por  the  free  surface  d-p  =  0,  and  we  have 

Xdx  +  Ydy  +  Zdz  +  tp^.x.dx  +  ^^ydy  =  0-  ■  -(430) 

Example  1. — Let  it  be  required  to  find  the  figure  assumed  by 
the  free  surface  of  a  heavy  and  homogeneous  fluid  contained  in  an 
open  vessel  and  rotating  about  a  vertical   asis. 

X  =  0;     r  =  0;     Z  =z  -  g; 
and   Equation  (430)  becomes 

gdz  =  if  {xdx  +  ijdy). 
Integrating, 

which  is  the  equation  of  a  paraboloid  whose  axis 


....     (431) 

i  that  of  rotation. 
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To  find  the  constant  C,  let  the  vessel  be  a  riglit  cylinder,  with 
circular  base,  wiiose  radius  is  a,  atict  denote  by  h  the  height  due  to 
the   velocity  of  the  fluid  at  the  eireumferenee,  then 


z  ^~^+  C (432) 

Denote  by  b  the  height  of  the  lif^uid  before  the  rotation ;  its 
volume  will  be  ira^.b.  Conceive 
the  whole  body  of  the  liquid  to 
be  divided  into  eoncentiic  cylin- 
drical layers,  having  for  a  eominon 
axis  the  axis  of  rotation.  The  base 
of  any  one  of  these  layers  will 
have  for  its  area,,  neglecting  dr\ 
'Z^r.  dr,  and  for  its  volume,  taking 
the  origin  of  co-ordinates  in  the 
bottom  of  the  vessel,  Sirr.rfr.z, 
which  being  integrated  between  the 
limits  r  =  0  and  r  =  a,  will  give 
the  whole  volume  of  the  fluid,  and 
hence, 

a^  6  =  2  /"% 


replacing  r.rfr  by  its  value  froni  Equation  (433),  and  int«grating 
between  the  limits  z  =  C  and  s  =  A.  -(-  C,  which  are  the  values 
HLven    by  Equation  (432)  for  ?■  =  0    and  r  ~  a,  yte  find 

C  =  b  -  l^h, 

and    the   equation  of  the  upper   surface  becomes 


The   least   and  greatest  values   for  z,  are    S  —  -^  A    and    b  +  ^k, 
obtained  by  making  r  =  0  and  r  =  a,  so  that  the  depression  t-f  the 
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liquid  at  the  axis  is  equal  to  its-  elcvatior.  at  the  surface  of  ihe 
cylindrical  vessel,  aad  is  equal  to  half  iho  height  due  to  the 
velocity  of  the  latter. 

I  •i&^.—Exam'pls  2.— Let 
the  fluid  elements  be  attract- 
ed to  the  centre  of  the  mass 
by  a  force  varying  inversely 
as  the  square  of  the  distance. 
Taltc  the  origin  at  the  cen- 
tre ;  denote  the  distance  to 
the  particle  m  from  that  point  y" 

by  r,  and  the  intensity  of  the  "^ 

attractive  force  at  the  unit's 
distance  by  k.    Then  will 


x=-t^,    r=-5|;   z=-ij; 

■which  in  Equation  (430),  give 


jd{x'  +  y-')=  0, 


and  by  integration. 


making 

in  which  d  denotes  the  angle  made  by  r,  with   the  plane  xy, 
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and    denoting   the   distance   from   tlie   origin    to   tho  point   in   which 
iie  free  surface  cuts  the  axis'  s  by  unity,  we  have,  by  making  &  =  90°, 


which   substituted   above,  and   solving   with  respect   to  cos^^,  gives 

l^^i.cos^fl^ML^ (434) 


and  niakiiig  ?■  =  1  +  m,  we  have 


(1  +  .)• 

If  the  angular  velocity  be  small,  then  will  u  bo  very  small. 
Developing  the  second  member  with  this  supposition,  aiid  limiting 
the   terms   to    the  first   power  of  -u,  we  find 

i^^.cos^a  ^  A(„  _3„a). (434)' 

Neglecting  3  w^,  and  replacing  n  by  its  value,  viz.:  r  —  1,  we 
have  for  a    first   approximation, 


From  Equation  (434)', 


and   this   in  the    equatioi 


above,  by  neg- 
lecting 3m^,  we   have 

2  A  4  A*         ' 

for  tho  polar  eijuation  of  the  meridian  section. 
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Comparing   this   with  tte   equation 

r  ~  _ ~  1  +  I  gJ  cos3  a  +  f  .  e*  .  cos*  3  +  &c., 

y  1  —  ^''cos^a 

they   become  identical    by   neglecting   the  higher  powers   and  malting 


The  free  surface  of  the  fluid  approximates  therefore  very  closely 
to  an  ellipsoid  of  revolution  of  which  the  eeoentricity  of  its  meridian 
Bection  is  equal  to  the  square  root  of  the  quotient  arising  from 
dividing  the  centrifugal  force  at  the  unit's  distance  from  the  axis 
of  rotation,  hy  the  force  of  attraction  at  an  equal  distance  from  the 
centre. 

rEES3IjRE  OF  HEA.VY  FLTIDS. 


§266.— When  a  fluid  contained  in  any  vest 
its  own  weight,  if  the  axis  z  be  taken  vertical 
and  positive  downwards,  then  will 

X  =  0;      Y  =0;     Z  =  g; 

and   Equation  (418)  becomes,  after  integrating 

and  assuming  the  plane  xy  to  coincide  witti 
the  upper  surface  of  the  fluid,  which  must  w 
horizontal,  we  have,  by  making  2  =  0, 


!el  is  acted  upon  by 


ijuilibiT: 


1  which  p'  denotes   the  press 
jrfaee.     Whence, 


1   exerted  upon   the   unit  of  the  froe 


---B.S.'^ 


The  first  member  is  the  pressure  exert«d  upon  a  unit  of  aurfece, 
every  point  of  which  unit  having  a  pressure  equal  to  that  sustained 
by   the   element  whose  co-ordinate  is   z. 
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If  p'  =  0,  then   will 

f  =  Dgz\ (436) 

and  denoting  by  h  tlie  ai'ea  of  the  surface  pressed,  and  by  dh,  the 
elfimeut  of  this  surface,  whose  eo-ordinate  la  z,  we  have,  Equation 
(3U7),  for  the  pressure  upon  this   element  denoted  by  _p,, 

Pi  ^^  Dg .z.db, 
and   the   same  for   any  other   element  of  the  surface ;    whenoe,  deno- 
ting   the   entire  pressure  by  P,   we   shall   have 

r  r=-Sp,  =  Bff.Sz.db. (437) 

But  if  s,  denote  the  co-ordinate  of  the  centre  of  gravity  of  the 
entire  surface  h,  tlien   will,  Equations  (01), 


N 


th 


1 


It     >1     1 


(438) 


1 


i        d      It  t  d             I>  b              W             ht     t    th          1  m       f 

tl      p               fl    d       Wh  Co    1  d      tl    t  (/     /)                     td 

p          J        file    hy       /  y  ji    d  iS     q     I  i     tJ            It   f         jl 

d       I        p     m  t          I  f  tJ      i     I      1        h               q     I  to    tl 

J       P        J       d   wh  Hid           q     I  t    tlie  d              f  U 

t       f  9       ty    f  tk     $1  f       bl       th       pp  J         f  tl     fi  id 

Wh      tl          f«3    p  d       5   n      t  1     t         t        f  g       ty  w  11 

b       t        d              Ir         tl  ip            i           i    1  t     tl     d  pth    t  tl 
fl    \ 

Ih             It           1    11>  d  1      1     t     t   t?      i       t  tj     f  tl     I 

fid      d  d  [     d      1  ly  p      th    I      tj     f  tl     fl  d    t    h  f,l  t       I 

th        t    t     f  th         foct  p         1 

E   mpl    1  — r  q      d     th      p 

a^,       t  th  f  f  1    aJ 

1  fill  d       tl    w  t  f  ts  i    es  b 

h  tal       t  11   th       d        f  tl  1 

fl  f    ach  f  11  I  th     d 


\__ 


f 
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lower    fiice  a;     -wheiiee,    the    principle    of    the     centre    of    gravity 


Ag.i, 


and   these,  etjbstituted  in  Equatloo  (438),  give 

Now  Dff  X  1^  =  Bff,  is  the  weight  of  a  cuhic  foot  of  wafer  i 
lbs,,  whcncir, 

P  =  63,5  X  3«=. 
Make  a  —  "7  feet,  then  wiii 

P  =  62,5  X  3  K  (7)3  ^  tiiM2% 

The   weight  of  the  water   in  the   vessel   is   62,5  a\  yet  t 

is  63,5  X  3a',  whence  wis  see  that  the   outward  pressure   to   break 

the  Tessel,  is  tliree  times   the   weight   of  the    fluid. 

Example  2. — Let  the  vessel  be  a  sphere  filled  witli  mercurj',  and 
let  its  radius  be  B.  Its  centre  of  gravity  is 
at  the  centre,  and  therefore  below  the  upper 
surface  at  the  distance  S.  Tlie  surface  of  the 
sphere  being  equal  to  that  of  fuin'  of  its 
great  circles,  wc  have 

6  =  4  *  ^s ; 


and,  Equation  (438), 

The  quantity  Bg  X  l'^  =^  I>ff,  is  the  weight  of  a  cubic  foot  of 
mercury  =  843,75  lbs,,  and  therefore,  substituting  the  value  of 
g  =  S,1416, 

P  =  4  X  3,1416  X  S4S,75.P=. 
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Now   suppose    the   radius  of    the    sphere   to  be   two   feet,   then  wi!! 
M^  =  8,  aiid 

P  =  4  X  3,1416  X  843,75  X  8  =  84822,4. 
The   volum©  of  the   sphere   is  ^fS^;    aad    the  weight   of  the   con- 
tained   mercury  will    therefore    be    ^ifIi^ffD=  W.      Dividing  the 
whole  pressure  by  this,  we  find 

whence  the   outward  pressure  is  three  times  the  weight  of  the  fluid. 

Examj)U  3. — Let  the  vessel  be  a   cylinder,  of    which    the    radius 
c  of  the  base   is  2,    and   altitude    I,  6  feet.     Then    -will 
h.z,  =  nrl{r  +  0  -  3,141fi  X  2  X  C  X  8; 
which,  substituted  in  Equation  (438), 

P  =  301,5930  X  D'J, 

W  =  3,1416  X  2^  X  6  X  -Z)(f  =  75,398  X  I>g; 
whence, 

P^  _  301,5936  X  Bg  _     _ 
H    ~  3J84    Hj     ~     '' 

tl    t         th    p  t  th      p    t     1        essel    is  fonr  times  the 

w   ght     1   th     fl    1 

§    67  — Th      1  1         h      I    1     th         sultans  of  the   pressure 

p         11   th       1  t       f  th  r 

p  11  d  th         i       /i  -V. 

I  t  mr  }      ypi  iifif  i™......_::::^^ 

t!         t         t          f  th     pi        p    d      d  i  / /\^ 

th    th        j-p            f          t    th     fl    1  i      /•/ 

h  h  p     96             t   t      D      t     th  ji/wV 

a          f  a  )      1  m     t    y  p    t               f  ("'''-/L 

tl      plan  £IF\     d&      ad  1  t       1  K    / 

1      I    J  t           f     ts  jl           p       tl  ^ 

Pi  f  f  th     fl    d     d  M 

p    pendi    1      i     M  '^        djn»-wth   ¥by   the  right  Hue  n  M,  thu 
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latter  wi!!  also  be  perpendicular  to  MX',  and  the  angle  tiMm  will 
measure  the  inclination  of  the  plane  EIF  to  the  surface  of  tho 
fluid.  Deiioto  this  angle  by  <f,  tie  distance  ra  »  by  h',  and  Mn  hy  r' 
then  \vill 

h'  =  j-'sinip; 
tiio   pressure   upon  the  element  ii!i, 

Dff.r'sinrpdb; 
its    moment  with  reference  to   the  lino  JfiV, 

and  for   tho   entire  ^rface,  the   moment  becomes 
Dg.miiip.'Sr'^dh. 

Den<(f«  by  r  the  distance  of  the  centre  of  gravity  of  the  sur&<» 
pressed  from  die  line  M N',  its  distance  below  tho  upper  surface  of 
the  fluid  will  be  ?■ .  sin  ip ;  and  the  pressure  upon  this  surface  will  be 

Dff.rsincp.b; 
and   if    i  denote  the  distuiice   of    the  centre   of    pressure    from   the 
iine  MN,  then  will 

7>(^.f  simp.J.i  =  2'^.sini{!.S!-'2,^&, 
from  which  wc  liave, 

'  =  '-^"=^^"' ■  («») 

whence,  Equation  (238),  the  centre  of  pressure  is  found  at  tlie  centre 
of  percussion  of  tbe  surfece  pressed, 

§268. — The-  principles  which  have  just  been  explained,  are  of 
great  pi-actical  importance.  It  is  often  necessary  to  know  tho  pre- 
cise amount  of  pressure  eserted  by  fluids  against  the  sides  of  ves- 
sels and  obstacles  exposed  to  their  action,  to  enable  us  so  to  adjust 
the  dimensions  of  the  latter  as  to  give  them  sufficient  strength  t,o 
resist.  Reservoirs  in  which  considerable  quantities  of  water  are  col- 
lected and  retaiued  till  needed  for  purposes  of  irrigation,  the  supply 
of  cities   and   towns,  or  to   drive  machinery;    dykes  to  keep  the  sea 
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and  lakea  from  inundating  low  districts ;  artificial  embankments  con- 
structed along  tlie  shores  of  rivers  to  protect  the  adjacent  country 
in  times  of  freshets ;  boilers  in  which  elastic  vapors  are  pent  up  la 
a  high  state  of  tension  to  propel  boats  and  ears,  and  to  give  motion 
to  machinerj',  are  examples. 


8  269, 


single  instance,  let   it  be  required  to  find  the  tliiek 
of   a  pipe   of   any   material  necessary   to  resist  a  given  pres- 


Let  ABO  be  a  section  of  pipe  perpen- 
dicular to  the  axis,  the  inner  surface  of 
which  is  subjected  to  a  pressure  of  jt  pounds 
on  each  superficial  unit.  Denote  by  JS  the 
radius  of  the  interior  circle,  and  by  I  the 
length  of  the  pipe  parallel  to  the  axis ; 
then  will  tbe  surface  pressed  be  measured 
by  2 « 2i .  / ;  and  the  whole  pressure  by 
^■alt-.l.p. 

By  virtue  of  the  pressure,  the  pipe  will  stretch ;  its  radius  will 
become  Ji  -\~  dS,  the  path  described  by  the  pressure  will  be  dH, 
and  its   quantity  of  work 

2^Ii.l.p4B. 

The  interior  eircumference  before  the  pressure  was  2«Ji,  aftorwarda 
2ff{J2  +  dB),  and  the  path  described  by  resistance,  Hirdli,  And 
if  JS  denote  the  resistance  which  the  material  of  the  pipe  is  capable 
of  opposing,  to  a  stretching  force,  without  losing  its  elasticity  over 
each  unit  of  section,  (  the  thickness  of  the  pipe,  then,  by  the  prin- 
ciple of  the  transmission  of  worii.  must 

2«.£.l.dS.t  =  Z-jtIi.l.p.dR; 
whence. 

Up 


The    value  of  p   is   estimated   ir 
,ie  rules  just  given.     That  in  the  ( 


the   C3 
.se  of  s 
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by  rules  to  be  given  preseiiLly.  The  value  of  B  is  readily  obtained 
Irgm  Taole  I,  giving  the  results  of  experiments  on  the  strength  of 
materials. 


EQUILIBRIUM  I 

§  270. — When  a  body  is  immersed  in  a  fluid  it.  is  not  only 
acted  upon  by  its  own  weight,  but  also  by  the  pressure  arising  froKi 
the  weight  of  the  fluid,  and  the  circumstanees  of  its  rest  or  motion 
will  be  made    known  by  Equations  {A)  and  {B). 

Let  ED  be  the  body  ;  tiike  the  plane  x  y  in  the  plane  of  the  up- 
per surface  of  the  fluid, 

supposed  at  rest,  and  . 

the  axis  of  z  therefore 
vertical.  Denote  by 
b  the  entire  surface 
of  the  body,  and  by 
d  b,  one  of  its  elements, 
whose  co-ordinates  of 
position  are  xyz.  The 
pressure  upon  this  ele- 
ment will  he 

D.g.e.db, 

in  which  H  is  the  density  of  the  fluid,  and  j  the  force  of  gravity. 

This  pressure  is,  §  248,  normal    to    the   surface,   and   denoting  by 
a,  ^  and  v,  the  angles  which  this  normal  makes  with  the   axes  xyz, 
ly,  the  components  of  the  pressure  in  the  direction  of  these 


I  he 


D.ff.s.db.aosiS;     I)  .g  .a.dh  .  <-.■ 


Similar  expressions  being  found  for  the  component  of  the  pres 
other  elements,  we  have,  by  taking,  their  sum, 

i)5'.2B.(f  6.C0SK;     Di/.Hz.db.cosIS 

Bill  rfi.costf,   (/6.COS/3,    and    i^S.cos^^,    ; 


Dff.I,z.db  .cosy. 

■e   the  projeoticns   of  the 
d  X y,  respectively;    and 
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2        lb    c  sa  ^2    db    CO    3  ^e   dl  a  !u     e3      t        Jl 

pr  -whose    ba  es   are    f    je  t    n       t    the   c  t  e   sur&ce    pres  ed 

JO  he  ■ine  CO  rl  ae  pla  e  a  d  of  wl  h  the  alt  t  de  of  ea  h 
IS  he  dep  h  of  he  common  tre  f  g  av  j  of  the  e  e  ne  ts  of  ts 
ba  e  s  bn  ergod  t  ti  e  def  tl  f  he  r  coi  e  p  d  ng  surt  e  ele  i  e  ta 
Wle  e  Vie  CO  elude  Ih  t  the  conpoient  of  Ike  p  wa  e  o  a  p 
gu  face  e  t  nated  any  d  re  on  s  eq  I  to  le  p  u  e  as  n  I 
of  that  surjace  at  -a  j  I  o  p  oject  o  on  a  pla  at  g}  t  jles 
(o   tlie  ptven    I  reel  on 

Tie  cyl  nder  o  pram  nhicl  pro  ects  -in  ele  ent  o  one  s  le  of 
the  body  will  also  project  an  eleme  t  s  tuated  oi  the  oppo^  te  «ide 
the  e  J 1  je  tions  v  11  tl  erel  re  Le  e  pal  in  e-stent  but  ■>  11  h  e 
CO  tra  y  a  gna  fo  tl  e  no  mal  to  the  o  e  w  11  n  ake  a  i  acute  and 
to  the  other  an  obtuse  angle  w  th  the  ax  s  of  the  plane  of  pr  ject  on 
When  the  e  proje  t  ns  are  ado  joa  a  y  vert  c  1  jli  e  the  >alue 
of  s  w  11  be  the  san  e  n  bo  h  dnd  he  ee  for  ea  h  po  t  v  product 
z  lb  c  aad  db  wsl  tleewlll  a  c^ual  negat  e  product, 
therelore, 

J)  ff  .X  X  .  db.  cosa  =  2 P aosa  =  0;  i><7 .2e  .(ii  .cos^^2Pcos/3=0. 

That  is,  tlie  sum  of  the  horizontal  pressures  in  the  directions  of 
X  and  y,  and  therefore  in  all  horizontal  directions,  will  bo  zero ;  and 
the  first  and   second   of  Equations  (120),  give 

dt'         '  di'         ' 

or,  whieh  is  the  same  thing,  there  caii  be  no  horizontal  motion  oi' 
translation  from  the  fluid   pressure. 

When  the  projections  of  oppoaite  elements  are  made  upon  a 
horizontal  plane,  they  will  still  be  equal  with  contrary  signs,  the 
normal  to  the  elements  on  the  lower  side  making  obtuse,  while  the 
normals  to  the  elements  above  make  acute  angles  with  the  axis  s; 
but  the  corresponding  values  of  s  will  differ,  and  by  a  length  equal 
to  that  of  the  vertical  filament  of  the  body  of  which  these  elements 
form   the  opposite  bases,  and   hence 

Dg.lz.db.msY"  Bff.X{i:'— z_)db  cony  =  --  B  g  S  cd  licosy  ■  ■  (4AQ) 
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in  ■which  e'  denotes  the  ordinate  for  the  upper,  and  s,  that  for  the 
lower  element  in  the  same  vertical  line,  and  c  the  distance  between 
the  elements;  and  the  third  of  Equations  (120)  becomes 

But  2c  .  1^6  .  cos 7 -is  the  volume  of  the  immersed  body  wMch  is 
obviously  equal  to  that  of  the  displaced  fluid;  also  Dg  .Sc. db  .cosy 
is  the  weight  of  the  displaced  fluid ;  and  Mg  that  of  the  body. 
Denoting  the  volume  of  the  body  by  V,  its  density  by  D',  the 
above  may  be  written 

V'D'g-  r'Dg-2m~  =  0.      ■     .     .     (441) 


Now,  when 


V'J}'g  -  V'Dg  =  0, 

D  =  d; 


and   there  can  be  no  vertical  motion   of  translation   fi;i 
pressure  and  the  body's   weight. 
"When  J)'  >  D,  then  will 

tind   the   body  will    sinic  with  an  accelerated   motion. 
When  D'  <  D,  then  will 

and    the  body  will  rise  with  an  accelerated  motion   til] 


■  jy  =  F'  Z)'j  -  YDs  =  0  ;     .     •  4M2) 
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ill  which    V  doiiotes  tlio 
fluid  displaced.     At   tliis 


volume  A  B  C,  of  the 
instant  we  have 


V D'g  -  VDff;  ■ 


(443) 


and  if  the  body  be  brought  to  rest,  it  will 
remain  sb.  That  is,  the  body  will  float  at  the 
surface  when  the  weight  of  the  fluid  it  dis- 
places is  eqiial  to  its  own  weight. 

The  action,  of  a  heavy  fluid  to  support  a  body  whoUj  oi  p\itly 
immersed  in  it,  is  called  the  buoyant  effort.  The  intensitj  ot  the 
buoyant  effort  is  equal   to  tlie  weight  of  the  Jluid  displaced 

Substituting  the  values  of  the  horizontal  and  vertical  componi  nti 
of  the  pressures  in  Equations  (US),  and  redm  m.^  by    Iht   reUtion'i, 

Do. 1.0. db. cosy -e'  =  I' g  .  V.x-) 

^  J       ■     ■     ■     (444) 

Dp  .2  c.db  .cosy.  1/'  —  D  g .  V  .y;  ) 

in  which  «  and  y  are  the  co-ordinates  of  the  centre  of  gravity  of  tho 
displaced  fluid  referred  to  the  centre  of  gravity  of  the  body,  we  find 


z.'.d'^y'  —  y' .d^x'  _ 


dp 

z'.^a'  -  / 

■  d^z' 

d& 

y'.^z'  -  z' 

■  d?y' 

-.Dg.V.x; 


di^ 


=  -Dg-V.y. 


Equation'!  (444)  si  w  that  th  1  le  of  dirtcticn  of  the  buojant 
effbit  pas-scs  thuugh  th?  Ltuti  if  giinty  of  the  disphced  fluid 
This  pout  IS  calki  the  cenhi'  if  buoi/atnj  And  fiom  Equatons 
(44o)  we  see  thit  as  long  as  c  and  g  ire  not  zeio,  there  ■will  be 
an  angular  acceleration  about  the  centie  of  gravitj  At  the  instant 
J=  0  and  y  =  0,  that  is  to  siy  when  the  centres  of  ^nvit\  of 
the  body  and  displaced  fluid  are  on  the  s^me  ^erti  al  line  tl  s 
acceleration  will  ceMo,  and  li  the  1  (l\  wn,  Inicht  f  rc-t  it 
would  ha\e  ho   tendency  to   rotate 

To   recapitulate,  wo  And, 
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1st.  That  the  pressures  vpmi  the  mrface  of  a  Indy  immersed  in 
a  heavy  Jluid  have  a  single  resulUint,  called  Ike  buoyant  effort  of  the 
fluid,  and  that   this  resultant   is  directed  vertically  vpwards, 

2d.  That  the  bum/ant  effort  is  equal  in  tnlensiiy  to  the  weight  of 
the  fluid  displaced. 

Si.  That  the  tine  of  direction  of  the  buoyant  effort  jsusses  through 
the   centre   of  gravity  of  the   displaced  fluid. 

4th.   That  the  horizontal  pressures   destroy   one  another. 

§271,— Having   discussed   the    equilibrium,    consider  next  the  sta 
bility  of  a  floating  body.     The   density  of  tlie   body  may   he  homo- 
geneous or   heterogeneous. 
Let  ABCI/U  a.  section  ~ 

of  the  "body  hy  the  uj  |  tr 
surface  of  the  fluid  ■^hen 
the  body  is  at  rest  f? 
its  centre  of  gravity  and 
H  that  of  the  fluil  dis- 
placed. Denote  by  V  the 
volume  of  the  displaced 
fluid,  and  by  M  the  mass 
of  the  entire  body.  The 
body  being  in  eq^uilibrio,  the  111 
the   density  of  the   fluid  by  D, 


G  H  will  be  vertical,  and  denoting 
we    shall  have 


(440) 


M=  D.  V. 

Suppose  the  section  AS  CD  either  raised  abov« 
below  the  surface  of  the  fluid,  and  at  the  same  time  slightly  careened ; 
also  suppose,  when  the  body  is  abaiidonecl,  that  the  elements  have 
a  slight  velocity  denoted  by  u,  u',  &c.  Now  the  question,  of  sta- 
bility wiil  consist  in  ascertaining  whether  the  body  will  return'  to  its 
former  position,  or  will    depart  more   and  more  from   it. 

The  free  surface  of  the  fluid  is  called  the  plane  of  floatation, 
and  during  the  motion  of  the  body  this  plane  will  cut  from  it  a 
variable  section. 

[.et  A'  B'  C  D'  be  one  of  these  sections   at  any  given  instant  of 
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time;  AD"  CD",  another  vdn.xLle  secfinn  of  the  boily  by  a  hnrl. 
zontal  plane  tlti'ough  the  centre  of  gravity  of  the  prinjitlve  seotioa 
A  B  CD,  and  A  0  the  intersection  of  the  two.  Denote  by  &  the 
indinatioti  of  these  two  sections,  and  bj  ?,  ^"^  vertical  distance  of 
A  B"  CD",  from  the  plane  of  floatation,  which  now  (oincides  with 
A'  B'  CD',  this  distance  being  regarded  as  negative  or  positive,  ac- 
cording as  AB"CD"  if,  below  or  above  the  plane  of  floatation. 
The  variablo  quantities  d  and  X^  will  be  supposed  very  small  at  the 
instant  the  body  is  abandoned.  Will  they  continue  ao  during  tho 
whole  time  of  motion? 

From  the  principles  of  Inaig  force  and  quantity  of  w<irk,  we  have, 
Equation  (121), 

fn^.dM  =  2f{Xdx  +  Ydy  4-  Adz)  +  /.. 

The  forces  acting  are  the  weights  of  the  elements  dM  and  the  verti- 
cal pressures,  the  horizontal  pressures  destroying  one  another ;  whence, 
X  ^  0,     F  =  0,    aud 

fu'dM^^fzd^+C^^l.Zz^C.     .     ■      (447) 

Tl  t             h  1  t       p               1          t    1           I     pJ           1  fl    ta 

t  ts  Itdtht            Ihtp           }1          t 

b  1  w  t!  t  pi  th    d  fi"     n      b  tw        t                   ht      d  that 

f  tl  11    d    t  1  jl  th    h   t    f  tl        latt        ill  b         rf if  a  d  th 

\     B   n        \  h  n      tl      1       i  IV     1 

I,Zz^fg.z.dM-fyD.z.dV.  •    ■    (448) 

But,  drawing  from  the  centre  of  gravity  6^,  of  the  body,  the  perpen- 
dicular 0  E,  to  tho  plane  of  floatation  A'  B'  C  D',  and  denoting  G  £ 


/- 


.dM  =  ffM^,. 


The  integral  J ^D.s.d  V,  will  be  divided  into  two  parts,  viz:  oni 
relating  to  the  volume  of  the  body  below  A  B  C  D,  or  the  volum* 
immersed  in  a  state  of  rest,  and  the  other    that    comprised  betweei 
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A  BCD  and  the  plane  of  floatation  A'  B'C'B',  wteii  tho  body  is  in 
motion.  Denote  hy  g  D  Vz',  the  value  of  the  first,  in  which  s' 
denotes  the  variable  distance  SF,  of  the  centre  of  gravity  IT,  of 
the  volume  V,  from  the  plane  of  floatation  A' B'C'B'.  And  repre- 
senting for  the  instant  by  h  t.ie  value  of  the  integral  J  sdV,  com- 
prehended between  the  planes  A  B  C  J)  and  A' B'  C  B',  'jDh  will 
be  the  second  part;  and  Equation  (447)  becomes 

fu'dM-  2,7. i/2,  -  I^D'Vs'  -  2(jl>h  +  0.  •  ■  (449) 

Tho  line  Gil,  being  perpendicular  to  the  plane  ABC  J),  the  angle 
which  it  makes  with  the  line  G-  E  is  equal  to  fl,  and  denoting  thp  dis- 
tance 0  M  hy  a,  we  have 


the  upper  sign  lieing  taken  when  the  point  G  is  below  the  point 
//,  an<i  the  lower  when  it  is  above.  This  value  reduces  Equation 
(449)    to 

fifldM  =  dz2ffDVacos&-2ffI>h+C.    ■    ■   ■  (450) 

Let  tis  now  find  the  integral  h.  For  this  purpose,  conceive  the 
area  ABGD  to  be  divided  into  indefinitely  small  elements  denoted 
by  i^X,  and  let  these  be  projected  upon  the  plane  of  floatation, 
A'  B'  C  B'.  The  projecting  surfaces  wil!  divide  the  volume  com- 
prised lietween  these  two  sections  into  an  indefinite  number  of 
vertical  elementary  prisms,  and  these  being  cut  by  a  series  of  hori- 
zontal planes  indefinitely  near  each  other,  will  give  a  series  of  ele- 
mentary volumes,  each  of  which  will  be  denoted  by  d  V,  and  we 
shall    have 

dV  =.  ds.dX.cosi; 
whence,  fiir  a   single  elementary  vertical    prism, 

fzdV  =  fedz.d>..cos6  =  ^{^y  .cos6  .dX; 
in  which  (s)  denotes  the  mean  altitude  of  the  prism,  and  consequently 

4  =ic,„l. /(.)'. iX, 
which  must  be  extended   to  embrace   the   entire   surface  A  B  CD. 
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Tho  v!i]ue  of  [z]  is  composed  <f  two  parts,  viz.:  one  comprised 
betweon  the  parallel  sections  A' B' C D'  and  AB"C'D",  aiid  whicli 
has  Tieea  denoted  by  ^;  the  other  comprised  between  the  base  dX 
and  the  second  of  these  planes,  and  which  is  equal  to  I .  sin  i,  de- 
iioling  by  I  the   distance  of  rfX  from  the  intersection  A  C;   whence, 

(.)  =  ?  +  ;..«,.., 

in  which  I  will  be  positive  or  negative  according  as  d\  happens  to 
be  below  or  above  the  plane  AB"0£>".  Substituting  this  in  the 
value  of  /(,  and  recollecting  that  ^  and  5  are  constant  in  the  inte- 
gration, we   find 

h  =  ^^l^'^ .  (MS  H  .fdX+lAine  oosi  fldX  +  } shi^  A .cosi  fpd>.. 

Denote  by  6  the  area  of  A  BCD,  or  tlie  vabio  o?  fdX.  The 
line  A  C  passing  through  the  centre  of  gravity  of  AB  GD,  we  hava 
I Id'K  =  0,  And  denoting  by  k^  tho  principal  radius  of  gyration 
of  the   surface  h,  in  reference   to    tlie   axis  A  C, 


fpdX-  bk^\ 


in  which  the  value  of  k,  is  dependent  upon  the  figure  and  extent 
of  the  surface  A  BOD,  and  upon  the  position  of  the  line  AC, 
Whence, 

ft  =   I  4  .  cos  a  (l^  +  k;>  sinS  &).       ....      (451) 
Taking 

sinO  :-fl  — ,j-^+&c;     cosfl  :^  1  -  — +  &e. 

Neglecting  all  the  terms  of  the  third  and  higher  orders,  substitut- 
ingin  thevalne  of  h,  and  then  in  Equation  (450)  we  find,  after  trans- 
posing and    inciuduig   the   term    :d^2ffD  Ya,  in  the  constant  C, 

fu^.dM+  9d\^X,''  +  (*V  ±  ra)fl2]=  C.  ■  ■  -(452) 

Now  the  value  of  the  constant  G  depends  upon  the  initial  values 
of  M,  S  and  ^ ;  but  these  by  hypothesis  are  very  snial! ;  hence  0, 
must  also   be  very   small.     As  long  as  the  second  term  of  the  first 
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meiiilier  i  f  Oi  live  /  u  i M  m  i  t  lemi  \eij  sn  ill  sii  «  it  i  csscn 
tiaiiy  posit  >e  itself  ind  being  incieased  bj  a  pc  itive  quantity, 
the  sum  is  vtry  null  Hence  X,  and  6  mist  remain  -veiy  small 
But  'when  the  stcond  t  im  is  negative  which  c%n  onlv  he  when 
bk  d:  Va  IS  negative  and  greafei  than  h~^  the  \alie  ot/«  dM 
maj  increase  indefinitely  fji  bein^  diminished  by  a  qiantity  that 
mcieases  s  fo  t  as  itselt  the  difference  nixy  fat,  constint  and  very 
small  IlenLP  £"  ind  B  maj  incrctse  m  re  anl  moie  after  the 
body   IS   ibandonel  to  itself    and  finally  it   ravf  overturn 

The  stabilitj  of  the  equilibrium  depends  thcrcfjre  upon  the  sgn 
oi  bk^  ±.  V  I  the  equilibrium  i9  alwajs  stable  when  this  quantity  is 
positne,  It  IS  unstable  when  it  is  negative  and  greater  than  6X 
The  ■value  of  6  A  =z  1 1  dX  must  always  be  positive  since  all  its 
elements  are  pcitive,  the  ^Hue  of  ±  Va  becomes  negat  ve  whea 
the  ctntit,  of  giavity  of  the  bcdy  is  above  that  cf  Iho  lisplac^d 
fluid    in   which  case   the  stab  1 1}    requires  that 

SA:,2>  Va,     or,  V  >  -^• 

When  the  centre  of  gravity  of  the  boly  is  b  1  vi  that  ff  the  dis 
placed   fluid    the   sgn   cf    I  a  is  positive 

^\  hence  we  conclude  that  the  equilibrium  cf  a  I  dj  fltatingat 
the  surface  (f  a  heavy  fluid  wiU  lie  stable  as  long  as  the  centre 
ot  gravitj  of  the  be  ly  is  below  that  of  the  displaced  fluid ,  that 
It  will  also  be  stable  abcut  all  lines  AC  with  rcf  i  nee  to  nhch 
the  piincipal  radius  cf  gyiation  of  the  section  of  the  body  b\  the 
plane  of  floatation  squared  k  gieater  than  the  volume  ot  the  d  s- 
plaecd  fluid  multiplied  by  the  distance  between  the  ceiti  s  of 
grav  ty  of  the  displaced  fluid  and  that  cf  the  bodv  when  the  latter 
la  in  equilibno  divided  bv  the  area  of  the  section  of  the  body 
by  the  ilaiic  of  float iti  n  ^\hl,n  th  s  c  nditi  n  is  nit  f  Ifillei  the 
equilibiium  mav  be  unstable  A  sh  p  who  e  cent  c  f  giavity  m 
above  that  of  the  water  she  di^plac  s  maj  overturn  xl  out  ler  btger, 
but  not  alcut  her  short  r  axis 

§272,— A  lino  BK  through  the  centre  of  gravity   (?  of  the  body 

HcG-cabyGoOgle 


304: 


ELEMENTS    OF    ANALYTICAL    MECHANICS 


and  which  is  vertical  when  the  body  is 
of  rest.  A  vertical  line  IT  M 
througli  the  centre  of  gravity 
H'  of  the  displaced  iiuid,  is 
called  a  line  of  svpport.  The 
point  M,  in  which  the  line  of 
support  cuts  the  line  of  rest, 

is  called   the  melacenlre.     The  __ 

body    will     be     in    equiliVirio  ^M-  "*  ~ — 

when  the  line  of  rest   and  of 
support    coincide.      Tlie    equi- 
librium will   be  stable    if    the    metacentre    full   above   tlie   centre  of 
gravity  ;   it  may  he  unstable  if  below. 

§273.— "When  the  equilibrium  is  stable,  and  the  body  is  disturbed 
and  then  abandoned  to  the  action  of  its  own  weight  and  that  of 
the  fluid  pressure,  it  will,  in  its  eflTorts  to  regain  its  place  of  rest, 
osfillate  about  this  position,  and  finally  come  to   rest. 

Tlie  circumsfanccs  of  those  oscillations  iibout  the  centre  >f  gravity 
of  the  body  will    readily  result  from  Equations  (i-tS), 

erEtJIFIC    GEAVITY, 


§S74, — The  speeijic  gravity  of  a  body,  is  the  weight  of  so  much 
of  the  hody,  ua  would   be   contained  under   a   unit    of  volume. 

It  is  measured  by  the  quotient  arising  from  dividing  the  weight 
of  the  body  by  the  weight  of  an  equal  volume  of  some  other  sub- 
stance, assumed  as  a  standard ;  for  the  ratio  of  the  weights  of  equal 
volumes  of  two  bodies  heing  always  the  same,  if  the  unit  of  volume 
of  each  be  taken,  and  one  of  the  bodies  become  the  standard,  its 
weight  will   become  the  unit  of  weight. 

The  term  density  denotes  the  degree  of  proximity  among  the 
particles  of  a  body.  Thus,  of  two  bodies,  that  will  have  the  greater 
density  which  contains,  under  an  equal  volume,  the  greater  numher 
of  particles.  The  force  of  gravity  nets,  within  moderate  limits, 
equally    upon  all   elements  of   matter.      The   weight   of  a  euhstance 
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is,  therefore,  directly  proporti'niiil  to  its  density,  and  the  ratin  of 
the  weights  of  equal  volumes  of  two  bodies  is  equal  to  the  ratio 
of  their  densities.  Denote  the  weight  of  the  first  hy  W,  its  density 
by  i?,  its  volame  by    F",  and   the  force  of  gravity   by  ff,  then  will 

and  denoting  the  like  elements  of  the  other  body  by  W,,  D,  and 
F^,  wo  liave 

W,=9.D^.V,. 
Dividing   the  first  by  the  s 


and  making  the  volumes   equal, 


wrs, <™* 

Now  suppose   the  body  whose  weight  is   W,    to   be   assumed   as   the 
standard  both  for  specific  gravity  and  density,  then  will  D,  be  unity. 


"  W 


-  J} (454) 


in  which  S  denotes  the  specific  gravity  of  the  body  whose  density 
is  D ;  and  from  which  we  see,  that  when  specific  gravities  and 
densities  are  referred  to  the  sanne  substance  as  a  standard,,  the 
numbers  which  express   the  one  will   also  express  the  other. 

§275, — Bodies  present  themselves  under  every  variety  of  condi- 
tion—gaseous, liquid,  and  solid ;  and  in  every  kind  of  shape  and  of 
all  sizes.  The  determination  of  their  specific  gravity,  in  every  in- 
stance, depends  upon  our  ability  to  find  the  weight  of  an  equal 
volume  of  the  standard.  When  a  solid  is  immersed  in  a  fluid,  it 
loses  a  portion  of  its  weight  equal  to  that  of  the  displaced  fluid. 
The  volume  of  the  body  and  that  of  the  displaced  Euid  are  equal. 
Hence  the  weight  of  the  body  jn  vacuo,  divided  by  its  loss  of 
weight  when  immersed,  will  give  the  ratio  of  the  weights  of  equal 
volumes  of  the  body  and  fluid ;  and   if  the   latter   be   taken   as   the 
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st  urtai  1  «  1  th  1  s  ot  we  f,l  t  be  1  idt  to  c  uj  >  the  denonii 
nator,  this  ratio  bcoin  s  tie  iieasiie  of  the  spec  fio  ^i\  ty  of  the 
budy  immei-sed  For  this  reason  and  in  ^lew  of  the  ccnsideration 
that  it  may  be  obtained  juie  at  all  times  md  pl<ice3  leaier  is 
assumed  as  the  general  standiid  of  specihe  giavitics  and  densities 
for  all  bodies  Hometimes  the  gases  and  vapors  are  refi,rred  to 
atmospheiic  an  but  the  specific  gravity  of  the  Utter  be  tig  ki  vm 
as  leferred  to  water  it  is  \etj  ea^y  as  we  shall  presently  see  to 
pass  from  tbt,  numbei«  ihich  relate  to  one  standaid  to  those  that 
reter   t     the  other 

I  276. — But  water,  like  all  otlier  substances,  changes  its  density  with 
its  temperature,  and,  in  cousequeuce,  is  not  an  invariable  standard. 
It  is  hence  necessary  either  to  employ  it  at  a  eonstatit  temperature, 
or  to  have  the  means  of  reducing  the  apparent  specific  gravities,  as 
determined  by  means  of  it  at  different  temperatures,  to  wiiat  they 
would  have  been  if  the  water  had  been  at  the  standard  temperature. 
The  former  is  generally  impracticable ;    the  latter  is  easy. 

Let  I)  denote  the  density  of  any  solid,  and  S  its  specific  gravity, 
as  determined  at  a  standard  temperature  coiresponding  to  which  the 
density  of  the  water  is  J),.     Then,  Equation  (453), 

Again,  if  S'  denote  the  specific  gravity  of  the  same  body,  as  indi- 
cated by  the  water  when  at  a  temperature  different  from  the  stan- 
dard, and  corresponding  to  which  it  has  a  density  i>^„  then  will 

Dividing  tlie  first  of  tliese  equations  liy  tlin  second,  we  have 
S         D„ 


S=  S'-^i (455) 

and   if  the    density  J),  ,  be  taken  as  unity, 

S  =  S'-D„. (456) 
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That  is  to  say,  the  spedfic  gravity  of  a  hodij  as  determined  nt  Hit 
iUmdard  teniperaturs  of  the  water,  is  equal  to  its  specif  gravilij  deter- 
mined  at  aay  other  temperature,  multiplied  by  the  density  of  the 
wafer  correipondinff  to  this  fempetature,  the  density  at  the  standard 
tciiiperature  being  regarded  as  vnity. 

To  make  this  rule  practicable,  it  becomes  neeeasarv  to  fiinl  tho 
relative  densities  of  water  at  different  temperatures.  For  thi?  pur- 
pose, take  any  metal,  say  silver,  that  easily  resists  tke  diemicat 
action  of  water,  and  whose  rate  of  expansion  for  each  degree  of 
Fahr.  tlieriiiiimcter  is  accurately  known  from  experiment;  give  it 
the  form  of  ft  slender  cylinder,  that  it  may  readily  conform  to  the 
temperature  of  the  water  when  immisrseJ.  Let  the  length  of  the 
cj-iinder  at  the  temperature  ed  32°  Fahr,  be  denoted  by  I,  and  the 
radios  of  its  base   by  ml;    its  volume   at   this  tempei'ature  will  be, 

xm'l-'-  X  I  -  ■rm^A 
Let   B  2  be  tlic   amount  of    expansion  in  length   for   each  degree  of 
the   thermometer   above  32°,      Then,  for   a  temperature   denoted  by 
(,  will    the  whole   expansion  in  length  be 
nl  X  {t- 


and   the   eiitir-e  Ic 
der   will   become 


gth  of   the  eyiiii 


+»i(<- 


i»)  =  ![l+»(l-32«)]; 


which,  substituted  for  I  in  the  first, 
expression,  will  give  the  volume 
for  the  temperature  i,  equal  to 

■^mH^[l  +  n{t  S2=)y 
The  cylinder  is  now  we  ghed  n 
vacuo  and  in  tie  wate  at  d  ffer 
cut  temperatures,  vary  ag  irom  32° 
upward,  through  any  des  r^ble  range 
say  to  one  hundred  1  ^.rees  Ti  o 
temperature  at  each  j  r  t,  s  1  g 
substituted  above,  gives  the  volume 
of  .the  displaced   fluid:   the  wdglit  of    the   difpUced  fluid  is 
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troia  the  ]  ss  of  weight  of  the  tylmdei  DiMdmg  this  weight  bj 
the  \chmc,  gives  the  weight  of  the  unit  of  ■volume  of  the  isater  at 
the  tempei^ture  t  It  was  found  by  Slampfer,  that  the  weight  of 
the  unit  of  volume  is  greatest  'when  the  tempeiature  is  38"  75  IFah- 
renheits  Miale  Taking  the  deiisty  of  the  ^>ater  at  this  temperature 
as  unity,  and  dividing  tl  e  weight  ot  the  unit  of  volume  at  each  of 
the  othei  temperatures  hy  the  weight  of  the  unit  ot  volume  at  this, 
^b'"!b    Idlle  II  will  result 

The  colimu  under  the  head  T  w  II  enallc  u^>  t  d  t  nn  ne  h  w 
much  the  volume  ol  ai  j  mass  of  water  at  ■v  iPiiperit  re  (  exceeds 
tliat  ot  the  same  mass  it  its  maiimnm  density  Tor  this  purpose, 
we  have  hut  to  multiply  the  volume  at  the  ma\imum  density  by 
the   tabuUi    number   coircspoading  to  tbe  given  temperaturt 

§277 — Befoie  proceedmg  to  the  practical  methods  of  finding  tho 
specitic  giavitj  of  bodies  and  to  the  variations  in  the  piocessts 
rendered  necessary  by  the  peculiarities  of  the  different  substances, 
it  will  bi,  necessary  to  give  lomo  idea  of  thp  best  instruments  em 
pkjed  for  this  purpus^e  Theit,  in  the  H</d>oii/iCc  hala  ct  auJ 
NteJohona  JlydKuneier 

Tlie  first  is  similar  in  principle  and  form  to   the  common  balance. 
It  is  provided  with  numerous 
weights,  extending  through   a  i 

wide    range,    from    a     small  1^ 

fraction  of  a  grain  to  several  r~ 

ounces.     Attached  to  the  un-  /  I 

der    surface    of    one    of   the  /    1 

basins  is  a  small  hook,  from  /      \ 

which     may     be    suspended  4_^^ 

any    body    by    means    of  a 

tiiin     platinum    wire,    horse- 

haii',    or    any    other    delicate 

.thread  that  will  neither  absorb 

EOr  yield  to  the  chemical  a& 

tioH  of  the  fluid   in    which   it   may  be  desirable  to  immersp  it 

Mckolsort's  Hydrometer  consists  of  a  hollow  metilic  ball   4,  through 
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prolonged  in   both  di- 


tlie  cenire   ff    which   jjas'iea   a  metilln,  w  ip, 

lettijns  beyond   the  surface    and  supporting 

at    either    end   ■*    ba&in  B    and    M'       Ihe 

(,onea\itKS    of   these    basins    are    turned    in 

the    same    dircf  tioii,    ard    the    bas  u    5     a 

made   so    heavy    that  when    the    instinm(,nt 

is  pliijed  in   water   the   "lem    CC    shall  be 

vertical,  and   a    weight  of  500  giaiiis    lem^ 

placed  m  the  b\?in  £,  the  whole  insttmnenfc 

will   sink  fill   the  uppei    suifj^et.  ot  distillei 

water,  at  the  st«indard  f«inpeiatuie,  conies  to 

a  pomt  O  marked  on  the  upper  steni  near 

its  middle.     This   instrument  is    provided    with    weights    similar    to 

those  of  the   Hydrostatic   Balance. 

^^7S— (1)  If  tie  boly  he  s  hi  i  I,  lulie  m  wat  r  an!  w  11  smk 
tn  tha/  fiuid  ttta  h  it  by  means  of  d  ha  i  to  the  hook  ot  the 
b  sin  of  til''  hvdro'-tat<,  balance  ujunteij;  ji^e  it  b^  pldcing  weights 
m  the  njpjsfc  cale,  now  immerse  the  body  in  ^  ater  anl  restore 
the  L^uiUbrum  bj  placing  *eghts  m  tht,  Vasn  ab  ve  the  body, 
^id  n^te  the  t(,mperature  of  the  water  Dmde  the  weights  in  the 
la^in  fo  which  the  body  is  not  attached  bj  those  in  the  ba^in  to 
which  It  IS  and  multijlj  the  potent  b\  the  d  ty  wjiicsponding 
to  the  temperature  of  the  wttcr  a  g\et  bj  tie  table  the  lesult 
will  be  the  fpeeihe  gravity 

Thus  denite  the  spec  lie  gravitj  b\  iS  the  dens  t  f  the  water 
by  D  the  weight  m  the  first  case  faj  W  and  thit  i  tl  e  scale 
alove  Ihe  solid  by  «,  then  will 


:  -D., 


W 


(2).  If  ihe  body  he  insoluble,  bat  will  »ot  sink  in  inater,  as  would 
be  the  case  with  most  varieties  of  wood,  wax,  and  the  like,  attach 
to  it  some  body,  as  a  metal,  whose  weight  in  the  air  and  loss  of 
weight  in  the  water  are  previously  found.  Tliea  proceed,  as  in  the 
case  before,  to  find  the  weights  which  will  counterpoise  the  com- 
pound in   air  and  restore  the    equilibrium  of  tlie  balance  when  it  ia 

Google 


310  ELEMENTS    OF    ANALYTICAL    MECHANICS. 

immersed  in  the  water.  From  the  weiglil:  of  the  compound  in  air, 
subtract  that  of  the  denser  body  in  air;  from  the  loss  of  weight 
of  the  compound  in  water,  subtract  that,  of  the  denser  body; 
divide  the  first  difTcrcnco  by  the  second,  and  multiply  by  the  density 
of  the  water  answering  to  its  temperature,  and  the  result  will  be 
the   speiiiiic  gravity  sought. 


A  piece  of  wax 

and  copper  in  i 

lir  =  438  ■  =  11^  4-  W', 

Lost  on  irameri 

51  on  in  water  - 

-     =    95,8  =  w  +   w'. 

Copper  in  air 

-     =388      ^  W, 

Loss  of  copper 

in  water      -     ■ 

-     ^    44,3  =  w: 

Then 

W  +  W  —  W  =  438  —  388    =  50,     =  TF, 
to  -\.  Ill'  -  iu'   =  95,8  -  44,2  =  51,6  =  vi. 

Temperature  of  water  43°,25, 

J}„  =  0,999952, 

W  50 

S  =  D,,  X  —    =  0,999952  X    ;r-^  =  0,968. 
"         te  &l,b 

(3).  If  the  body  readily  dissolve  in  water,  as  many  of  the  salts, 
sugar,  &e.,  find  its  apparent  specific  gravity  in  some  liquid  in  which 
it  is  insoluble,  and  multiply  this  apparent  specific  gravity  by  the 
density  or  specific  gravity  of  the  liquid  referred  to  water  at  its 
maximum  density  as  a  standard ;  the  product  will  be  the  true  specific 
grai  it; 

If  it  be  mcon'ienent  to  provide  a  liqu  d  in  ■ninth  the  s  il  d  i^ 
insoluble,  satuiate  the  witer  A\ith  the  subst.incc,  and  find  the  ippa 
rent  specific  grivity  with  the  water  thus  saturated  Multiply  this 
apparent  specific  gravity  by  the  density  of  the  saturated  iiuid,  and 
the  pioduct  will  be  tin.  specific  giavity  referred  to  the  stiadard 
This  i~>  a  ci  ramon  mMhod  of  finding  the  specific  gravity  of  guupow 
der,  the  water  being   '-atuiated  with  nitie 

(4)  If  the  body  be  a  liquid,  select  some  'olid  that  will  resist  ita 
chemical   action,    as   a  massive   piece   of   glass    suspended   fiom   fine 
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platvinim  wire;  weigh  it  in  air,  then  in  water,  'aiiii  finally  in  tha 
liquid ;  the  differeaeeg  between  the  first  weight  and  each  of  the 
latter,  will  give  the  weights  of  equal  volumes  of  water  and  the 
liquid.  Divide  the  weight  of  the  liquid  by  that  of  iJie  water,  and 
the  quotient  will  be  the  specific  gravity  of  the  liquid,  provided  the 
temperature  of  water  be  at  the  ptandard.  If  tho  water  have  not 
the  standard  temperature,  multiply  this  apparent  specific  gravity  by 
the  tabular  density  of  the  water  corresponding  to  the  actual  tem- 
perature. 

UxampU, 
Loss  of  glass  in  water  at  41°,  150      =  V}', 


277,5 
150 


S  =  ^-^  X  0,999988  -  1,85. 


(5).  If  the  bijy  be  a  gas  nr  vapor,  provide  a  large  glass  flask- 
shoppd  vessel,  wiigh  it  when  filled  with  the  gas  ;  withdraw  the  gas, 
which  may  be  done  by  means  to  be  explained  presently,  fill  with 
water,  and  weigh  again;  iinaily,  withdraw  the  water  and  exclude  the 
air,  and  weigh  again.  This  last  weight  subtracted  from  tfee  first, 
will  give  the  weight  of  the  gas  that  filled  the  vessel,  and  subtracted 
from,  the  second  will  give  the  weight  of  an  equal  volume  of  water; 
divide  llie  weight  of  the  gas  by  that  of  the  water,  and  multiply 
by  Ihe  tabular  density  of  the  water  answering  to  the-  actual  tem- 
perature of  the  latter ;  the  result  will  be  the  specific  gravity  of 
the  ga«. 

The  atmosphere  in  wliieh  all  these  operations  must  be  performed, 
va.ries  at  different  times,  even  during  the  same  ilay,  in  respect  to 
temperature,  the  weight  of  its  column  which  presses  upon  the  earth, 
and  the  quantity  of  moisture  or  aqueous  vapor  it  contains.  That  ia 
to  say,  its  density  depends  upon  the  slate  of  the  thBrmoineter,  barom- 
eter, and  hygrometer.  On  all  these  accounts  corrections  must  be 
made,  before  the  specific  gravity  of  atmospheric  air,  or  that  of  any 
gas  evposcd  to  its  pressure,  can  be  accurately  determined.  The  prin- 
ciples accordins  to  which  these  coiTections  are  made,  will  be  discussed 
when  we  oome  to  treiit  of  the  jiroperties  of  eliitic   fluids, 
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To  find  tie  pecTo  grav'ty  of  a  s  I'J  h  me  ns  of  N'cl  olson's 
Hyd  on  ete    plaw.  the     n  trume  t         wa  d   add    ve^hts   to    the 

upi  e  lias  unt  I  t  &  nk  to  the  n  ark  on  the  uj  per  stem  remove 
tl  e  e  ^hts  and  i  lace  tl  e  ol  d  n  the  pper  bas  n  a  3  add  we  gl  ts 
tU  tl  hjd  ometer  ks  to  ti  e  ane  po  t  tie  d  fteren  e  betveen 
tie  first  weghte  and  those  added  v  h  the  body  w  11  g  ye  the 
w  1  f  he  latte  n  a  r  Tal  e  the  body  from  the  upper  bas  u 
lea  a  *'^^  '^^  S^^  ^^^  '^^  ^^^  place  t  tl  e  low  e  bas  n  add 
M  e  ^hts  to  tl  e  i  pe  bas  it  1 11  th  ns  u  e  t  k  to  the  san  e  po  t 
as  befo  e  he  1  t  ad  led  e  ^t  ts  v  11  be  the  e  ght  of  1  wi^r 
d  sf  1  ced  hy  the  body  d  v  de  he  t»  e  ^,1 1  a  bv  !  e  we  ^ht  of 
the  1  pla  d  wat  r  a  d  mult  ply  the  quot  ent  by  the  tabular  den  y 
of  he  a  er  na  e  ng  to  ts  a  t  al  en  p  "a  re  the  e  H  1  he 
tl  e  spe   ho  f,ra     y  of  the      1  d 

To  f  d    he  spe    fig        y  of  a  flu  d  )      th  s  u    ent     nmerse 

t    n    Tate    as  belorc    a  d  by  we  ^1 1  1  e     ppe    bas  n  s    k    t  to 

the  n  a  k  o  he  ]  per  ste  add  he  ^v  gh  s  n  he  h«t  t,  to  the 
we  gl  t  f  the  nst  un  ent  the  sum  11  be  he  we  ght  f  the  da 
p  d  w  r  Place  the  struR  eut  n  th  fi  i  Mhose  pee  fie  t;  ay  ty 
o  to  f  u  d  and  add  we  gl  ts  n  the  ufper  bamtll  tsnlsto 
tie       ak        befo  e      add  thee      e  ght     u     he  ■we  ght   of   he  ustru 


ne  t  he  sum  t  11  be  the  e  ght  of  e  { 
d  e  tl  g  ve^ht  }y  the  v,  ^ht  o  the 
water  a  d  mult  ply  hy  the  tatular  d 
corre  ponJmg  to  t!  e  tempe  a  re  ot  he 
water  tl  e  result  w  11  be  the  spe  fie  g  a  tv 
I  79  — B  d  the  hydrometer  of  N  1  1 
son  vl  eh  requ  res  the  use  ol  we  ght  h  e 
s  -mo  h  form  of  th  s  nst  ument  vi  ! 
en  ploy  1   solely    n  the  deter  o  nat  f    1 

specifi    griv  t  es  of  1  qu  ds  an  ^    ta     d  c     o 
are  g  ve    by  means  of  a  scale  of  eq  al  j 
Jt    s  called    the  Scale  i  eome  er      I  t 

gener  l!j    of  a    1  s       al  shaj  d    es  c!    1 
m  na  n„  at  one  e  d       a  I  ng    len  le         V  C 
to  receive  the  scale,  and  at  the    othei    in   a 


al      lu  ne  of    1  c  flu  d 
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Binall  globe  B,  filled  with  some  heavy  substance,  as  lead  or  nicvcury 
to  keep  it  upright  when,  immersed  m  a  fluid.  The  applioatJon  and 
use  of  the  scale  depend  upoa  this,  that  a  body  floating  ou  the  surface 
of  different  liquids,  will  sink  deeper  and  deeper,  in  proportion  as  tlie 
density  of,  the  fluid  approaches  that  of  the  body  ;  for  when  the  body 
is  at  rest  its  weight  and  that  of  the  displaced  fluid  must  be  equal. 
Denoting  the  volume  of  the  instrument  by  V,  that  of  the  dis- 
placed fluid  by  V,  the  density  of  the  instrument  by  D,  and  that 
of  the   fluid   by  D',  we   must  always   have 

in  which  ff  denotes  the  force  of  gravity,  the  first  member  the  weight 
of  the  instrument,  and  the  second  that  of  the  displaced  fluid.  Divi- 
ding both  members  by  D'  V,  and  omitting  the  common  factor  ff 
we   have 

R.  -  H 
D'  ~    V' 

In  which,  if  the  densities  be  equal,  the  vrlumes  must  be  equal; 
if  the  density  B'  of  the  fluid  be  greater  than  D,  or  that  of  the 
solid,  the  volume  V  of  the  solid  must  be  greater  than  F',  or  that 
of  the  displaced  fluid;  and  in  proportion  as  II'  increases  in  respect 
to  I>,  will  V  diminish  in  respect  to  F;  that  is,  the  solid  will 
rise  higher  and  higher  out  of  the  fluid  in  proportion  as  the  den- 
sity of  the  latter  is  increased,  and  the  reverse.  The  neck  C  of 
the  vessel  should  be  of  the  same  diameter  throughout.  To  estab- 
lish the  scale,  tiie  instrument  is  placed  in  distilled  water  at  the 
standard  temperature,  and  when  at  rest  the  place  of  the  surface 
of  the  water  on  the  neck  is  marked  and  numbered  1 ;  the  instru- 
ment is  then  placed  in  some  heavy  solution  of  salt,  whose  specific 
gravity  is  accurately  known  by  means  of  the  HydriJstatic  Balance, 
and  when  at  rest  the  place  on  the  ueok  of  the  fluid  surface  is  again 
marked  aad  characterized  by  its  appropriate  number.  The  same  pro- 
cess being  repeated  for  rectified  alcohol,  will  give  another  point 
towards  the  opposite  extreme  of  the  scale,  which  may  be  completed 
by   graduation. 
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To  use  this  instrument,  it  will  be  sufficient  to  immerse  it  in  a 
fluid  and  talce  the  number  on  the  scale  which  coincides  with  the 
surlacc. 

To  ascertain  the  circumstances  which  determine  the  sensibility 
both  of  the  Scale- Areometer  and  Nicholson's  Hydrometer,  let  s  de- 
note the  specific  gravity  of  the  fluid,  c  the  volume  of  the  vial,  I  the' 
length  of  the  imroersed  portion  of  the  narrow  neck,  r  its  semi-diame- 
ter,  and  w  the  total  weight  of  the  instrument.  Then  will  -r  r',  denote 
the  area  of  a  section  of  the  neck,  and  fr^  I,  tJie  volume  of  fluid  dis- 
placed by  the  immersed  part  of  the  neck.  The  weight,  therefore,  ot 
the  whole  fluid  displaced  by  the  vial  and  neck  will  be 

but  this  must  be  equal  to  the  weight  of  the  instrument,  whence, 

»  =  .(, +  .rM), 


Now,  immersing  the  instrument  in  a  second  fluid  whose  specific  gravi- 
ty is  s',  the  necli  will  sink  through  a  distance  I',  and  from  the  last 
equation  we  have 

subtracting  this  equation  from  tliat  above  and  reducing,  we  find 

The  difference  I  —  V  is  the  distance  between  two  points  on  the  scale 
which  indicates  the  difference  s'  —  s  of  specific  gravities,  and  this 
we  see  becomes  longer,  and  the  instrument  more  sensible,  therefore, 
in  proportion  as  io  is  made  greater  and  r  less.  Whence  we  con- 
clude that  the  Areometer  is  the  more  valuable  in  proportion  as  the 
vial  portion  is  made  larger  and  the  neck  smaller. 
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•f  the  specific  gravity  of  the  fluid  remain  the  same,  "ivhich  is  the 
case  with  Nicholson's  Hydrometer,  and  it  becomes  a  question  to 
know  the  effect  of  s,  small  weight  added  to  the  instrument,  denote 
this  weight  by  w',  then  will  Equation  (457)  become 

subtracting  from  this  Equation  (457),  we  find 

From  which  we  see  that  the  narrower  the  upper  stem  of  Nicholson's 
ii^trument,  the  greater  its  sensibility. 

The  knowledge  of  tlie  specific  gravities  or  densities  of  different 
substances,  Table  III,  is  of  great  importance,  not  only  for  scientific 
purposes,  but  also  for  its  application  to  many  of  the  useful  arts. 
This    knowledge   enables   us  to   solve    such  problems   as  the  follow 


1st.  The  weight  of  any  substance  may  be  calculated,  if  its  volume 
and  specific  gravity  lie  known. 

2d.  The. volume  of  any  body  may  be    deduced   from    its   specific 
gravity  and  weight.     Thus  we   have   always 

W  =  ffDV; 
in  which  ff  is   the  force  of  gravity,  D   the  density,    V  the   voJunMS, 
and   W  the  weight,  of  which   the  unit  of  measure  is   the  weight  of 
a  unit  of  volume   of  water  at   its  maximum   density. 

Making  D  and   V  equal    to   unity,  this  equation  becomes 
W,  =  !/; 
but  if   the   density  be  one,  the   substance  must  be   water   at  38°,75 
Eahr.     The  weight  of  a  cubic  foot  of  water  at  60"  is  62,5  lbs.,  and, 
therefore,  at  38"  ,75,  it  is 


68,5 


z  63,556 ; 


0,9&914 

whence,  if  the  volume   be  expressed   in   cubit   feet, 
W  ^  6--i,55G  X  J)r    •     •     • 
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.  pounds;   and  if  the  unit   of  volum 


n  which   W  is  expressed  i. 
1    euliic    inch, 


-  D  r  =  0,030201  D  r 


0,030201  .  U 


(459) 
(400) 
(461) 


Example  1. — Required  the  weight  of  a  block  of  dry  fir,  containing 
50  cubic  inches.  The  specific  gravity  or  density  of  dry  fir  is  0,555, 
and   r  ^  50 ;   substituting  these  yalues  in  Equation  (459), 

W  ^  0,036201  X  0,555  x  50  =  1,00457. 
Ewmph  3.™ How   many    cubic   Inches    are    there   in   a    12-pound 
cannon  hxU'     Here    W  is    12  pounds,  the  mean   specific  gravity   of 
cast  iron  is  7,251,  which,  in  Equation  (461),  give 


which, 

V,  - 


12 


0,030201   X  7,251 


-  45,6. 


ATMOSPHERIC   PKESSITRE. 

(j^'^O — Tie  t  osphere  encases  a'  it  were,  the  whole  earth.  It 
his  weglt  eKt  the  rppulsne  action  ationg  its .  own  particles  would 
cause  it  to  expand  and  e\tend  itself  thitugh  space.  The  weight  of 
the  upper  stiatum  ot  the  atmosphere  is  in  equilibrio  with  the  re- 
fulsive  action  of  the  stiita  below  if  a  d  this  condition  detcrminea 
the   exteiior  limit 

Since  the  atmosphpie  h'u,  wcght  it  iiust 
exeit  1  J  ressnre  upon  all  bodies  withn  t 
To  illustiafe  fill  with  meicviiy  a  glass  tub 
about  S2  )i  33  inches  1  ng  and  closed  at 
one  ei  d  by  an  iron  stop  cock  Oose  the 
open  end  by  frt,ssing  the  finger  against  it 
and  invert  the  tube  m  a  b'ism  of  mprcurj 
remove  the  finger  the  meteurj  ■»  ill  not 
e  c  1  e    but  ren  iiu   ij  f  irentlj    cu  j      1    1     at 
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Ihi    lp\tl   of  tlie  OL  an    neiilj    "0   mthea    iLjvi.    tlit    ^uifiLe    <.t   Uia 
lutrcuiy  in  the  basin 

ITie  atmO'fpheiJO  air  presse^>  on  the  mercury  with  1  forte  sufficient- 
t)  maintam  the  quicksilver  m  thp  tube  at  a  height  of  neaily  30 
inches,  whence,  ike  intunity  oj  ils  piesmre  must  be  equal  to  the  weight 
oj  a  column,  of  meicury  whote  base  it  equal  to  thai  of  the  surface 
pieaied  and  whose  altitude  is  about  SO  inches  The  Jom,  thus  exerted, 
ti  calli^i  the  almotpli^enc  piessure 

The  absolute  amount  of  atinospheiio  prtssuie  ^i  is  first  Ji'^covcied 
by  Tomcelli,  anil  the  tubes  emplojed  in  such  e\i  ei  imbnt-;  are  calkd, 
on  this  ftLCOunt,  Torricellian  lubes,  and  the  vacant  space  ibo^e  tha 
mercury  in   the  tul  l    i&  called   the  Tomcelhan  vacuum 

The  piesBure  ff  the  atmo'iphcre  U  the  le>el  ot  the  sea,  suppoit- 
mg  as  iC  does  a  column  of  niticury  30  inchts  hiyh,  it  -we  suppose 
the  bore  of  the  tube  to  hiva  a  cross-section  of  one  square  inch 
the  atmospheric  pressure  up  the  tube  'wiU  be  exerted  upon  this 
evtent  of  suiftce,  and  will  support  30  cubic  inches  of  mercury 
Each  culic  inch  of  mercuiy  weighs  049  of  a  pound — say  half  a 
pound — from  which  it  is  apparent  that  the  Avrfuces  of  all  bodtei  at 
the  leid  of  Vie  ica,  aie  subjected  to  an  atmospheric  pre^sute  oj  fifteen 
puuiiia    to  each     gvare   inch 

BAKOMETEK, 

S281— ITie  att  ripherc  be  ng  j,  hej^y  ind  eh  lie  fiuil  i-,  c  m 
pressed  hy  its  own  neight  Its  dens  tj  cainct  be  the  sami  thi  wgh- 
out,  hut  dimiiiihes  as  me  aj-proach  its  upper  limit  mhete  it  is  least 
being  greatest  it  the  suifice  of  the  earth  If  i  vessel  flkd  with 
air  be  closed  it  the  bise  of  a  h  gh  mjuntin  and  ifterMirla  ope  cd 
01)  its  summit  the  i  r  ^^  11  rush  out  an!  the  vessel  being  closed 
again  on  the  summt  anl  ojentd  at  the  base  of  the  mjunfam  the 
■^ir  mil  rush  in 

The  evaporation  which  takes  place  from  lar^  bo]ics  ot  water 
the  actiMty  of  vegetable  and  animal  life  as  well  as  ves;etable  detom 
positions  thiow  consiJerable  quantities  of  aqueous  vapor,  carbom< 
BLid    and  other   foreign   mgreiients   teoijorinly    into   the  permanenl 
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forti  IS  )t  tilt.  Um  -.[here  The^ii.,  to|,t,thei  \Mth  its  pvei\irymg 
temperature,  keep  the  deiiytv  ani  ela&tif  fjice  of  the  an  iti  a 
state  ot  almost  mcessant  change  These  changes  are  indicated  by 
tbi.  Barometer,  an  instrument  empkyed  to  metsne  the  intensifc}  of 
atmcspherif  pressure,  Mid  frequently  called  a  wealhet-fflass,  because 
ot  certain  agreements  found  to  exist  between  its  indications  liiJ  the 
state   of  the   weather 

The  baromctei  consiata  of  a  glass  tube  about  thitty  four  or  thuty 
five  inches  long  open  at  one  end  pirtlj  filled  with  distilled  mer 
curj  ■ind  imerted  in  a  small  cistern  •ilso  contammK  mercuiy  A 
scile  (f  e^ual  jarts  is  cut  upon  a  a!ip  of  metal,  and  placed  against 
the  tube  to  mcaauit  the  hiigbt  of  the  mercurial  colitmn,  tho  zero 
being  en  a  level  with  the  suififc  of  the  mercury  in  the  cistern 
The  ela'stic  foi-cc  of  the  an  acting  fre4,ly  upcn  the  mercury  in  the 
ciBtein,  its  piesbure  i'^  ttan'^mitted  to  the  interior  of  the  tube  ind 
su  tatns  a  column  of  mercury  whose  weight  it  is  j  ist  suftiuent  to 
counterbiUnce  If  the  den«itj  ind  consequtnt  elastic 
foice  of  the  air  be  mcreised  the  c  lumn  uf  meroun 
w  ill  r  se  till  it  attain  a  eoi  responding  mercise  of 
weght,  if  on  the  contrary,  the  density  of  the  iir 
dimimih  the  column  wll  till  till  its  limmished 
weijit  I'  &ufticicnt   to   rc-tore   the    equdibnum 

In  the  Common  Batcmtler,  the  tube  and  its  ei*^ 
tem  are  partlj  inclosed  in  a  metallic  case,  upon 
which  the  scale  is  cut  the  ci=itern  in  this  case,  hav 
ing  a  flt\ible  bottom  ot  leather,  against  which  a 
plate  a  at  the  end  of  a  screw  6  is  made  to  press, 
in  order  to  elevate  or  depress  the  mercurv  in  the 
c  ^tnm  to  the  zero  of  the   scale 

De  lues  Siphon.  Barometer  C3n?i  ts  of  a  glass 
tube  bent  ujwaid  =o  as  to  form  two  unequal  par 
ailel  legs  the  longer  is  hermetically  sealed  and 
constitutes  the  Torricellian  tube  the  shortei  is  oj.en 
ani    on    the      uifacc     f   ihe    qui  ksher    thp    prcssu  e  c^^  " 

of    the    atmosphere   is    e\ei  te  1       Tile     dillerence    be 
twccn    the  levels  in   the  longer  and  shorter   legs    is    the   baroi" 
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height.     The   most  cjnvenient  and  practicahle  way  of 
difference,   is   to    adjust    a    movable    scale    between 
the  two  legs,    so    tliat   its   zero    may    be    made    to 
coincide    with    the    level    of    the    mercury    in     the 
shorter  leg. 

Different  contrlyances  have  been  a<lopted  to  ren- 
der the  minute  variiitions  in  the  atmospheric  pres- 
sure, and  eonseijuently  in  the  height  of  the  barome- 
ter, more  readily  perceptible  by  enlarging  the  di- 
visions on  tie  scale,  all  of  which  devices  tend  to 
hinder  the  exact  measurement  of  the  length  of  the 
column.  Of  these  we  may  name  Morland's  Diago- 
nal, and  Hook's  Wheel-Barometer,  but  especially 
Huy gen's  Double-Barometer. 

The  essential  properties  of  a  good  barometer 
are  width  of  tube ;  purity  of  the  mercury ;  accu- 
rate gi-aduation   of  the   scale;  and  a  good  vernier. 

§282. — ^The  barometer  may  be  used  not  only  to  measure  the 
pressure  of  the  external  air,  but  also  to  determine  the  density  and 
elasticity  of  pent-up  gases  and  vapors.  When  thus  employed,  it  is 
called  the  harometer-i^avge.  In  every  case  it  will 
only  be  necessary  to  establish  a  free  connection 
between  the  cistern  of  the  barometer  and  the  vessel 
containing  the  fluid  whose  elasticity  is  to  he  indi. 
cated ;  the  height  of  the  mercury  in  the  tube, 
expressed  in  inches,  reduced  to  a  standard  tempera- 
twe,  and  multiplied  by  the  known  weight  of  a 
cubic  inch  of  mercury  at  that  temperature,  will 
give  the  pressure  in  pounds  on  each  square  inch. 
In  the  ease  of  the  steam  in  the  boiler  of  an  en- 
gine, the  upper  end  of  the  tube  is  sometimes  lefi; 
open.  The  cistern  ,4  is  a  steam-tight  vessel,  partly 
filled  with  mercury,  a  is  a  tube  communicating 
with  the  boiler,  and  through  which  the  steam  flows 
and  presses  upon  the  mercury,  the  barometer  tube 
be,    opp-n    at   to[),    reaches    nearly   to   the  bottom   of   the   vessel    , 
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having  attached  to  it  a  scale  whose  zero  eomeides 
of  the  quickbilver.  On  the  right  is  marked  a  ^cale 
on  the  left   a   scale  of  atmospheres. 

If  a  very  high  preti-sure  were  everted,  one  of  several 
for  example,  an  apparatus  thus  constnit'ted  would 
require  a  tube  of  great  length,  in  which  ease  Afa- 
rlolk's  manomfter  it  considered  preferable.  The  tube 
being  filled  with  air  and  the  upper  end  closed,  the 
surface  of  the  mercury  in  both  branches  will  stand 
at  the  same  level  a^  long  as  no  steam  is  admitted. 
ITie  steam  heing  admitted  through  d,  presses  on  the 
surface  of  the  mercury  a  and  forces  it  up  the  branch 
b  c,  and  the  scale  from  i  to  c  marks  the  force  of 
compression  in  atmospheres.  The  greater  width  of 
lube  is  given  at  a,  in  order  that  the  level  of  the 
.  mercury  at  this  ponit  may  not  he  materially  affected 
by  its  ascent  up  the  branch  be,  the  point  a  being  the 
scale. 


with  the    lov«^ 
of  inches,  and 


ri 


i;2S3 — Vnctlt!  vi,rv  npoitint  I'le  nt  th  lii3  iLtcr  is  to  find 
the  diferenco  of  kvel  betw  tn  two  [hi-es  on  the  tirth  «urticc  w 
the  foot  and   top   of  a  hill    or  mount^m 

8mce  the  alt  tudt,  of  the  barometer  depend''  n  the  p  l.'^s  i  f 
the  atmosphere  and  as  thjs  force  depeada  ufon  thi  height  il  the 
piessmg  column  a  shorter  column  \\ill  e\ert  a  less  prtbsuie  than  a 
longer  one  The  quitlvsiher  m  the  barometer  falls  when  the  instiu 
ment  is  earned  from  the  foot  to  the  top  of  a  mouutaLu  and  ii  cs 
again  when  lestoied  to  its  hrst  position  if  tali  en  down  the  shaft 
of  a  mme,  the  baiometrio  orlumn  rises  to  a  still  greater  he  ght  At 
the  foot  ot  the  mountain  the  iih  le  column  ot  the  atmosphere  fiom 
it  utmost  lim  f  pleases  witli  its  entiie  weiifht  on  the  mercmj 
at  the  top  of  the  mountain  this  weight  is  dimmshed  bi  thit  ot 
the  interven  ng  sti  atuni  betAVcea  the  two  tations  and  a  si  oi  tcr 
column     f  racriui>    mil   be   sustamid   by    it 

It  is  -vidl  kiom  tlat  the  a  ifiee  of  the  mith  i=  mt  unifoim 
and  does  ii  t    in  cci  sequeice    susto  n   an  e^uil  atmospbeiio  picssure 
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at  its  difFeient  points  whence  the  mean  altitude  of  the  barometno 
c  lumn  will  vary  it  dlfLient  jlices  Tins,  famishes  one  of  the 
lest  lid  most  e\peditio  is  meai  &  ot  getting  a  profile  of  ai  extended 
section  oi  the  earth  s  -iu  fac  and  makes  the  barometer  an  instru 
ment  oi  great  value  n  the  hiid'j  of  the  tra^allei  m  seai  h  of 
geographical  information 

^  284  — To  find  the  relation  which  subsist  hctween  the  altitudes 
of  two  barometne  column"  and  the  d  Serence  of  le^el  of  the  po  iita 
^  htre  they  exist,  resume  E  ^uat  on  (42T)  The  onlj  extraneous  force 
act  ng  be  ng  thit  of  f,ravity  we  have  taking  the  ix  s  &  vertical 
t  d  counting  *  posit  \  e  upwards 

X=0;    r=0;    Z=  ~  g. 
and  hence, 

p  =  Cf^-V (462) 

Making  3  =  0,  and  deaotuig  the  con'esponding  pressure  by  p„  we  find 

y,  =  0; 

and  dividing  the  last    equation  by  this  one. 


whence,  denoting   the  reciprocal  of  the   common  modu^s 'by^J/, 

-^•'»«f (««) 

Denote  by  h,  and  h,  the  barometric  heights  at  the  lower   and  uppei" 
stations,  respectively,  then  will 


and  reducing  the  barometric  column  h  to  what  it  would  have  been 
had  the  temperature  of  the  mercury  at  the  upper  not  differed  from 
that  at   the  lower  station,  by  Equation  (394),  we  have 


J)    ~  A  [1  +{2' -2")  .0,0001001]' 
in  which  T  denotes  the  temperature  of  the  mercury  at  the  low*r  and 
y  that  at  the  upper  station. 
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Moreover,  Equation  (381), 

ff  =g'{l-  0,002551  cos  2  4-) ; 
in  whicli, 

g'  =  32,1808  =  force  of  gravity  at  the  latitude  of  45". 

Substituting  the  value  of  —  ■,    of  (?,  and  that  of  P,  as  given   by 

Equation  (393),  in  Equation  (463),  we  find 

MDJ,„    l  +  (/-32')0,00204     ,      f/*,  1  1 

J),       1-O,002551cos34.        ^V.k  H-(2'-2")0,0001001  J 

In  this  it  will  be  remembered  that  (  denotes  the  temperature  of 
the  air;  but  this  may  not  be,  indeed  scarcely  ever  is,  the  same  at 
both  stations,  and  thence  arises  a  difficulty  in  applying  the  formula. 
But  if  we  represent,  for  a  moment,  the  entire  factor  of  the  second 
member,  into  which  the  factor  involving  t  is  multiplied,  by  JC,  then 
we  may  wrlt^ 

2  =  [1  +  ((  -  32'>)0,00204]  X. 
If   the  temperature    of  the   loieer  station  be  denoted  by  t^ ,  and  this 
temperature  be  the  same  throughout  to  the  upper  station,  then  will 

z,  =  [1  +  {t^  -  32°)  0,00204]  X 
And   if  the   actual  temperature  of  the  upper  station  be  denoted  by  (', 
and  this  be  supposed  to  extend  to  the  lower  statilon,  then  would 

;'  =  [1  +  {I'  -  32°)  0,00204]  X. 
Now  if  t^  be  greater  than  (',  which  is  usually  the  case,  then  will  tho 
barometric  column,  or  A,  at  the  upper  station,  be  greater  than  would 
result  from  the  temperature  t',  since  the  air  being  more  expanded, 
a  portion  which  is  actually  below  would  pass  above  the  upper 
station  and  press  upon  the  mercury  in  the  cistern  ;  and  because  h 
enters  the  denominator  of  the  value  X,  e,  would  be  too  small. 
Again,  by  supposing  the  temperature  the  same  as  that  at  the  uppei 
station  throughout,  then  would  the  air  be  more  condensed  at  the 
lower  station,  a  portion  of  the  air  would  sink  below  the  upper 
station  that  before  was  above  it,  and  would  cease  to  act  upon  tlie 
mercurial  column  A,  wHlch  would,  in  conseijuenoc,  become  too  small  ■ 


Hosted  byCoOgle 


MECHANICS    OF    FLUIDS. 


and  this  would   make  z'  too  great.     Taking  a.  mean  between  a,  and 
z'  as  the  true   value,  we  find 

g  ^  f'."^/'.  ^11  +  ^{t^+  I'  -  64=)  0,00204]  X 

Replacing  X  by  its  value, 

MBJi,,  l+|{f,+f'-64°)0,00204  PA^ 1 ^"1 

^^     JD,      '     1-0,002551  cos 2  4-     ^  '^^Lft  ^l  +  (3'-2")0.000100iJ 

l^e  factor  ——^ — —'  we  have  seen,  is  con^itant,  and  it  only  re- 
main'* tn  determine  its  value.  For  this  jmrpose,  measure  \vith 
accuracy  the  difference  of  level  between  two  station's,  one  at  the 
lia-e  and  the  other  on  the  summit  of  some  lofty  mountain,  by 
means  of  a  Theodolite,  or  levelling  instrument — this  '■will  give  the 
value  of  z ;  observe  the  barometric  column  at  both  stations— this 
will  give  h  and  h, ;  take  also  the  temperature  of  the  mercury  at 
the  two  stations — this  i^ill  give  T  and  2";  and  by  a  detached 
thermometer  in  the  shade,  at  both  stations,  find  the  values  of 
t,  and  ('.  These,  and  the  latitude  of  the  p!a«e,  being  substituted  in 
the  formula,  every  thing  will  be  known  except  the  co-efficieut  in 
question,  which  m^y,  therefore,  be  found  by  tlie  solution  of  a  simple 
equation.     In  this   way,  it  is   found   that 

E^^hi^  =  60345,51  Enalish  foet; 


which  will  finally  give  for  z, 

/(.      i+i((^+;'_^4°)0,00204  Fk,  1 T 

2=.60345,51-^-_  0,002551  cTs  2+    ^  ^^U  ^  1  +  (?'-y)0,0001001  J 

To  find  the  difference  of  leiel  between  any  two  stations,  the  lati- 
tude of  the  locality  must  be  known ;  it  will  then  only  be  necessary 
to  note  the  barometric  columns,  the  temperature  of  the  mercury, 
and  that  of  the  air  at  the  two  stations,  and  to  substitute  these 
observed   elements  in  tbis   fiirmula. 

Much  labor  is,  however,  saved  by  the  use  of  a  table  for  the 
computation  of  these  resulti,  and  we  now  proceed  to  explain  how  it 
may  be  formed  and  used. 
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Make 

60345,51  [1  +  (t,  +  t'  -64=)0,00102]  =  A, 


1  —  0,002551  cos  3  -4-  ' 

1 _c 

\+{T~T)  0,0001    " 

Then  will 

^  =  ^£.  [log  (7  + log/.,  -log  A]; 
und  taking   the  logarithms  of  both  members, 

log:  =  log^  +  log£  +  log  [log  C  +  log  A,  ~  log  A]  -  .  (404) 
Molung  /,  +  i'  to  vary  from  40"  to  163",  which  will  be  sufticitnt 
for  all  practical  purposes,  the  logarithms  of  the  corresponding  values 
(if  A  aie  entered  m  a  column,  under  the  he'id  A,  opposite  the 
values  ;,  +  ( ,  a=    an  argunwirt-      <■>  »o  < 

Cauf-mg  the  htitude  ■\>  to  vary  fiom  0°  to  90°,  the  logiiithm^ 
of  the  coiresponding  values,  of  B  are  entered  m  a  ctlumn  headed 
if,  opposite   the  values   of  4' 

The  value  of  T  —  T'  being  made,  in  like  manner,  to  ^aiy 
fiom  —  30°  to  +  30°,  the  logarithms  of  the  corresponding  values 
of  C  aie  eiitLied  undei  the  head  of  C,  and  oppof-ite  the  -values  of 
T  —  T  In  this  wa\  a  table  is  easily  constructed  Table  I^  was 
computed  bj  bamuel  Hnwlet,  Esq,  from  the  formula  of  Mr  FrancH 
Baily,  nhiLh  is  >erj  neailj  the  same  as  thit  just  disciihed  thi,re 
beuig  but  a  tiifbng  differeiiLe   ra   the   coefficients. 

Taking  Equation  (464)  in  connection  with  Table  IV,  we  ha\e  this, 
nile  for  finding  the   iltitude  of  one   station  above   another,  viz    — 

Take  the  logarilhm,  of  tlie  baromitrie  reading  at  the  lower  slaiton, 
to  tchicli  odd  the  number  tn  the  column  headed  C,  opposite  the  ob 
seiied  value  of  T  ~  T,  and  stiblract  pom  Ikis  sum,  the  lo^anlhm 
of  the  haiomelric  teading  at  the  upper  station,  tale  the  logarithm 
oi  Ih-s  difference,  to  leheh  add  ike  mimbera  %n  the  columns  headed 
i  and  £,  co^iespondinq  to  the  olserved  valves  o/  t,  +  t'  and  4>  , 
*he  sunt  toiU  be    the   logantlm   of  the  height  tit  English  Jeet 
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Example. — At  tte  mountain  of  Guanaxuato,  in  Mexico,  M.  Hum- 
fxildt  observed   at  the 

Upper  Station-  Lfftoer  Staticn- 

Detached   thermometer,    ('  =  70° ,4 ;      tj  —  77°,6. 

Attached  "  T'  =  70,4 ;       f  =  77,6. 

Barometric  column,  k  =  2S,G6  ;     Jij  =  30,05. 

What  was  the  difference  of  level? 
Here 

(,  +  ('  =  148°  ;     T  -  T'  =  7'',2 ;     Latitude  21". 

To  log     30^05  =  1,4778445 
Add  C  for  7*',2  =  9,9996814 


1,4775259 
Sub.  log  23|66  =  1,3740147 
Log  of     .    -    -    0,1035113  =  -  1,0149873 
Add  A  for  148°  -    -    -    ,     =       4,8193975 

Add  £  for  21°    -     -    -     -     —        O,0008(iS9 

fi.  — _-^ 

6843,1 3,8352537; 

whence  the  mountain  is  6843,1  feet  high. 

It  will  be  remembered  that  the  final'  Equation  (464)  was  deduced 
on  the  supposition  that  the  air  is  in  ecjuilihrio — that  is  to  say, 
when  there  is  no  wind.  The  barometer  can,  therefore,  only  be  used 
for  levelling  purposes  ui  calm  weather.  Moreover,  to  insure  accu- 
racy, the  observations  at  the  two  stations  whose  difference  of  level 
is  to  be  found,  should  be  made  simultaneously,  else  the  temperature 
of  the  air  may  change  during  the  interval  between  them ;  but  with 
a  single  instrument  this  is  impracticable,  and  we  proceed  thus,  viz.; 
Take  the  barometric  column,  the  reading  of  the  attached  and  detached 
thermometers,  and  time  of  day  at  one  of  the  stations,  say  the 
lower;  then  proceed  to  the  upper  station,  and  take  the  same 
filcmenta  there ;  and  at  an  equal  interval  of  time  afterward,  observe 
these  elements  at  the  lower  station  again ;  reduce  the  mercurial 
columns  at  the  lower  station  to  the  same  temperature  by  Equation 
(394),  take  a  mean  of  these  columns,  and  a  mean  of  the  tempera- 
tures  of    the  air  at  this   station,  and  use   these   means  as  a   single 
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set   of  oljservations   made    simultaneously   with  those   at    the  higher 
stiitioii. 

Example. — The   fi)!lowing  observations   were    made    to    determine 
the  height  of  a  hill   near  West  Point,  N.  T. 

Detached  thermometer,  t'  —  67°  ;       t^  =  56°      and  61°. 
Attached  "  T  =  57,5 ;     T  =  5C,5     and  03. 

Barometric  column,  h  =  28,94 ;  ft,  =  21),f53  and  29,63. 

Pirst,    to    reduce  29,63   inches   at    63°,    to   what    it  would    hava 
been  at  56°,5.     For   this   purpose.  Equation    (394)  gives 

h{l  +  T  -  r  X  0,0001)  =  29,63  (1  -  6,5  x  0,0001)  =  29"611 
Then 


(,  +  ('  =  58°,5  +  57°-  -  ^  115°,5, 
T—  T  =  56° ,5  —  57= ,5  .  =  _  l". 

To  log  29',6155   =  1,4715191 
Add  Cfor  —  1°  =  0,0000434 

1,4715625 
Sub.  log  of  28,94=  1,4614985 
Log  of  -    -     -     -     0,0100640  =  —  2,002770« 
Add  A  for  llo°,5      -     -     -     =        4,8048113 
Add  B  for  41°,4    -    -     -    -     ^        0,0001465 


643,28 2,8077283; 

whence  the  height   of  the  hill  is  642,28  English  feet. 

MOTION   OP  HEAVY   INCOMPKTCSSnSLE   FLUIDS   IN   VraSKLS. 

§  285. — Let  it  now  he  the  question  to  investigate  the  flow  of  a  heary, 
liomotroneiins  .ntul  incfiinpre'sib'e  fluid  tbrouiffi  fin  ojicning  in  any  part  of  a 
vcssu!  "!:i  li  f..(i':i!iK  ir.     Aii.i  lor  tins  purpose,  i-esiime  Eq.  (407),  which  is 
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directly  applicable  to  tbe  ease.    The  only  incessant  force  being  tlie  weight 
of  the  fluid,  take  tlie  axis  z  vertical  and  positive  upwards;  then  will 


The  lateral  or  hoiizontal  velocities  will  be  insignificant  in  comparison  with 
the  vertical,  and  may  be  disregarded  or  neglected,  and  we  have,  Eij.  (405), 

which  will  reduce  the  general  Eq,  (407)  to 

1  d<f, 

^dp  =  ~  gdz~djj  ~  id{vif; 

and  integrating, 


dt 


(465) 


Next,  find  the  function   ip,   and  its  differential  co-efficient  of  the  first 
order  with  respect  to   (, 
Equations  (405)  give 

<p  =/w  -dz (466) 

Let  A  B  0  Dhus.  vertical  section  of  the  vessel,  and  take  the  following 
notation,  viz. : 

s    =  ihe  variable  area  of  the  stratum 

whose  velocity  is  w. 
s^  =  the  constant  area  of  any  deter- 
minate horizontal  section  of  the 

vessel,  as  0 1>, 
S  =  the  area  of  the  section   of  the 

vessel  by  the  upper  surface  of  the 

liquid;   this  may  be  constant  or 

variable,  according  as  the  upper 

eurface  is  stationary  or  movable. 
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■1)^  =;  velocity  of  the  stratura  passing  tlic  section  s,  at  C  D,  at  the  time  /. 
The  continuity  of  the  fluid  rcquiccs  that 


becanse  the  same  quantity  must  flow  through  every  Iiorizontal  section  i 
the  same  time :  'whence 


which,  in  Eq.  (466),  gives 


■="-•'■•/,;. 


the  integration  being  taken  with  respect  to  the  variable  z,  of  which  s  is  a 
function.     This  function  wilt  be  given  by  the  figure  of  the  vessel,  h  being 
the  height  of  the  upper  surface  of  the  fluid  above  the  opening. 
It  may  be  well  to  rematk  here,  that 


/;. 


will  be  constant  for  the  same  vessel  and  saroe  value  for  h ;  and  if  the 
figure  of  the  vessel  be  that  of  revolution  about  a  vertical  axis,  it  will  only 
be  necessary  to  hav.e  the  equation  of  this  veitical  section  to  find  the  value 
of  the  integral.     The  quantity  h  is  called. the  head  of  fluid, 

Difierentiating  f  with  lespect  to  I,  and  ree<Jlecting  that  the  velocity 
downward  is  negative,  we  ftnd 


and  this,  with  the  value  of  m,  in  Eq,  (465),  gives 
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To  find  the  value  of  C,  let  p  ~  P,,  when  z  =  z^ ,  which  corre- 
eponds  to  the  section  OD  of  the  liq^uid ;  then  will 

P,  =  -I)ffz,  +  J).s,-^-f^_^^~0^-'f^+  0, 

which,   subtracted  from  the  equation   above,  gives 

y-P,=  -i)j(.-.,)+-B-.,-^/'y--of[iJ-l]-(468) 

Also,  if  P'  denote  the  pressure  at   the   upper   surface    eoiTcsponding 
to  which  a  =  z',  we  have 

Now  z'  —  z,  =  h  -r^  height  of  the  fluid  surface  above  the  section 
GD\   whence,  by  substitution  and   transposition, 

The  quantity  of  fluid  flowing  through  every  section  in  the  same 
time  being  equal,  we  also  have 

-  Sdk  =  s,.w,.dt. (471) 

By  means  of  this  equation,  t  may  be  eliminated  from  Equation 
(470) ;  then  knowing  the  quantity  of  the  liquid,  the  size  and  figure 
of  the  vessel,  we  will  know  A,  S  and  the  integral  /  —  =  j  — , 
in  which  s  is  a   function  of  z. 

§287.— The  value  of  -^  being  found  from  Equation  (470),  and 
substituted  in  Equation  (468),  this  latter  equation  will  give  the  value 
of  the  pressure  p  at  any  point  of  the  fluid  mass  as  soon  as  w^  be- 
comes  Itnown. 

Two  cases  may  arise.  Either  the  vessel  may  he  Itept  constantly 
full  while  the  liquid  is  flowing  out  at  the  bottom,  or  it  may  be 
Buffered  to   empty  itself. 

§288.— To  discuss  the  case  in  which  the  vessel  is  always  full,  or 
the  fluid  retains  the  same  level  by  being  supplied  at  the  top  as  fast 
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as   it  flows  out  at  the  bottom,  the   quantity  h  must  be  constant,  and 
Equation  (471)  ■will   not  be  used. 
And  making,  in  Equation  (470), 


1,^2,  (k  +  I^); 


and  solving  with  respect  to  d.t,  we  have 
A-dw, 


(472) 


Now,  three  eases  may  occur, 

1st.  5  may  be  less   than  s, ,  and  C  will  be  positive. 

2d.    S  may  be  equal   to  s^ ,  in  which   case  C  will  be  zero, 

3d.    S  may  be  greater  than  s, ,  when  C  will  bo  negative,  and  this 

is   usually  the  ease  in  practice. 
In  the  first  case,  when  0  is  positive,  wo  have,  by  integrating  Equa- 
tion (472),  and  supposing  (  =  0,  when  w,  —  0, 

'  =  vl;.-'""'''\/|' (™) 

whence, 

^^=^-.t.n^^,L (474) 

from  which  wc  see  that  the  velocity  of  egress  increases  rapidly  with 
the  time ;   it  becomes  infinite  when 


t  = ==^ (475) 

When   C  ^  0,  tiien  will  the   integration  of  Equation  (472)  give 

'^i-'"" ■     •     (476) 
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or  replacing  A  and  Ji  by  their  values,  and  finding  the  value  ol'w^, 


'■/' 


i^^— (477) 


whence,  the  velocity  varies  directly  as  the  time,  as  it  should,  since 
the  whole  fluid  mass  would  fall  like  a  solid  body  under  the  action 
of  its  own  weight. 

When  C  is  negative,  the  integration  gives 


:  -==  ■  log  -i-7=- -■^- ; 


- 1 


e    ^       +1 
in  which  e  is  the  base  of  the  Naperian  system  of  logarithms  =  2,718282. 
If  the  section    S  exceeds  s^  considerably,  the  exponent    of  e  will 
soon   become  very  great,  and  unity  may  be  neglected  in  comparison 
with   the  corresponding  power  of  e ;  whence, 


^J. 


'  ■    ■    (479) 


'-1p 

that  is  to   say,  the  velocity  will   soon  become  constant. 

If  the  pressure  at  the  upper  surface  be  equal  to  tiiat  at  the  place 
of  egress,  which  would  be  sensibly  the  case  in  the  atmosphere, 
P'  -  P,  =  0,  and 

V  52 

and  if  the  opening  below  become  a  mere  orifice,  the  fraction 

§  =  »■ 

and 

«,  =  i/iiJ; (481) 
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that  is  to  say,  the  velocity  with  wliiuh  a  heavy  liquid  will  issuo 
from  a  small  orifice  in  the  hottom  of  a  vessel,  when  subjected  to 
the  pressure  of  the  auperincumhent  mass,  is  equal  to  that  acquired 
by  a  heavy  body  ia  falling  through  a  height  equal  to  the  depth  of 
the  orifice  below  the  upper  surface  of  the  liquid.  The  velocities 
^veii  by  Equations  (479),  (480),  (481),  are  independent  of  Dhe 
figure  of  the  vessel. 

If  1  lo  y «  be  mul  jl  d  ly  h  a  a  f  1  o  fi  le 
p    du      Ti  11  b     tl  e      olun  e    of  flu  d  d  s  i     ^  I         a  i       ne 

Th  s       called  the    jy  n         The  e  pe    e      ul  j  1    1  1       h  f 

flow  w  11  g  ve  tl  e  ishole      olun  e   d  sol  a  g  1 

§289. — The  velocity  w^  being  constant  in  the  case  referred  to  in 
Equation  (479),  we  shall  have 

at 
and  Equation  (468)  becomes 

p  =  P,  -  i)^  (.  -  s,)  -  -0  ■  1^  ■  (^  -  l)  , 
or,  substituting  the  value  of  v)^ ,  given  by  Equation  (470), 

i^  _  1 

p  =  F,-J)<l{z-  ^,)  +  (I}ffh  +  P'  -  i-J  .i-—  ;    .     .     (482) 

whence,  it  appears,  that  when  tlio  flow  has  become  uniform,  the  pres- 
sure upon  any  stratum  is  wholly  independent  of  the  figure  of  the 
vessel,  and  depends  only  upon  the  area  s  of  the  stratum,  its  distance 

from  the  upper  surface  of  the  fluid,  and  upon  the  ratio -^. 

8290. — If  the  vessel  be  not  replenished,  but  be  allowed  to  empty 
itself,  h  will  be  variable,  as  will  also  S  except  in  the  particular 
cases  of  the  prism  and  cylinder. 

Making 

w,  r=  ^/2jW; (483) 
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IE  wliiiih  H  denotes  the  height  due  to  the  volocity  of  discharge :  we 
have 


and,  Eijiiation  (471), 

S-dh 


and  by  integration, 


1            rS-dh  ,,„,, 

i  =   0 r=.  •    f  — r^= (486) 

To  effect  the  integration,  S  ^nd  H  must  be  found  in  terms  of  h. 
The  relation  between  S  and  h  will  be  given  by  the  figure  of  the 
vessel.  Then  to  find  the  relation  between  ff  and  A,  eliminate  w, , 
d  io, ,  and  d  t  from  Equation  (470),  by  the  values  above,  and  we  have 

or,  dividing  by 

^      ^{-^ -.dk  +  dH l__^._a    rfA=0.(487) 

^  f^  dz  ^  2  f    '^^ 


and  making 

/P'  -  P. 


Multfplying  1 


Qdh  +  dS  +  RHdh  =  0. 


l,a  All  /mi 

dh-Q-e        +dH-e        \- 3 .  e        xRdh  =  Q\ 
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or 

dh-  Q-e         +  d  fife         )  =  0; 
and  integrating 

//lUh  fRdh 

dk-  Q-e         +  He         =  C;.     .     .     .     (489) 

whence, 

H=r-'"\B-pk.Q  ■/")■■  ■  ■  <™) 

The  constant  must  result  from  the  condition,  that  when  JI  =:  0, 
k  must  be  h,,  the  initial  height  of  the  fluid  in  the  vessel. 

Thus  H  hecomea  known  in  terms  of  h,  and  its  value  substituted 
in  Equation  (486)  Will  make  known  the  time  required  for  the  fluid 
fo  reach  any  altitude  A.  Tlie  constant  in  Equation  (486)  must  be 
determined,  so  that  when  (  ~  0,  k  =  h^. 

%  291. — The  Equation  (490)  gives  a  direct  relation  between  S,  h,  and 
//;  the  figure  and  dimensions  of  the  vessel  give  another  between  iS  and 
/;,  I'rom  these,  two  of  the  three  vaiiablcs  may  be  eliminated  from  tlic 
E.5iialion  (486)  and  tiie  iiLtegtaiion  perlovHied,  Take,  for  esiuiiplii,  the 
ca-^u  of  a  liglit  oyliiidsii'  or  |"irism.     I!i,*re  iS'  will  be  constant,  iiii'i  itjiial 

Moreover,  let  us  su[)poae  /'' —  P,  -  0,  which  would  bo  sc.isibly 
true  wei-e  the  fluid   to  flow  into  the   atmosphere    that   sui'rounds   tba 

vessel.     Also,  for  the  sake  of  abbreviation,  make  —  =:  A,  then  will 

R  =  -  '^'-  ^  _  \s:J^ 

and 

/iI«  =  (l-i')/|  =  (l-i')l„B4. 
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ami  Eq.  (400)  becomes 

Multiplying  the  last  term  by 

a  -  A-"-    A 
•2  ~~¥  '  )C 

wiieii  //^  0,   the.ii  will  h  =  h,   iind 

0=  — A  ./'"''"°"*'; 

which  siihatiUitcd  above,  gives,  after  rfduct'.on, 

but, 

.'"■""■'=©"' 

and  therefore, 

-=.^|.[(r'-']=.tU'-(l;)''l---(-' 

which    substituted   in  Equation  (486),  gives 

,  =  a-J^.  f  -=iL==,    .  .  (.193) 

in  which  the  only  variable  is  h. 

1 292.— The  particular  case  in  which  F  =:  2,  gives  to  this  value 
for  (  the  form  of  indetermination.  When  this  occurs,  we  must  have 
recourse  to  the  form  assumed  by  Equation  (488),  which,  under  thia 
supposition,  becomes 

2h.dh  +  hdH  ~  Hdk  =  0; 
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multiplying  hy  h     , 

2A~'<fA  +  ir'^.dH  -H.jC^dh  =  0, 


21ogA  +  ~=  C; 
and  because  ff  =  0  when  k  =  h^, 

2logh,  =  0; 
whence, 

J?  ^  2  A  ■  log  ^, 
and  this,  in  Equation  (486),  gives 

dli 


-"^v^f", 


Making  — ^  =  — j  this  becomes,  between  the  limits  a  =  0    -. 


§393. — If  the  orifice  be  very  small  in  comparison  ■with  a  crosa 
eection  of  the  prismatic  or  cylindrical  vessel,  then  will  JT  =  h,  and 
Equation  (486)  gives 

Making   t  =  0   when  k  =  h^,  we  have 

and  for  the  time  required  for  the  vessel  to  empty  itself,  A  =  0,  and, 

'-¥-v/£ (-) 
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Now,  with  the  same  relation  of  the   orifice    to   the  cross   isection 
of  the  cylindrical  vessel,  we  have,  Equation  (481), 

and   for  the    volume    of    fluid  diseliarged  in   the    time   (,    ivhcn   the 
vessel   is   kept  full, 

and    if  this  he   equal    to  the  contents   of  the   vessel, 


That  is,  Equation  (495),  the  time  required  for  a  prismatic  or. cylin- 
drical vesse!  to  discharge  itself  through  a  small  orifice  at  the 
bottom  J3  double  that  required  to  discharge  an  equal  volume,  if 
the  vessel  were   kept  full. 

1 994, — The    orifice    being    still    snmll,    we    obtain,    from    Equa- 
tion (485), 

whtncc  it  q  J  tars  that,  fur  a  c\liiidrKal  or  prismatic  \t.isd,  the 
motion  of  the  uppci  surface  of  the  fluid  is  uniformly  retarded  It 
■will  be  ea'iy  to  cau=e  S  so  to  vaij,  m  othci  words,  to  give  the 
vessel  such  figure  as  fo  cause  the  motion  of  the  upper  surface  to 
follow  any  law  If,  fjr  example,  it  were  requiied  to  give  such  figure 
as  to  cause  the  motion  of  the  upper  smfico  to  be  uniform,  then 
woull  the  fii-t  member  of  the  abovi,  tquation  be  tonstant ,  and, 
(lenotmg  the  rate  of  motion   b\   a    we    '-hcull   hue 

•  =  ^  ■  -/ 27*"; 

whence, 


but  supposing   the   horizontal    sections   circular, 
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and,  therefore, 


'^'^■' 


wlicin''  the  radii  ff  tho  sections  must  vary  as  the  fourth  root  of 
thtu  distaiites  fioni  the  bottom.  These  considerations  apply  to  the 
constiutticn  uf  Clepsydrae  or   Water   Clocks. 

MOTION   Of  ELASTIC   FLUIDS   IK    VES5EL9. 


i529'> — As  in  the  cise  of  mcoropr(.ssiblt  so  also  in  that  of 
elistic  fluids  it  la  aiaumod  that  m  then  movement  thinugh  -lessels, 
they  arrange  th  nsehes  into  parallel  strata  at  right  angka  to  the 
(liiection  (f  the  motion  The  ciuantit>  of  matter^  in  eich  stiatum 
IS  bnposed  to  lemain  the  same  while  its  density  whn,h  is  .ilways 
uH  form  throUjjhout  may  'vary  from  one  po&itijii  of  the  stritu  i  tj 
mother     hence    the  ■volume   of  each  stratum  nni>   virj 

All  lateral  \elocty  amoig  the  jartcles  will  >e  supposed  zero, 
and  as  the  -weght  ot  the  elements  ff  ekstn,  flu  ds  is  inagnihcmt 
in  comparison  to  their  elast  city  th  lormei  will  be  ilisregai  led 
The  not  on  will  therefore  be  due  onl>  to  the  ehst  f  free  an  ing 
fiom  fome  free  of  comjression  and  as  the  fluid  will  be  supposed 
to  communicate  lively  w  th  the  air  or  with  ^  ves'^el  partly  filled 
with  son  e  fthLi  elastic  fluid  this  furi^e  w  th  n  mv.  bt,  greatci  or  less 
than    It  IS  on  thi.,   e\terior  of  the  \e  sel 


§ 

296  -  Assuni  n„' 

Ime 

as  the  ax  s  ot  ? 

Thor 

,  by  the  supposi- 

tion 

above,  will 

X  -  0; 

r^O; 

tu 


cf   He 


izontal    take    that 
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mi  Equations  (400)  give 

^•^f  =  -(4f)-S-- •••(-> 

MoKuver,  if  wp  suppose  the  motion  to  have  hecn  established 
anil  become  permanent,  the  velocity  of  a  stratum  as  it  passes  any 
particular  woss  section  of  the  vea&el  will  always  be  constant,  and 
the  quantity  of  fluid  which  flow?  through  every  ctoas  section  will 
be  the  same.  Hence  the  partial  diffen-ntial  of  «  in  regard  to  the 
tiine,  that  is,  supposing  se,  y,  e,  to  bo  soustant,  must  be  zero,  and 
me  above  equation  reduces  to 

dp  =  ~  D  .  K ,  du. 

From    Mariotto'a   kw,  Equation  (389), 
p  ^  P.J), 


and  by  division. 


and  by  integratio 


dp  _         i 


log/--  '^'-^■«'-    ■-•••■     (497) 

To  determine  the  constant,  let  p,  be  the  pressure  at  the  opening 
CD,  that  is,  the  pressure  of  the  atmosphere,  and  denote  by  w,  the 
velocity  of  the   fluid  at  this   point,  then  will 


2F 


and  by   subtraction, 


De    te  bj        I  e  arei  of  any  sect  o     of  h             i    1  .£     at  which 

the    press    e    s  ^^  and  veloc  tj  bj  i)    I  o  d        y  of  the   fluid   at 

this   sect  0      a  d  1  y  i>    that  at  the  sect  on  CI>  equal    o           Then, 

since     h      j^u  n     es  of  fl    d  flo  g  tl  oUj,h    1  ese  f.ed:K)ns    n  a  unit 
of  tim        us    be     1  al          h 


t  -  I>..s. 
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but,  §244, 


which,  in  Equation  (498),  gives 


If  p'  denote  the   pressure  exerted    by  the   piston  A  B,  and  S  < 
note   its  area,  we  have 


>°^|  =  li['-(^^)"]^  ■  ■  •  •  *"> 


hPAos^ 


This   is    the  velocity   with   which    the    fluid   will    issue    into    the 
atmosphere  or  other  fluid  whose  pressure  on  the  unit  of  surface  is  p, . 
§297, — The  volume  discharged  in  a  unit  of  tinse  is 


/I 


while   under  the   pressure  p, ;    and   under  a  pressure   equal   to   that 
on    the    unit    of  surface  of  the   piston, 
or  top  of  a  gasometer,  and  which  would 
be  indicated  by  a  gauge,  since  the  vol- 
umes are   inversely  as  the   pressures, 
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gSaS.— Dividing  Equation  (499)  by  Equation  (500),  *e  have 

^= ^'-L.,    ....    (503) 

which  will  give  the  pressure  p  at  any  section  of    the  vessel, 

§299. — If  the  opening   CD  is  very  small  in  reference  to  A£,  tha 
velocity  M^  will  become,  Equation   (501), 


=  V^ 


(504) 


and   the  volume  of  fluid  discharged  in  a  unit  of  time  and  of  a  den- 
sity equal  to  that  pressing  upon  the  gauge, 

|;..,.,/2P.log|:; (505) 

and  Eq^uation  (503)  becomes 


'■"J. 


■eiy- 


§S0O — A  stream  flowing  through  m  t  hce  i  i-illed  a  i  m  In 
estimating  the  quantity  of  fluid  disihaiged  it  is  supposed  that  there 
are  aeriher  ■witiiin  nor  without  the  vessel  any  c<tuses  to  obstruct  the 
free  and  continuous  flow,  thit  the  fluid  has  lo  iiseositj  and  doe>, 
not  adhere  to  lie  siden  of  the  vessel  and  onfii^e  tiat  the  paiticles 
of  the  fluid  leach  the  upper  surface  with  a  oommoa  velocity  and  also 
leue  the  or  fice  with  e^nl  and  parallel  velocities  None  of  these 
con3itoii'5  are  filhll  d  in  jractice  and  the  theoretical  diachai^e  must, 
therefoce,  di^r  fiom  the  actual  Experience  teaches  thu  the  former 
always  exceeds  the  litter  If  we  take  water,  for  example  which  is 
tkr  the  most  imjoitant  of  the  1  quids  in  a  practical  point  of  view, 
we  shill  tind  it  to  a  certan  degree  viscous,  and  always  exhiliting  a 
tende  icj  to  adhei  e  to  unun<.,tuous  surfiees  w  ith  which  it  may  be 
brou^jht    in   contact       When   water    flows    through    an    opening    the 
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adhesion  of  its  partcles  to  the  surfaie  wiJi  check  their  nioti)n  incl 
the  vi'-cositj  of  the  fluid  -Will  transmit  this  effect  towardd  the  interior 
of  the  \ein,  the  velocity  wi]l,  therefore  be  greatest  a  the  axis  of 
the  htter,  and  least  on  and  near  its  surface ,  the  inner  particles  thug 
flowing  away  from  those  without  the  wem  will  increase  in  length  and 
dmnnish  in  thiekne=is,  till  at  a  certain  distance  fiom  the  orihce,  tho 
velocity  becomes  the  same  throughout  the  same  cross- section,  which 
usually  takes  place  at  a  short  dntatice  trim  the  aperture  This 
efieit  will  be  increased  bj  the  crowding  of  the  fartidei  arising  from 
the  convei^enio  of  the  paths  along  which  they  ipproaoh  thi  aj  er 
ture,  eveij  partide,  whiiJi  enters  ncir  the  edge  tending  to  pass 
obi  quel y  across,  to  the  opposite  side  This  diminutijn  cf  the  fli  cl 
>ein  IS  called  the  tetnal  (ontraetton  The  quintity  of  fluid  dischirged 
must  depend  upon  the  degree  of  -vemil  contraction,  and  the  ^eloclty 
of  tho  pavticks  at  the  section  ot  greatest  diminution ,  and  any  cause 
thit  ^*lll  dimmish  tie  micos  ty  and  cohesion  ind  draw  the  particles 
in  the  directiin  cf  the  a\is  ot  the  vein  as  they  enter  the  aperture, 
Will  increase  the  discharge 

Experience  shows  thit  the  greatest  coiitraetit>n  taki.s  pUce  at  a 
distance  fiom  the  vessel  varjmg  fiom  a  hilf  to  once  th  greatest 
dimension  of  the  aperture,  and  that  the  amount  of  eontractifn  de- 
pends somewhat  upon  the  ohape  of  the  vessel  about  the  onhce 
and  the  head  of  fluid  It  is  furthei  found  bj  expeiiment,  that  if  a 
tubi,  of  tho  same  shape  and  size  as  the  vein,  Irtm  the  side  of  the 
vessel  to  tho  plate  ot  greatest  eonti  action,  be  inseited  into  the 
aperture  the  actua.1  dischai^e  of  fluid  may  be  accurately  computed 
by  Equation  (478),  provided  the  smaller  base  of  the  tube  be  sub 
stituted  fir  the  area  of  the  aperture,  and  that,  generallj  without 
the  use  of  the  tube,  tht,  actual  mav  be  deduced  from  the  theoretiial 
discharge,  as  gnen  by  that  equation,  by  simply  multiphing  the 
theoretical  discharge  into  a  co^ffieimt  whose  numenca!  v^luc  depends 
upon  the  size  of  the  aperture  and  head  of  the  fluid  Moreover, 
all  othei  circumstances  being  the  same,  it  is  ascertained  that  this 
co-eSicient  remains  constant,  whether  the  aperture  be  circular,  square, 
or  oblong  which  embrace  all  cases  cf  prietice  provided  thit  in 
compwmg  reotingular  w  th  c  renin  oiihc^s,  we  compare  the  smallest 
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dimens.oii  of  the  fononr  with  the  diameter  of  the  latter.     The  value 

of  this   co-efficient   depends,   therefore,  when   other   circurastanees   are 

the  same,    upon   the    smallest  dimension   of    the   rectangular    orifice, 

and  upon  the  diameter  of  the  circle,  in  the  ca^e  of  circular  orifices. 

But  should  other   circumstances,  such  as  the   head  of  fluid,  and  the 

place  of  the   orifice,  in   respect   to  the  sides 

and  bottom   of  the   vessel,   vary,  then   will 

the   co-efficient   aho  vary.      When   the   flow 

takes  place   through  thin  plates,  or   through 

orifices  whose  lijts  are   bevelled   externally, 

the  co-effitient  corresponding  to  given  heads 

and    orifices,   may   be   found    in    Tabic    V. 

provided  the    orifices    be   remote   from   the 

lateral   faces    of    the  vessel.      This   table   is 

deduced   from    the    experiments   of  Captain 

Lesbros,  of  the  French  engineers,  and  agrees 

with   the  previous  experiments   of  BosbUt,  MIchelotti,  and  others. 

As  the  orifice  approaches  one  of  the 
lateral  faces  of  the  reservoir,  the  contrac- 
tion on  that  side  becomes  less  and  less, 
and  will  ultimately  become  nothing,  and  the 
co-efficient  will  be  greater  than  those  of  the 
table.  If  the  orifice  be  near  two  of  tliese 
faces,  the  contraction  becomes  nothing  on 
two  Sides,  and  the  co-efficient  will  be  still 
greater. 

Under  these  circumstances,  we  have  the 
following  rules : — Denote  by  C  the  tabular, 
and  by  C  the  true  co-efficient  corresponding 
to  a  given  aperture  and  head ;  then,  if  the 
contraction  be  nothing  on  one  side,  will 
C  =z  1,03  C; 


lOthlll 


^  1,06  C; 
-   I  l'>,  (7; 
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and  it  must  hn  borne  in  mind,  that  these  results  and  those  of  the 
table  are  applicable  only  when  the  fluid  issues  through  holes  in 
thin  plates,  or  through  apertures  ao  bevelled  externally  that  the 
particles  may  not  be  drawn  aside  by  molecular  action  along  their 
tubular  contour. 

§  SOI.— "When  the  discharge  is  through  thki:  pl^^^''  tokhuut  bevd, 
or  through  cylindrical  tubes  whose  lengths  are  from  two  to  three 
times  the  smaller  dimension  of  the  orifice,  the  expense  is  increased, 
the  mean  coefficient,  in  such  cases,  augmenting,  according  to  experi- 
ment, to  about  0,815  for  orifices  of  ■which  the  smaller  dimension 
varies  from  0,33  to  0,66  of  a  foot,  under  heads  which  give  a  coeffi- 
cient 0,619  in  the  ease  of  thin  plates.  The  cause  of  this  increase  is 
obvious.  It  is  within  the  observation  of  every  one,  that  water  will 
wet  most  surfaces  not  highly  polished  or  covered  with  an  unctuouj 
coating — in  other  words,  that  there  exists  between  the  particles  of 
the  fluid  and  those  of  solids  an  affinity  which  will  cause  the  former 
to  spread  themselves  over  the  latter  and  adhere  with  considerable 
pertinacity.  This  affinity  becoming  effective  between  the  inner  sur- 
face of  the  tube  and  those  particles  of  the  fluid  which  enter  the 
orifice  near  its  edge,  the  latter  will  not  only  be  drawn  aside  from 
their  converging  directions,  but  will  take  with  them,  by  the  force  of 
viscosity,  the  other  particles,  with  which  they  are  in  sensible  contact. 
The  fluid  filaments  leading  through  the  tube  will,  therefore,  be  more 
nearly  parallel  than  in  the  case  of  orifices  through  thin  plates,  the  con- 
traction of  the  vein  will  be  less,  and  the  discharge  consequently 
greater. 
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^  t02  — Thf  moie  iter  eral  c  mm'stanics  attei  din^  the  ii,t  oi  of 
f  Kps  upon  bodes  ot  scnsUc  mignitu  les  ha^e  been  dscu=ei  They 
constitute  the  Biljpcts  of  Median  cs  of  feolids  and  of  Fluids  Those 
which  result  tiom  the  action  of  fon,es  upon  the  demits  of  both  Bolida 
an  I  fluids  remaan  to  be  considLre  1  Thev  form  the  suhject  of  Afe 
elixinies  of  Molecules  whith  corQ].ii,htnd8  the  whole  theory  of  Uleclites, 
Tkfrmotics,  Acoustwi   and  Opt  ct, 

It  his  been  setn  that  all  bodies  "ire  built  up  of  elementary  mole 
oulea  la  sensble  tlioigh  n  t  in  actial  contact  that  the  rehtive  places 
of  e^iuiliVrmm  of  tliei-e  molecul  s  are  di,tcimined  t\  the  molecihr  forces, 
and  that  the  mtensties  of  these  forces  iro  some  function  of  the  di»- 
tince  between  the  acting  molecuk"!  \.  ds[Uci.mcnt  of  a  single  mole- 
cule fiom  its  posit  on  of  relative  rest,  w  11  brcik  up  the  eijuilibnum  of 
the  surround  ng  forces,  and  gne  rsc  to  1  general  inl  piogi  ssive  dis- 
tuibincc  throughout  the  bolj  It  s  priposed  to  investigate  tie  n^iture 
ot  this  disturbance  the  ciicumitanees  of  it'i  p!ogTe=s  in  i  the  conlucE 
of  the  molecules  as  tiev  become  involvel  m  it 

PEllIOeiClTy    OF    MOLECULAR    CONDITION. 

I  303. — Molecular  motions  cannot,  like  the  initial  disturbances  which 
pi*oduce  them,  be  arbitrary ;  but  must  fulfil  certain  conditions  imposed 
by  the   physical    connectifns  wliich  unite  the  molecules  into  a  system. 
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These  motions  are,  so  to  speak,  constrained  Ijy  tins  connection.  Let 
the  conditions  of  constraint  bo  expressed,  iis  in  |  213,  Mecli.  of 
Solids,  by 

i  =  0;     Z'=0;     i"  =  0;    &c (506) 

L,  L',  L",  &c.,  being  functions  of  the  co-ordinates  of  the  molecules. 
Denote  by 

X,  r,  2 ;  X',  Y',  Z' ;    &c., 
the  accelerations  impressed  upon  tlie  molecules  whose  masses  arc  m,  m', 
&c.,  in  the  directions  of  the  axes.     Equation  (313)  will  obtain  for  each 
molecule.     There  will  be  as  ^3.11^  equations  as  molecules,  and  by  addi- 
tion, we  find,  by  inverting  the  terras, 

.™[(?Lr-x).«H.(f|-z)..+(e;-z)..]=o.(=o,) 

There  will  be  three  co-ordinates  for  each  ■  molecule.  D  ot  thi, 
number  of  molecules  by  i;  the  number  of  Equations  (506)  it  co  Ito 
by  m;  then  will  3i  —  m  =  n,  bo  the  number  of  co-ordinates  h  h 
being  given,  will  reduce  the  number  of  unknown  co-ordinates  to  the 
number  of  equations.  These  unknown  co-ordinates  may,  hence,  Ic  found 
in  functions  of  the  known,  and  lhe  places  of  the  molecules  at  any  i 
stant  determined. 

Denote  the  m  co-ordinates  by  a: ye,  x'y'z',  &c.,  and  the  n  co-ordi- 
nates by  a/3y,  a'/3'y',  &e. ;  then  we  may  write, 

s  —  9^  (a  (3  7  a',  kv.)  =  p, ; 
y  =  <P,  (a  /^  r  "-',  ^'c.)  =  p^ ; 
z  =  <p,{a.8y  a,',  &c.)  =  p, ', 
tc'=  ip..(a/Jya',  &c.)  =!p^; 


X'^->P..{aliya',&Q.)  =  P,.; 
ifec.  =  &c.  —  Ac. ; 

I  *ihicli  ip„  ip„  9„  &c.,  Y'l,  W'  V"  "^"'i  denote  any  functions  of  the  co- 
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ordinatea  a  fi  j,  a'  &c.,  wliiob.  result  from  the  conditions  of  Equatioi 
(506)  and  tlie  process  of  elimination. 
At  any  time  (,  suppose 

a  /3  and  y  to  become  «  +  ?,    P  +  ■>],    y  +  ?; 
a'  /3'  and  y'  to  become  a' +  f,  (3'+)j',  y'-\-  ^' ; 


and  suppose  the  increments  f  )j  f,  §'  t(  Cr  &c.,  to  continue  so  small 
during  the  entire  motion  as  to  justify  the  omission  of  all  termi'  into 
which  theii"  second  powers  and  products  enter ;  then  will 


=  P.+ 


<^P,     .,(^P. 


f  + 


dp 


^  +  1^  .  ^  +  &:c.,    .fee. 


.    '^  Ps      y    ,    '^  Pi  ,    "^A      ^    1      (  ( 

2/  =  ft  +  ^-l+-^-^+^-^+&c„&c., 


dp 
''JW' 


.   dP. 


.  dP, 


.  dP. 


.  dP, 


dp. 


dp      '   '^  dy 

X'=P.,+       ... 
From  Equations  (508)  we  have 


.  (509) 


d'x 


dH- 


'  dp 


d'Tj^ 


d''^+  &c.,  &c., 


''  =  ^-^?+S-^''  +  ^-''«+*-*"' 
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1  the  s 


da  ' 


dp. 


'ip. 


-  dy- 


Tlie  EqQiiLion  (oOT)  contains  three  times  as  many  terms  as  tliere 
are  molecules,  each  tenii  consisting  of  a  variation  with  its  coefficient. 
Eliminate  from  this  equation  X,  Y,Z,  X',  &o.,  d^x,  d^y,  (Ps,  (Px',  &c^ 
and  dx,  dy,  rfz,  3x',  &c,  by  means  of  Equations  (509),  (510),  and  (511); 
LoLlcct  the  Loefficients  of  <SC  ^  r/  df  tf|'  lic  the  nmnber  of  terms 
will  redui^e  to  n  th  s  lemg  the  number  of  the  co-oi  Imates  «  (3  ■)  "■', 
&,e  These  ^auifioiis  are  independent  of  one  -mothei  since  the  i,o- 
ordinates  a  P  j  a  &,•.  are  so  The  coi'flicieiits  of  these  vaiiationa 
must,  therefore  be  separ'itely  equal  to  zero  Performmg  the  opeiation, 
omittng  all  the  teims  contammg  products  and  puwers  ol  ^  i)  ^  |', 
&c^  higher  than  the  first,  there  will  result  n  equations  of  the  to  m, 

SD.^+S^.^-^+S^.^4-Sff.|+Sir.))+S^.;+^=0;(512) 

in  which  D,  H,  F,  G,  H,  &c.,  are  functions  of  the  differential  co-efficienta 
in  Equations  (50D),  (510),  and  (511);  and  A  consists  of  a  scries  of  terms 
each  composed  of  two  factors,  one  of  which  is  either  P,,  Py,  P.,  or 
some  other  P  with  subscript  co-ordinate  accented. 

If  a  /3  y,  a.',  &c.,  give  the  places  of  rest  of  the  molecules,  then  will 
P.  =  P,  =  P,=  &c.  =  0,  and  Equations  (512}  become 


IB 


,  d'n 


+  2  £■ .  y-/  +  2/''.  ^-y,  +  S  (? .  §■  +  Sfi".  Ji  +  2  A'.  ir=  0.  (513) 


These  equatio- 


1  hy  making 
f  =  2i.iVj.,i„((.Vp-,), 

i  =  M.A\.,m{iyp~r), 

r=  ... 
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:r  whkli  Ji  and  r  are  arbitrary  constants,  and  p,  JV\,  jV ,  iV ,  &c^  are 
constants  to  be  determined.  For,  after  two  differentiations,  regarding 
£,  Tj,  f,  &c.,  and  t  variable,  we  have 

^^,  =  ~M.N^..in(iVp-r)p, 

which,  substituted  in  Equations  (513),  give,  after  dividing  out  tiic  conv- 

mon  factor  M  .  sin  (( Vp  —  r), 

{S.1).^  +I.S.N  +l.FN^p^-S;6I^  -1.IIN-  -^KN=ii.  (515) 

Now,  there  being  n  of  th  c  eq  -it  s  n  —  1  of  them  will  give  tlio 
vahies  of  J^^,  iV ,  S',  &o  n  tcr  s  ot  j\  , ;  and  these  being  substituted 
in  the  n'^  equation,  must,  Irom  the  i  rm  of  tlie  equations,  give  a  result- 
ing equation  having  JV.  as  t  c  n  n  on  is  tor  and  of  the  «,"'  degree  iu  p. 
The  common,  factor  JV,  will  divide  out.  The  quantity  p  will  have  n 
values.  The  values  of  J^,  JV,  iV  ,  &c^  will  be  rational  fractions  of 
tke  («— 1)'"  degree  in  p,  having  a  common  ilenominator,  and  each  multiplied 
by  iVj,  whicli  is,  as  yet,  arbitraiy.  Male  JV,  equal  to  the  common  de- 
nominator, and  JV",  JV,  jV.,,  &c.,  will  be  expressed  in  symmetrical  fiinc- 
tiona  of  p,  of  the  (»—  1)"'  degree.  Each  of  the  quantities  JV,,  JV,  JV, 
Ac,  will  have  as  many  values  as  p;  and  each  of  the  increments 
g,  9],  ^,  I',  &c.,  will  also  have  n  values,  each  set  i>f  which  will  satisfy 
Equations  (513). 

But  Equations  (513)  are  linear ;  nut  onlj,  therefore,  will  each  of 
the  values  of  |,  j},  iT,  ?',  &c.,  satisfy  them,  but  their  respective  sums  sub- 
stituted for  f,  )j,  f,  I',  &Ct  will  also  satisfy  them. 

Denoting  the  roots  of  the  m""  equation  in  p  by  p,  p,,  pj,  &a.,  and 
using  the  subscript  figures  to  designate  the  corresponding  values  for 
the  other  letters,  the  general  solution  of  Equations  (513)  will  be 
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<,=S.N  .5m(i.v'r-'')+-Si-^„  Muit.s/:f,^r,)+Sj.^^  .s.m{i.y/ii-ri)+&c. 


(616) 


(Sin 


Ji,  a  &,c^  and  ),  r,  ili ,  are  ulitruj  toistiuta  m  tliLst,  Lompktp  in 
te^i~i!s  Thev  must  be  found  m  terni"  of  tliL  mitul  mIucs  ot  5,  jj  f, 
i&L^  and  then  difterential  coeflinents  Thcv  -iic  small,  bn,auso  tlie  on 
gii  al  disturbinci,  is  supposed  small 

§  304. — If  all  the  quantities  E,  M;,  Ji^,  &c^  except  tlie  first,  vanisli, 
Equations  (516)  lose  all  tlieir  terms  in  the  second  memhera  exucpt  tlie 
first,  and  Equations  (508)  become 

§  305. — If  the  roots  p,  p,,  p^  &c.,  be  real,  the  different  terms  in  the 
valnes  of  |, !/,  ^,  i&c.,  as  given  in  Equations  (516),  will  disappear  period- 
ically, and  the  precise  times  of  disappearance  of  each  will  be  found  by 
making 

i  Vp  —  )■  =  a 77 ;     (  Vp,  —  r,  =  a-n;     t  Vpi  —  )■(=:  a tt  ;    &Ct 

Vp     '  Vp>     '  Vp^' 

ill  which  p  is  any  whole  number  whatever.    The  intervals  of  disappear* 
ance  will  be 

l+S-     l±Sl.     "  +  '''.    jjc 

Vp        Vp,        Vpi 
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Wh  n  the'^L  inttivih  aro  eomiiensuntk,  ttdi  will  i,  Jj,  C  ^'-  .  resume 
the  \  lines  tliej  had  at  some  pitvious  time,  tht  molecules  will  iLtiim  to 
thi,ir  lormer  wmultaneous  place",  the  movement  will  become  periodical, 
and  tho  period  wili  be  eqnal  to  the  least  common  multiple  of  the  above 
internal-  This  phenomenon  ot  periodical  returns  of  molecules  to  their 
initnl  plaices,  is  called  the  jwj-iorfiwij)  of  molecular  condition 

t,  jOC — Fiom  Equation's  (516)  it  js  apparent  that  eich  and  evtry 
mi  vidual  ot  a  system  ot  molei.uks  in  which  the  connection  la  "Ut.h  as 
to  leivc  n  of  their  coordinates  indt,pciidpnt,  may,  when  sl]L,htly  dis 
tuibed  fiom  re«t  in  positions  ot  stable  equilibiinm,  assume  a  number  n 
ot  isciUatory  movements,  and  that  all  oi  any  number  of  these  may  take 
pU  i  simultam-ously  And  converselj,  whatever  be  the  initial  derani^e 
lULiit  of  suoh  a  system,  the  resulting  motion*:  ot  eat.h  mokcnle  maj  be 
rcwlved  iut«  it  or  less  than  n  simple  components  paiollel  to  each  of 
inv  thiie  lectiBgular  axes  Here  we  have,  under  a  diftti  nt  lirm  the 
prini^iplo  of  the  coexistence  of  small  motions 

§  307 — Again,  let  f ,  tj ,  ?„  &c,  be  the  ^  ilues  ot  |,  ij,^,  &.  ,  when 
tho  sjstein  is  in  motion  bj  the  action  of  one  set  ot  forces,  i^  ?jj,  ^t, 
i&c,  when  under  the  action  of  another  set,  and  so  on — the  imtiil  con* 
dition  King  deteimined  for  tach  set  of  movements — then,  Equation 
(516)  being  linear,  will  the  lesultant  values  of  li  jj,  ?,  &C.,  be  given  by 
I  =  fi  +  f=  +  ^3  +   &c., 

f=?,  +  <,  +  ir,+  &c.; 
and  here  we  also  have  again  the  superposition  of  small  motions.     That 
is,  each  molecule  may  take  up  simultaneously  the  motions  due  to  each 
disturbing  cause  acting  separately  and  alone. 

§  308. — Equations  (513)  may  also  be  satibtied  by  making 
tVp  —  r 

tVp  —  r 


tV~p-r^ 
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i.l/p  —  T 


and  thtse  substituted  in  EijuatioTis  (513)  ^ue  Equ  itions  ("ilS),  with 
the  exceptions  of  the  signs  of  the  teims  which  are  independent  of  p 
But  with  this  solution  there  wonld  be  no  iimit  to  the  ini  rease  ot 
fi  %  ^i  ?i  ^f'l  which  is  contrary  to  the  conditions  that  the  dis-turbiniea 
are  to  continue  small.  In  fact,  this  last  solution  supposes  the  molecules 
to  be  moved  from  positions  of  nnstable  eqfuhbnuni, ,  the  other,  whith 
is  the  case  of  nature, /j-om  stable  cqutlibnum. 


§  30Q. — It  thus  appears  that  every  molecule,  subjei:ted  to  crrtain 
conditions  of  aggregation,  may,  when  disturbed  from  its  place  of  rela- 
tive rest,  describe,  under  the  action  of  surrounding  molecnles,  a  closed 
orbit.  The  disturbed  molecule  being  acted  upon  by  its  neighbors,  will 
react  upon  tlie  latter,  and  cause  them,  in  turn,  to  take  up  their  appro- 
priate paths;  and  the  same  being  true  of  the  next  molecules  in  order 
of  distance',  the  disturbance  will  be  progressive  and  in  all  directions. 
That  is,  an  initial  disturbance  of  a  molecnle  at  one  time  and  place, 
becomes  a  cause  of  disturbance  of  another  molecule  at  another  time 
and  place.  While,  therefore,  any  molecule  A,  is  travelling  over  its 
orbit,  the  disturbance  is  being  propagated  on  all  sides,  and  at  the  in- 
stant the  former  completes  its  circuit,  the  latter  will  have  reached  a 
molecule  A^,  in  the  distance,  which  will  then,  for  the  first  time,  begin 
to  move ;  and  the  molecules  ji,  and  Ai  will,  thereafter,  always  be  at 
the  same  relative  distance  from  their  respective  starting  points.  In  the 
same  way,  a  molecule  A„  still  further  in  the  distance,  will  begin  its 
first  circuit  when  A^  begins  its  second  and  A^  its  third,  and  so  on. 
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Between  the  molecules  A[  anil  A^,  as  also  between  A,  and  A3,  &c., 
molecules  will  be  found  at  all  distances  from  thciv  starting  points  and 
moving  in  all  directions,  consistently  with  the  dimensiona  and  shapes  of 
their  ref.pcctive  orbits.  The  term  phase  is  used  to  express  the  cornii- 
tioa  of  a  molecule  with  respect  to  its  dis/ilacement  and  the  direction 
of  til  mottmi 

Jtoleculea  are  siid  to  he  m  siimlai  phaset,  when  moMni;  m  piiallcl 
oibital  elements  and  in  tLt,  same  -direttion ,  and  m  opposite  phase% 
nhen  moving  m  paiallel  orbital  elements  and  in  opposite  directions 

The  pirtitular  form  ot  iggregition  a'isumed  by  the  molei-ulea  be 
tween  the  nearest  two  concentric  surfaces  m  Tihich  the  same  phasfs 
simultaneously  exist  throughout,  is  cilled  a  wave 

A  surfice  whieh  contami  moleeuk'i  onl}  m  similai  phases,  is 
illed  a  maie  front  This  lattei  teim  is  gencralh,  though  not  al 
wiis,  applied  to  the  surlace  upon  which  the  molecules  aie  just  btgin 
Tiing  to  move  The  velocity  of  a  wave  front  mil  always  be  that  of 
diituibance  propagation  A  wnie  length,  is  the  interval,  measured  m 
the  diieetioii  et  wave  propigatioc,  between  two  consei-utive  siirfai.es 
upon  whieh  the  molecules  have  similar  pliases 


WAVE   FUNCTION. 

§  310.— Denote  the  1 

masses  of  the  molecules  by  m,  m' 

,  Ac;  the  co- 

ordinates of 

™     by 

«i              y^             2. 
x-\-Ax,      y  +  Ay,      z+A% 
x-\-^x',     y  +  Ay',     2  +  A  z', 

&c., 

&c.,             Ac,             &c, 

and  the  distance  between  any  two  molecules,  as  m,  and  1 

rn',  by  r\  then 

will 

!■  =  VA3:^  +  Ay +  As'.     .     . 

.     .     .      (518) 

Let  f{r)  he  the  intensity  of  the  reciprocal  action  between  m  and  jb'; 
in  which  /  denotes  any  function  whatever.  This  leciprocul  action  will 
)  the  elastic  force  of  the  body. 
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Before  the  system  is  disturbed,  there  will  he  no  inertia  developed, 
the  inertia  terms  in  Equations  (  A  )  will  disappear,  and  we  shall  have 
for  the  action  on  any  molecule  as  m, 


(Sid) 


Now  suppose  the  system  slightly  .disturbed,  and  deitoto  the 

at  the  time  t  in  the  direction  of  tho  axes  x,  y,  e,  respectively,  of 

">■      by    f,  7j,  ?, 

m'    "  f  +  A|,    n  +  ^n,    ?  +  ^?, 

m"  "  f+ir.  'f+AV,  ^+ir, 


V{'-).~  =  o, 

mr).^-o, 

s/W-^-o- 

&c^ 


&c. 


Then,  denoting  the  change  in  r  by  Ar,  Equation  (518)  becomes 


r  +  ^r^V{i^x  +  A§y+(Ay  +  AilY  +  {ilz-i-Aiy   .    (520) 

and  by  the  principle  of  the  superposition   of  small   motions,  Equations 
(  A  )  give  for  the  action  on  m, 


r  +  Ar  ' 
Ay +  irf 


=  S/(.  +  Ar). 


(521) 


r  H — r  -  &C., 


whence,  neglecting  the  powers  of  Ar  higher  than  tbe  Srst, 
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Squaring   Equation   (520),  neglecting  Uie  squares  of  A  r,  A  g,  Hi], 
and  A^,  and  subtracting  the  square  of  Eq\iation  (518)  fTOm  the  I'esiiit, 


A|  +  Ay.Aq  +  ^^.A^ 


(51:2) 


Substituting  this  above,  and  making 
Equationa  (521)  become 


(524) 


Pei'forming  the  multiplication  as  indicated  in  the  last  terai  of  the  see- 
i,  thei'e  will  result  t^rms  of  the  fonn, 


S^(r).Aq.A«.Ay;  S^{r)  .A^  .  Ax  .As;  S'>p{r) .  A^.Ax.  A,j; 
I,^{r).A,].Ay.Az;      l^{r).A^.Az.Ay;      Si>(r)  .A^  .A^  .A^; 

and  it  may  be  shown  by  lie  process  of  |  164,  to  prove  the  existence 
of  principal  axes,  ihsi,  tie  co-ordinate  axes  may  be  so  taken  as  to  cause 
these  terms  io  vanish.  Assuming  the  axes  to  satisfy  these  conditions, 
Equations  (524)  become 


(525) 
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mp'  =(p(r)  +  V('-)-^«'. 
m.p"  =  ^  (*■)  +  f  (c) .  A  f, 

(525)  take  the  form, 


di' 


^Sp'.Al 


=  2/".Af. 


An  initial  and  aibitrary  Jisplaceracnt  of  a  molecale  at  one  time 
and  place,  becomea,  througii  a  series  of  actions  and  reactions  of 
the  molecular  forces  alone,  the  cause  of  displaeement  of  aTi other 
laolecule,  at  another  time  and  place.  In  thia  latter  displacement, 
which  resultB  aloEo  from  the  molecular  forces,  the  molecular  motions 
must  take  place  in  the  direction  of  least  molecular  resistaBce.  This 
direction  is  at  right  angles  to  that  of  wavD  propagation ;  for,  tlie  force 
which  resisia  the  approach  of  any  two  strata  of  molecules  will  he  much 
greater  than  that  which  opposes  their  sliding  the  one  by  the  other. 
Indeed,  this  view  is  abundantly  confirmed  by  many  of  the  phenomena 
that  result  from  wave  transmission ;  and  it  will  be  taken  for  granted, 
without  further  remark,  that  the  molecular  orbits  ai'e  m  planes  at  right 
angles  to  the  direction  of  wave  propagation. 

§  311. — The  first  of  Equations  (52'Z)  appcrtaiDs,  therefore,  to  wavu 
propagatioa  in  the  plane  y  z,  the  second  in  the  plane  z  z,  and  the  third 
in  the  plane  xj/. 

The  integrations  of  Equations  (527)  arc  given  by 


|  =  „...i.-^'(F..,-..), 
,  =  .,..in'^(r,.l-r,), 


(528) 
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in  whii-h  V,,  Vy,  anl  V,  are  the  velocitira  witli  «hic!t  the  distuibanfo 
is  propagateiJ  in  direttions  perpendicular  to  the  axes  a,  y,  and  r,  re- 
spectively, A.,,  X,,  and  X,  the  shortest  distanceb,  m  the  sime  directions, 
between  the  flacea  of  rest  of  any  two  molecules  that  nia\  bivo  at  the 
same  insiant  the  same  phase ,  r„  r,,  and  r.  the  distances  of  any  mole 
cule's  phce  cf  le'^t  tiom  that  of  pnmitne  di-itnibince,  e-timatLd  m  the 
eamc  JiiccfKns      ihia  bcm;;  unlnistuoiJ,  wl  hi\i-  thi,  rchtions, 


!■.  =  >'•/■  +  «■;    r,  =  v'«'  +  »';    /.  =  •/«■- 


'-:^  =  t.;       ^  =  *.; 


(629) 


f=.,..m(»..!-i..r.), 
,  =  «,.sin(»,.l-i,.r,), 
{=«,.■■„(»,. 1-i... J. 


(53y) 


I  812.— To  show  that  those  are  the  sohitions  of  Equations  (527),  it 
will  he  sufficient  to  prove  that  tliey  will  satisfy  those  equations  with 
real  values  for  n^,  n^,  and  n,.  Differentiate  twice  with  respect  to  t, 
and  we  have 

dt' 

t^  ^ 
dt''  ~ 

d^i; 


di'  - 


-V.C 


Give  to  r.,  r,,  and  r,  the  increments  Ar„  Ar^,  and  Ar„  respectively; 
(he  corresponding  increments  of  |,  jj,  and  ^  are  i^",  Atj,  and  A^i  *^^ 
Equations  (530)  become 
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5)  +  A  I)  =  a, .  sin  (re, .  i  —  Aj, .  )■„  +  ij, .  A  r,). 


Devei^ing  tte  second  membei's,  regarding  »,.  i  —  K-Ki  w^ .  (  —  *, .r, 
and  », .1  —  i,  ■'■,  as  single  arcs;  subtraeting  Equations  (530)  in  order 
replacing  1  —  cosk,Ar,,  1  —  cos  i,  A  r^,  and  1  —  cosAjAr,  bj  theii 
respective  values,  we  find 


..(t^'.) , 


►...■.).l 


,{^..t-i..r.). 


■    (o32) 


Substituting  these  in  the  second  members  of  Equations  (521),  we  have 


,~f,  =  -2f...p-., 


+    £p-.ain{J.ArJ., 


I      tb       t  te    of     qn  i  bnnm    of  tl      ml      Is  e  may       pj. 

th             SB       equal     two    and    tno  and     \n      tn  11}  d  j      d 

tb       id      f  th  t  wh  Inl     1    tl  tl  most 

■wyn^lhwmy                  ti  qlbmt  t      Ih 


th 


11  b 


2  ji'    .  sin  (A,  .Ar,).a,.  cos  (h,  .  ( -  ^, .  j-„)  ^ 
Si»"  .  sin  (i, .  A  r,) .  c(, .  cos  (b,.  (  -  ^^.r^)  =  0,  I-  .     .     (534) 
sy'.ain  (A..Af.).n,.cos(K,.i-ir,.r.)  ^  0,  J 
and  tlierefore, 

Hosted  byCoOgle 


MECHANICS    OF    MOLECULES. 


whence,  Equations  (531)  and  (535), 


whicli  ate,  EqaalJons  (52G)  and  (522),  real  vaUics  for  n„  m^,  an.l  n,. 

§  313. — Subsjjtuting  the  values  of  n,,  n^,  ii„  and  l\,  i-^,  k,,  E'jua- 
tions  (520),  there  will  result^  after  maltiplying  the  first,  second,  and 
third  by  I  =  A  r." -i- A  r^' ;  1  =  Ar^" -~  Ar^^;  1  =  i  r,' -^  A  r.',  re- 
Bpectively, 


r.'  =  iS/   .ir, 


r,-  =  is/' 


iSp"'.Ar,> 


(^)-' 

sin'  '^  f  '' 

(^Y 

(^f 


(5S») 
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§  314. — Kesuming  either  of  Equations  (528),  say  tlie  first,  viz, : 

|=,..ini5(r...-,.), 

it  is  apparent  tLat  if  t  be  made  constant  and  r,  variable,  so  as  to  reach 
in  succession  all  the  molecules  in  its  direction  between  the  limits 

r..t-?v„   and  v..  I, 
the   displaetjment  |  will    also    vary,    and    from    zero    to    zero,    passing 
between   these   limits   through   the    maximum  valnes  a,  and   minimum 
value  ~  1, ;   thus  deter- 
mining the    curved    line 
C  D,    of    the     annexed 
figure,  to    be    the    locus 
of  the  corresponding  dis- 
placed  molecules,  of  which  the  places  of  rest  are  on  the  straight  line 
A  B,  coincident  in  direction  with  tlie    line  r,  in   the   piano  y  z.     And 
it  is  also  apparent  that   if  the   above  value  of  t  receive  an  increment, 
making  tbe  time  equal  to  (',  and,  with  this  new  value  for  the  time,  r^ 
bo  made  to  vary  between  the  limits 

V,.t'~X.,   and  y..t', 

the  locus  of  the  corresponding  displaced  molecules  will  be  found  to 
have  shifted  its  place  to  C  D',  in  the  direction  towards  which  the  dis- 
turbance is  propagated. 

This  peculiar  arrangement  of  a  series  of  consecutive  molecules,  by 
which  the  latter  are  made  to  occupy  the  various  positions,  arranged  in 
the  order  of  continuity  about  their  places  of  rest,  is,  as  we  have  seen, 
§  305,  called  a  wave,  and  the  fnnetions,  Eqaations  {528),  from  which,  a 
sectJon  of  the  wav^  may  be  constructed,  are  called  wavt  functions. 


§  315. — From    either    of  Equations  {63'?),  say  the  first,  it  appears 
that  the  velocity  of  wave  propagation  depends  upon  the  ratio  between 
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tl      1  c  — ■ inii    t    E    p     If  tl  e  i  tancp  A  r„  Lntwecn  the  niol& 

ales,  n  the  1  rect  on  ot  r  ba  e  anv  appreciable  \3lue  to  compared 
T  th  the  w  ve  length  X  th  s  rat  o  w  11  be  leis  than  unity ,  and  m 
proporton  <is  the  wave  length  n  eases,  n  the  same  medium,  will  the 
vbIoc  ty  nere-ibe  WLe  the  !  st  nee  A  r  s  insignificant  in  compan- 
Eon  with  the  a  e  length  X  tie  rat  0  of  the  sine  fo  the  aic  will  be 
un  ty   and  that  factor  w  11  cease  to  appeir 

8  aiO— It  the  meJum  te  1  on  o_e  eo  f,   then  will 


F,  =  r,  =  F.. 

That  ia,  the  velocity  will   be   the  same  in  all  directions.      Denote   this 
velocity  by  V;   we  may  write 


(^:-)' 


(538) 


in  which  the  two  factors  that  compose  the  second  member  have  such 
average  values  as  to  give  a  product  equal  to  the  sum  of  the  products 
which  make  up  the  second  members  of  either  of  Equations  (537). 

Supposing,  in  addition  to  tbe  existence  of  homogeneity,  that  the  in- 
terval between  the  molecules  is  insignificant  in  regard  to  the  wave 
length,  the  last  factor  of  Equations  (537)  reduces  to  unity,  and  taking 
the  axis  x  in  the  direction  of  the  velocity  to  be  estimated,  ir  becomes 
A  X,  and,  first  of  Equations  (537), 

r'  =  iS/.(4»)'; 

repl-acing  p'  by  its  value,  Equations  (526)  and  (523), 

The  :  distances  between  the  molecules  being  very  snial!,  the  t«rm  of 
which  A  a:Ms  a  factor  may  be  neglected  in'  comparison  with  tbat  con- 
taining A  i',  and  the  above  may  be  written 
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Now,  f{r)  .—-  k  tlie  component  of  tte  elastic  force  exerted  l)etwe8r 
two  molecules  whose  distance  is  r,  in  the  direction  of  the  axis  x ;  and 
f{r) .  —  .Ax  is  the  quantity  of  work  of  this  component  acting 
through  a  distanco  A  x.     Making 

we  may,  by  the  principle  of  parallel  forces,  write 

in  which  e^  is  the  sum  of  the  component  molecular  forces  which  act  on 
one  side  of  the  molecule  m,  in  the  direction  of  the  axis  x,  or,  which 
is  the  same  thing,  the  elastic  force  limited  to  a  single  molecule;  and 
x^  the  path  over  which  thia  force  would  perform  an  amonnt  of  work 
equal  to  that  measured  by  tho  first  member.    Substituting  thia  above, 

Denote  by  i  the  number  of  molecules  in  a  unit  of  length,  and  multiply 
both  numerator  and  denominator  by  i' ;   we  have 


but  i'  e^  1'.  the  elistic  force  e\tended  to  a  unit  of  sm'facc,  and  is  the 
meisurc  ol  the  cUstic  torce  of  the  medium,  call  this  e.  The  factor 
tiT  IS  tho  number  of  molecules  in  the  distance  a:,;  call  tliis  k.  The 
denominator  ?  m,  is  the  qaintity  of  matter  m  i  unit  of  volume,  which 
la  the  dinsity,  call  fh  s  A,  and  the  iboie  becomes 


(539) 

Uenotc  by  c  the  ratio  which  the  contraction  produced  in  a  given  vob 
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unie  of  tte  medium  by  the  pressure  of  a  standard  atmosphere  J,  bears 
to  the  volume  without  any  external  pressure;  then  will 


_  g.D„. 30 '"'"' 


(540) 


in  which  g  is  tlio  force  of  gravity  and  D^,  the  density  of  mercury  sit 
3.  standard  temperature. 

In  the  case  of  gases,  e  is  Beiisibly  equal  to  unity;  for  if  euch  bodies 
were  relieved  from  their  atmospheric  pressures  they  would  expand  in- 
definitely, thus  making  their  increments  of  volumes  sensibly  equal  to 
the  volumes  they  would  ultimately  attain. 


§  317. — Denote  the  resultant  displacement,  of  which  |,  )j,  and  f  are 
the  components,  by  ff ;  and  the  angles  which  rf  makes  with  the  axes 
X,  y,  and  3,  by  a,  (3,  and  y,  respectively ;  then  will 

|=!r.cosa;    )j  =  ir.cosj3;    f=ff.co3y; 

which,  substituted  in  the  second  members  of  Equations  (531),  give 

^'f .>    ... 


^  - 


(541) 


Squaring,  adding,  tating  square  root,  and  denoting  the  resultant  by  t 
we  have 


=e)vov(g)'= 


'"{»', 


■s'r).   (5*2) 


The  first  member  is  the  square  of  the  resultant  acceleration  duo  to  the 
molecular  action  developed  by  the  displacement  a". 

Denote  by  a^,  /?,,  and  y,  the    angles   whict    the    direction   of  this 
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resultant    makes    with   tlie   axes. a,  y,  and  z,  respectively;   and    by   ■^ 
the  inclination  of  this  direction  to  that  of  displacement.     Then  will 


coa  V-  =  cos  a .  cos  a.,  +  cos  /3 .  cos  /3,  +  cos  7 ,  cob  y,  . 

The  components  of  the  acceleration,  iti  the  directions  of  the  a 
and  %,  are,  respectively, 

E.  cos  a, ;     s„  cos  /3, ;     e„  cos  y, ; 
and,  therefore,  Equations  (541), 


.  (543) 


(544) 


These,  m  Equation  (543),  give,  Equations  (531), 

e„ .  cos i/i  =  —  ff  . n^'  =  —  tf  .  {n' .  cos' a +  11^'.  cos' /i  +  «,' .  cos? y) ; 
and  replacing  n^,  n,,  n^,  and  «,,  by  their  values,  Equations  (529), 

_  =  — .,os.  +  ^.cos3+^.cosr. 

But,  because  the  nnnaher  of  waves,  in  a  unit  of  time,  arising  from  the 
components  of  a,  common  initial  disturbance  must  be  the  same,  the 
coefficients  of  the  circular  functions  above  must  be  equal,  and  hence. 


o.'?  +  co.'y)  =  . 


(546) 


Whence  the  wave  velocity  ia  proportional  to  the 


!  length. 
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P    1SLA3TICITY. 


§  318. — Replacing,  in  Equations  (541),  n^,  n^, 
m  Equations  (529),  multiplying  tlie  first  by  c.tt 
by  c  .  TT  Aj,' .  m,  ^nd  the  third  by  c  .-n  X^  .  tn,  ive  h: 


n.X.' 


<;=!_ 


'  dt^' 


by  their   values 
' .  m,   the    second 


.    (546) 


.iTT'. 


Now,  n .  XJ,  n .  Xy,  and  t: .  V  aro  the  projections  of  the  waves  arising 
from  the  component  displacements  f,  tj,  and  f,  on  the  planes  yz,  xz, 
and  xy,  respectively;  and  if  every  molecule  in  each  of  those  waves  had 
the  same  acceleration,  the  first  members  woulil  measui'e  the  elastic  forces 
exerted  over  these  projections  by  mating  e  equal  to  unity.  These  are, 
however,  not  equal ;  but  if  c  denote  a  proper  fractional  coefiicient,  and 
«,,  Ej,  and  e,  the  actual  elastic  forces  in  the  three  wav^a,  we  may  write, 


■  (M') 


in  which  f  =  4  e ,  ■n' ,  m.     Squaring,  adding,  takii 
and  denoting  the  resultant  by  e^, 


sqn;n-e  root  of  s 


=  v'i7+?T^ 


■ ,  f .  V  V,' .  cos=  a  +  V; .  cos=  /3  +  r;  .■ 


s"y; 


from  which  it  is  apparent  that  if  the  displacement  be  made  in  the 
directioa  of  either  axis,  the  elastic  force  will  be  wholly  in  the  direction 
of  that  axis — a  property  possessed  by  these  particular  axes  in  conse- 
quence of  the  feet  that  they  wore  assumed  in  directions  to  satisfy  the 
conditions  of  symmetry  in  molecular  aiTangcmcnt,  which  caused  Equa- 
tions  (524)   to   reduce  to  Equations    (525).      The   directions   of  these 
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special   axes   are  called  axes  of  elasiicity.     The  resultant   elastic  force 
will  not,  in  general,  act  in  the  direction  of  the  displacement. 

Denote  the  angles  which  e^  makes  with  the  axes  of  elasticity  by  a,, 
3^,  and  y^,  and  the  angle  which  it  mates  with  the  displacement  by  ■^, 
then  will 

cos  i/i  =  cos  a  .  cos  a,  +  cos  j3  .  cos  (3,  +  cos  7  .  cos  7, , 
E  .  cos  «^  =  e,  =  —  d  .^  .V^  .  cos  a, 
e  .  cos  /3,  =  e^  =  —  (f .  f  .  Fj' .  cos  /3, 
e  .  cos  y^  :=  s,  =  —(!.(;  .V^  ■  cos  X. 


O.C.F.'. 

OS  a 

«.!-.f;. 

o.(! 

K.c.r.-. 

OS  7 

(548) 


which  substituted  above,  give, 

E^  .  cos  ip  =  —  ff  .  e .  r  =  =  —  fl- .  ?  ( r.' .  cos'  a  +  F/ .  cos'  /3  +  F.' .  c< 
in  wliii'.li  V    is  the  velocity  pei'pendicu]a,r  to  the  displacement.     IV 
F=F:     V,  =  o,\      F,^6:      F,  =  c; 


=  Va'. 


x  +  6'.cos^j3  4 


r .  cos'  y 


(549) 


The  quantities  a,  6,  and  c  are  called  definite  ates  of  elaslialy,  m  con- 
tradistinction to  axes  of  elasticity  which  merely  gi\e  direction  The 
surface  of  i^hich  the  above  la  the  equation,  is  called  the  surface  of 
elasticity  The  lalue  ot  V  will  meisurc  the  velocity  of  any  point  on 
the  wa\e  suffice  in  a  direction  normil  to  the  displ itement,  and  being 
squared  and  multiplied  b>  ff  f  will  gnc  the  elasticity  developed  in 
thft  duection  ot  the  di'iphcimcnt  itaelt 
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The  definite  axes  of  clflstieity  are  the  geometrical  axes  of  figure  of 
the  swrface  of  elasticity;  the  general  axes  of  elasticity  are  directions 
parallel  to  these,  and  drawn  from  any  point  in  the  medium  taken  at 
pleasure. 


§  }!<)— Tils  IS  the  loc  I,  f  tJose  iiukculcs  wh  ch  H^e  Mimlta 
neously  the  "ame  phite,  ^  S09  and  whatever  tl  is  phase  nia-\  be, 
thp  parti  iildi  surfice  cliaractenzed  W  it  will  be  conccntrii,  w  th  ti  at 
nliith  marka  at  anj  epoch  the  exteiioi  limits  of  the  disturoanne  or 
ujon  wh  oh  the  moleciles  arp  beg  inin^  to  part  cpatp  in  the  li  t  lib 
anoe  propagation 

It  IS  now  thp  question  to  dettrmine  thf  equ-itic  n  ot  this  latter 
s  11  fate  tor  this  purpose,  assume  the  origin  ot  u  oiiiniics  at  the 
pomt  ol  piimitive  disturbani*,  anl  let 

Ix  +  my  +  nz  =  V (550) 

be  the  equation  of  a  plane  tangent  to  the  wave  front  at  any  point, 
and  at  the  end  of  a  nnit  of  time.  The  coefficients  /,  m,  and  n,  will 
he  the  cosines  of  the  angles  which  the  normal  to  this  plane  makes 
with  the  axes  ^yz,  respectively,  and  its  length  will  measure  the 
velocity  V,  of  wave  propagation  in  ils  own  direction.  This  plane  must 
be  parallel   to   the  displacement  and  its  normal  peipendicular  thereto; 


cos'  a  +  cos'  (3  +  cos'  y  =  1     ....     (552). 

Equations  (549),  (550),  (551),  and  (552)  must  exist  simultaneously 
for  real  values  of  the  cosines  of  a,  (i,  and  y.  To  iind  an  equation 
which  shall  express  this  condition,  square  Eq.  (549),  and  divid«  it  by 
r*  ■  cos'  «,  it  becomes 
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~ F^— ^ ■'=-^^^ <^^^> 

divide  Ec[.  (551)  by  cos  a,  we  have 

/  +  „i.^  +  „.S^  =  0 (564); 

and  divide  Eq.  (552)  by  cos'  a,  the  result  is 

1  +  ^^  +  ^^  =  ~- (B55). 

Equations  (553)  and  (555)  give 

whence 

From  Equation  (554)  wa  have 


which  in  Equation  (556)  gives 


-  ( K'  _  6l)  „>  +  ( F=  -  c:") B.'  ■  «0B  =  ( F>  -  6')  ™«  +  ( F'  -  c-;™" ' 


(P-ci).^.;:F,^V-[tTri-ni);Fa-i,in^i+,ri-n')tr'-c'ln.'+(("-c')(r'-a'>P] 
{■J"^-')!!'  +  ( n  -0')  ™' 

(MI): 
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1  Ec[uation  (554)  gives 


Fur  inv  issumed  displacement,  tlie  value  of  F,  Eq.  (549),  becomes 
knonn,  «d  the  values  of  the  first  members  of  Eqs.  (557)  and  (558) 
njujt  be  real ;  whence  I,  m,  and  n,  must,  in  addition  to  Eq.  (549), 
also  satiify  the  condition 

( n  -fl')!  V  -  b^)::'  4-  ( 1''  -  ""XF'  -  c')m'  +  { F»  -  6')(  F>  -  ==)/>  =  0. 

Dividing  by 

(F'-.')(F--j-)(r'-o, 

and  inverting  the  order  of  the  terms, 

From  this  equation,  together  with  Equation  (550),  and  the  relation 

f4-»t'  +  'i'  =  I, (560) 

we  h        all  th      ond  ti  ns  a      ssa  y  to  find  th      q    t  f  th    wa 

sarfe        th  dn    by    ImntngT    ml  and 

F      th     p    p        d  ff     nt  at  h     f  th         q    t         w  th       p    t 

to  tl     q      1 1      t    be    1      nat  1      "Vi     h         f    m  Eq    t    a  (550) 

(1) xdl  +  ydm  +  zdn  =  dr; 

from  Equation  (560), 

(2) Idl  +  mdm  +  ndn  =  0; 

and  from  Equation  (559), 

and 

EFer- 

v  Google 


Multiply  the  first  by  A,  the  second  by  —  X',  tlie  third  by  —  1,  and 
add  members  to  members,  and  collect  the  coefficient?  of  lite  differ- 
entials ;  there  will  result. 
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y{,-v\ 


Taking  X  and  X'  of  sucli  values  as  to  make  the  coefficients  of  dV  and 
i»  each  zero,  the  equation  will  reduce  to  the  first  two  terms;  and  as 
dm  and  dl  are  wholly  arbitrary,  Equation  (560),  as  long  as  dn  is 
undctennined,  we  may,  from  the  principle  of  indeterminate  coefficients, 


(4)  .     ,     .    . 

(5)  .     .     .     . 

(6)  .    ,     .     . 

P)   .  i-r 


,    .    ?.x-X'l    -^ 


1 


Xy  ~X'm 


(F=_„-)=-(F-.-6y-  (V'-cy\ 


Multiply  (4)  by  I,  (5)  by  w,  (6)  by  n,  add    and  i 
(550),  (560),  and  (550);    we  have 


Multiply  (4)  by  ie,  (5)  by  y,  and  (6)  by  z;  add  and  reduce  by  Equa- 
tion (530)  and  the  relation  a"  +  y'  +  z'  ^  r' ;  we  have 

A._(rF+^i5  +  -j#i,  +  ^i^.)  =  o; 

sulisti  til  ting  for  A'  its  value,  (8),  and  trail  sposinjj, 

(9)      ,     .     >.  W  -  V)  =        '■—,  +  -jji^,  +  ^'      ; 
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transposing  in  (4),  (5),  and  (6),  squaring  and  adding,  we  have 

substituting  for  X"  its  value,  (6),  and  reducing  bj  (7),  we  have 
and,  therefore, 


Substituting  these  in  (4),  we  find 


similarly, 


multiply  the  first  by  x,  the  seoond  by  y,  the  third  by  e,  add  and  r^ 
ducc  by  (9)  and  (10) ;  wo  have 


^-a'^  r'-b'^ 


From  this,  which  is  oao  forro  of  the  equation  of  tlie  wave  surface,  sub- 
tract 


7^7^  +  ;^ir^  +  7?r/ =  **  •  ■  ■  •  (^62) 

which  is  a  second  form  of  the  equation  of  tho  wave  surface. 

Cleaiing  the  fractions,  it  becomes,  after  suiffitituting  for  r'  ita  valut 
«"  +  y'  +  e', 
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DODDLE  WAVE   VELOCITY. 


§  320. — The  radius  vector  r  measures  tlie  velocity  of  the  poiut  ol 
the  wave  to  wliicii  it  belongs;  and  denoting  by  I,,  m^,  and  w,  the 
cosines  of  the   angles   which  r  makes   with  a:,  y,  and  z,   respectively, 

and  writing  V,  for  r,  we  have,  by  substituting  in  Equation  (563),  and 
dividing  by  F/  .  u\  6' ,  e', 

■^-[(r'+i)'''+(5+s)'--'+(;J+5-.)-'']'^.+^+Si+S=».'»'> 

a  trinomial  equation,  of  which  the  second  powers  of  the  equal  roots  are 

■^.  =  i(i.  +  j)  +  l(j-j)[^'.-l"±vT;^3SxvT^7S],  (565) 


11       '    /    1      1 
?-?       V    ?-i' 


(566) 


(56?) 


If  a  >  6  >  c,  the  values  of  A'  and  A"  will  be  real,  and  there  will,  in 
general,  he  two  real  valaes  for  -p^,;  and  with  this  condition,  Equation 
(u6o)  will    give   two  paim  of  real  and  equal  roots  with  contrary  fflgos. 
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Tile  positive  roots  givu  two  velocities  in    any  one  direction,  and  tie 
negative  in  a  direction  contrary  to  this. 

Through  the  origin,  conceivo  two  hnes  to  he  drawn,  making  Witt 
ihe  axis  o,  angles  whose  CMiiiea  are  a^  and  a.^^ ;  with  the  axis  h,  an- 
gles whoso  cosines  are  (3,  and  j3„ ;  with  the  axis  c,  angles  whose  co- 
sines are  y,  and  y^, ;   and  such  that 


and  denote  the  angle  which  r  makes  with  tlie  first  of  these  lines  by 
« ,  and  that  which  it  makes  with  the  second  by  m^,  ;   then  will 

A'  =  /^  a,  +  n^ ,  y,  =  cos  m^, 
A"  =  l,a^~n,y,    =  cosm,,. 
VT^'jf'  =  sin  M, ;     VT^'A^'  =  sin  m„  - 
These,  in  Equation  (565),  give  for  the  two  values  of  -pr-j, 

i,=i(i+i)  +  }(i-l).  (»..,. c».„  +  ™«,.. in.,,) .  .  (MS) 

T;p  =  i(i  +  j)  +  s(3-j). (»■",-».---«>"-).. («0) 
and  by  subtraction, 

_L_^  =  (|_>)...,..„, ,„, 

Now, 

are  the  retardations  of  wave  velocity.  As  long  as  «  and  e  differ,  the 
second  memher  can  only  reduce  to  zero,  when  m,  or  m,,  is  zero ;  whence 
it   appears  that,  as  a  general  rule,  every  direction  except  two  is  distin- 
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guished  by  transmitting  two  waves,  one  in  advance  of  the  other.  The 
two  directions  which  form  the  exceptions  are  in  the  plane  of  the  axes 
of  greatest  and  least  elasticity,  and  make  with  these  axes  the  angles 
of  wSiich  the  cosines  are  a,  and  y,,  a„  and  y^^,  Eijuations  (568).  In 
these  directions  the  waves  will  travel  with  equal  velocities. 

Any  direction  along  which  the  component  wavca  travel  with  equal 
velocities  is  called  an  axis  of  equal  wave  velociti;.  All  bodies  in 
which  the  elasticities  in  three  rectangular  directions  differ,  possess, 
Equation  (671),  two  of  these  axes,  and  are  called  biaxial  bodies.  The 
retardation  of  one  component  wave  over  that  of  the  other,  will  vary 
with  the  inclination  of  the  .direction  of  its  motion  to  the  axis  of  equal 
wave  velocity;  and  Equation  (Stl)  shows  that  the  loci  of  equal  retarda- 
tions will  be  arranged  in  the  form  of  spherical  htnniscatcs  about  the 
poles  of  the  axes. 

§  321. — The  form  of  the  wave  surface   and   its    properties    become 
better  known  from  its  principal  sections  and  singular  points. 
Its  sections  by  the  planes  yz,  xz,  and  xy  give,  respectively, 

*  =  0;     (f-i-z'-a')(/^y'+t^z'-b'<^)  =  0, 

,  =  0;     (.'+^-6')(^.'+«'^'-c*«')  =  0,rf        ^  I-    .   (572) 


If       be          t          d      1  ss  tb       6   th      w  11  th    fi    t  ^      a  1 

and            11  p      th     1  tt       ly        wh  i!y  w  th      th    1  rm         th  th    d 

w  11           th      an     k    d     f                b  t  th      11  p      w  il     h  11  1  p 

th          1       th              1  w  U  g       tl         m    k    d     f                   t  t 

o      a    th       n  f       ponta      Th     1    t      th    m    t    mp    t    t     It  tha 

top      III  t     th  f  g    at    t      d  I     I    I    t    t 

§  322.— If  b  =  c,  then,  Equations  (568), 
R,  =  1 ;     y,  =  Oi 
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llie  axes  will  coincide  with  one  another  and  with  the  axis  a,  that  is, 
with  x;   u^  will  equal  «^,,  and,  Equation  (571), 

^.-i^=(i-i)--. m 

Also,  Equation  (563), 

(^=  +  y'+s'-c')[a'^'  +  c'(y=  +  s')-«'c']  =  0  .     .     (574) 

and  the  wava  surface  will  be  resolved  into  the  surface  of  a  sphere,  and 
that  of  an  ellipsoid  of  revolution.  Making  «,  ^  0,  it  will  he  seen 
from  Equation  (571)  that  these  waves  travel  with  equal  velocities  in 
the  direction  of  the  axis  a.  For  any  other  value  for  «,  since  «,  =  «,,, 
cos  w,  cos  M„  4-  sin  m,  sin  u^^  =  1,  Equations  (569)  and  (570)  become 

1  1  1  1         /I         1  \      .  ,  ,,„., 

and  it  hence  appears,  that  the  ri'Jocity  of  one  of  the  fomponent  waves 
will  ho  constant  throughout  its  entire  ettent,  while  that  of  the  other 
will  be  variable  from  one  point  to  another.  The  first  is  called  the  or- 
dinary, the  second  the  extra-ordiiiari/  teaiv. 

If  c  he  greater  than  «,  then  will  the  ellipsoid  be  prolate;  if  less 
than  a,  it  will  he  ohlate.  There  is  hut  one  direction  which  will  make 
F", '=  V',  and  that  is  coincident  with  the  axis  a.  Bodies  in  which 
this  is  true  have  but  one  axis  of  equal  wave  velocity,  and  are  called 
Uniaxial  hodiei. 

From  Equation  (571)  it  appears  that  the  loci  of  equal  retardations 
are  concentric  surfaces,  of  which  the  common  asis  is  on  the  axis  of 
equal  wave  velocity,  and  common  vertex  at  the  origin. 


UMBILIC   POINTS. 


§  323. — Let  i  =  0  represent  Equation  (563),  and  take 

iB     dz  w     dy  w     dx  ^       ' 

which  A,  B,  and  C  are  the  angles  which  a  tangent  plane  ta  the  sur 

Hosted  byCoOgle 


376  ELEMENTS     OP    ANALYTICAL    MECHANICS. 

face   makes  with    tlie   co-ordinate   planes  xy,  xz,  and  yz,  respectively, 
and, 

_1__ 1 ^__ 

performing  tho  operation,  here  indicated  on.  Ec[nation  (568),  we  have 
^  =  2  s  (a'  ^=  +  i=  ^^  +  c'  *')  +  2  c'  ^  (^  +  y'  +  2=  -  a'  -  1% 


dy  ' 


=  2a!(a's'  +  6''y'  +  c=j')  +  2a=*{^'  +  y 


-  6'  -  <?). 


Making  y  =  0,  brings  tho  tangential  point   in    tbe   plana  uc,and  the 
above  become 


.(»■;>■  +  .•  ^■)  +  2.-2(«'  +  2>- 


=  2«(«'l'  +  c'2')+2«'»(.'  +  z' 


(5J8) 


tte   second  of  which   shows   the   tangent   plane  to   be   normal  to  the 
plamo«. 

Bat  y  =  0  gives,  Equotiona  (572), 


-  6'  =  0  ; 


:'  +  c' 


=  0> 


■whence  we  have 


(579) 


r  the  co-ordinates  of  the  points  in  which  the  circle  and  ellipse  inter 
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sect,  and  whicii  are  real   as  long  as  a'^  b'^  c.      Substituting  these  i 
Equations  (SJO),  (577),  and  (578),  we  have 


cos-4  = 


sC  =  ^ 


hence  the  points  of  intersectioa  of  the  ellipse  and  circle  in  the  plane 
of  the  axis  a  e,  are  the  vertices  of  conoidal  cusps,  each  Jiaving  a  tan- 
gent cone?  If  a  line  be  drawn  tangent  both  to  the  ellipse  and  the 
circle  in  the  plane  ar,  the  tangential  points  will  belong  to  the  cir- 
cumference of  a  circle  along  which  a  plane  through  this  line  may  be 
drawn  tangent  to  the  wave  surface.  This  circumference  is  in  fact  the 
mar^n  of  the  conoidal  or  umbilic  cusp,  determined  by  the  surface  of 
the  tangent  cone  reaching  its  limit  by  becoming  a  plane  in  the  grad- 
ual increase  of  the  inclination  of  its  elements,  as  the  tangential  cir- 
cumference rectdes  from  the  cusp  point.  A  narrow  annular  plane 
wave,  starting  from  this  circle,  will  contract  t«  a  point  in   on:'  direc- 


tion ;  and,  conversely,  an  element  of  a   plane  wa\ 
posite  direction  will  expand  into  a  ring. 

It  thus  appears  that  the  general  wave  surface, 
is  the  equation,  consists  of  two  nappes,  the  oni 
other,  except  at  four  points,  where  they 
unite,  and  at  each  of  which  they  form 
a  double  umbilic,  somewhat  after  the 
manner  of  the  opposite  nappes  of  a  very 
obtuse  cone.  The  figure  represents  a 
model  of  the  wave  surface,  so  cut,  by 
three  rectangular  planes,  as  to  show  two 
of  the  umbilic  points,  as  well  as  the 
general  course  of  the  nappes,  by  the  re- 
moval of  a  pair  of  the  resulting  dicdral 
i^uadrantal  fragments. 


starting  in  the  op- 


and  of  which  (5G3) 
wholly    within    the 


§  324.— Multiply  the  first  of  Equations  (.'>31)  hy  %d^  the  second 
by  2d 7},  the  third  by  2rff,  and  integrate;  there  will  result,  recollect- 
ing that  the  molecule  is  moved  from  its  place  of  rest. 
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^-»^^^ 

'd--.* 

^4'= -....J 

whence  it  appears  that  the  velocity  of  s,  molecule  in  the  direction  of 
either  axis  is  pi'oportioaal  to  its  displacement  in  that  direction,  from 
its  place  of  rest.  The  place  of  rest  is  only  relative.  When  a  mole- 
cule is  in.  a  position  such  that  its  neighbors  are  symmetrically  disposed 
around  it,  it  is  in  its  place  of  rest,  and  ita  displacement  therefrom  will 
be  directly  proportional  to  the  excess  of  condensation  on  one  side  over 
that  on  the  other.  Thb  excess  and  the  molecule's  motion  will  reduce 
to  zero  simultaneously,  and  a  single  displacement,  not  repeated,  can 
only  give  rise  to  what  is  called  a  pulse. 

These    eciuations   also   show   that  the    lininff  force  of  Ike  molecule  ia 
proportional  to  the  square  of  ike  displacement. 


§  325. — The  molecular  orbits  are  on  the  wave  front, 
wave  due  to  the  displacement  g  to  be  superposed  upon  that  duo  to  ti, 
and  take  a  molecule  of  which  the  place  of  rest  is  on  the  axis  z. 
The  first  and  second  of  Equations  (528),  will  be  sufBcient  to  find  the 
orbit  of  this  molecule  under  the  simultaneous  action  of  both  waves. 
From  these  two  equations  we  find,  after  writing  c  for  r,  and  r,. 


(i). 


.(F..I-.)  =  .i 


(3). 


^.(r.,,-,)=.i 

^.(F..,-.)  =  c 


-y^. 
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Subtracting  (2)  from  (l), 


in  which  V,.t  —  z,  is  the  diataBCO  of  the  wave  front  due  to  g  from 
the  molecule's  place  of  i-est,  and  V^^.t  —  z,  that  of  the  wave  front  dae 
to  »)  from  the  same  point.     Make 

t,  =  time  required  for  the  wave  front  due  to  f  to  travel  over  F,  .  (  ~  3 ; 


then  will 


which  substituted  above  gives,  after  taking  cosine  of  both  members, 

cos  2  ^3 = /ri^  vrr^, + i .  1. 

r,  a,  «,        H,     a. 

Clearing  the  radical  and  reducing, 

£+^_2co,2»-i-i-l-,in'2,J  =  0.     .     (682) 
which  is  the  eijuation  of  an  ellipse  referred  to  its  centre. 

§  326.-— To  find  the  position  of  the  transverse  axis,  take  the  usual 
formulas  for  the  transformation  of  co-ordinates  from  one  act,  which  are 
rectangular,  to  another,  also  rectangular.     They  are, 

f  =  rc03<|.-V8in<p, 

??  =  r  sin  f  +  !)'  cos  9 ; 

in  which  <p  is  the  angle  which  the  axis  |'  makes  with  that  of  f. 

Substituting   these   values  of  |  and  rj  in  Equatic*  (582),  collecting 
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the  coefficients,  aud  placing  ttat  of  tlie   rectangle  f '  i]',  equal  to  zero, 

2  sin  ip  .  cos  (fj  {«,'  -  a/)  -  2  (sin'  ip  -  cos'  ip}  .  a. .  a^, .  cos  2  tt  -i-  =  0 ; 

and  because 

sin'  (p  —  cos'  (p  =  cos  2  9, 

the  above  becomes, 

a, ,  n  (, 

tan  2  9  =  2  .  -■/_  '  ^ .  cos  2  tt  .  -;f     .     .     .     .     (583) 


§  527. — Now,  if  the  successive  pairs  of  component  waves  which  dis- 
turb the  molecule,  reach  it  with  a  variabie  difference  of  phase,  then 
will  cosStt—  be  variable^iand  the  transverse  axis  of  the  elliptical  or- 
bit be  continually  shifting  its  place.  A  wave  in  which  the  molecular 
motions  fulfil  this  condition  is  called  a  common  wave;  being  far  the 
moat  frequent  in  nature.  When  the  successive  pairs  of  component 
waves  are  such  as  to  make  the  second  member  of  Equation  (583)  con- 
stant, the  transverse  axes  of  the  molecular  orbits  will  retain  the  same 
direction,  and  the  wave  vt  said  to  be  elUpticalbj  polarised. 

I  328. — If  —  equal  \,  or  any  odd  multiple  of  \,  and  a,  =  a^  then 
will,  Eciuatioii  (582), 

r  +  ^'-".'  =  0, (584) 

and  the  orbit  becomes  a  circle.     When  this  happens,  the  wave  is  said 
to  be  circularly  polarized, 

g  329. — If  —  be  equal  to  any  even  multiple  of  \,  then  will 

t  .  ,  t 

cos27r.—  =  1;     sm'2Tr-—  =  0; 

■md.  Equation  (582), 

1-^  =  0 (585) 
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anl  the  orbit  la  a  straij,tt  line  through  the  molecule  o  j-Ji  t,  ot  rest. 
The  motion  of  the  nokcule  will  take  place  in  a  pUno  normal  to  tit 
wave  front  and  thi,  wave  is  said  to  be  plane  polan  ed  icd  a  jlane 
normal  to  thp  wa\e  Iront  anl  in  the  molecular  paths  is  cailel  tt  t 
plane  of  polarizaho 

I  330  — Eefemt  4    the    lu  vt    t     tie    ir       a\e     ■ii  1    ora  tting   the 
accents  from  ^"^  '\n!  j;     Fjnt    n  (  3  )  m«  bi,  wi  tt  n 


1  which  a,  and  a.  will  take 


§      1  — Tl       1    t     f  h   h  th  II  th        riao      t 

b  dy  t     p       th  th  1  f         tl  bl  t    t 

mththmll  tit  hqlttlt         -ti 

by  tl  II  tl         t  th       b   Ij        1      th  t 

11  Id  b  1  pp     tc  1      t         by        q    1  t  d 

It  p  Id  b         p  's  bl       E  t    f        i    I  d   pi      m    t     th 

last     f  d      1  I  d        d  ff       t  b  d  1         q    1        1 

tl  f  th     m    t       m  t  tl  tl    t  p    d  I 

t         f  P       t  t    se       1    y  p        t  w 

Th        1     ty    f  mil  s,  Eq    t         (580)  d       tij 

th    m  I      I       1  ta        f  ts  pi  f       t     If  th      f 

t    p  og        th     i;h      y  m  d  t  vith  1 1  t       1    1     ii      t 

1    t    ty        1       t^    th      I    t     t  1      1  p  d     t  tl     pi  f    h     e; 

wll      th      h    gr    te         !       tl       tl    t  wh  1    d  t  d  th    [1  1 

t^t       th       t  t     th     b  iy     I    th    fi  t  th  J    ia 

It  t,  I     tl      f  1  t,     d        to  q    !  ty      tl 

th  t  b  1     d     th  i  I      i         II  fi   t  b     h    1   d        1  tl       p    tlv 

d  hkrthbhdd         t  d  wdpl         11 

locd         pph-dt         f        th        -f  lb         ktlbg 

ftt  f  ptdtb  Ith  1  1 

11       113    t    g        h  1  ss     PI  II    J,     b  \     d    tl  t    1 
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limits  with  reference  to  those  behind,  the  latter  will  close  up  in  sue 
cession,  and  thus  a'  return  and  transmitted  pulse  will  arise  as  before, 
but  with  this  difference,  viz.:  in  the  latter  case,  the  molecular  motions 
in  the  return  pulse  will  continue  in  the  same  direction  as  before, 
whereas,  in  the  former  case,  those  motions  wil!  he  reversed.  The  return 
pulse  is  said  to  he  reflected;  that  transmitted,  re/racled.  The  primitive 
pulse,  and  of  which  these  are  the  components,  is  called  the  incident 
jmhe.  A  change  of  density  or  of  elasticity  will,  Equation  (537),  pro- 
duce a  change  in  the  velocity  of  wave  propagation.  A  sur&ce  which 
is  the  locus  of  a  change  of  density  or  of  elasticity,  is  called  a  deviaiing 
svrface.  Two  planes  which  are  tangent,  the  one  to  the  deviating  sur- 
face, the  other  to  the  wave  front,  at  a  point  common  to  both,  will 
intersect  in  a  line  parallel  to  that  of  the  nodes  of  the  molecular  orbits, 
which  are  in  the  deviatmj;  surface  and  near  the  common  tangential 
point.  This  line  of  intersection  is  called  the  line  of  nodes.  A  plane 
through  the  tangential  point  and  perpendicular  to  the  line  of  nodes,  is 
called  the  plane  of  incidaice.  The  medium  through  which  the  wave 
moves  before  it  meets  the  deviating  surface,  is  called  the  medium,  of 
incidence;  that  into  whifh  it  enters  on  passing  this  surface,  the  medium 
of  intromiUance, 


I  332. — Let  A  hi  n  point 
common  both  to  the  nave  and 
deviating  surface.  A  0  ft  lin- 
ear element  of  the  former,  and 
AB  a.  like  element  of  the  lat- 
ter, both  lying  in  the  plane 
of  incidence  Denote  hv  V 
and  X  the  \elocitj  and  length 
of  the  wave  m  the  mcdmm  of 


a  that 


idence;  by  V,  and  A.,  th 
of  intromittance;  and  by  i  the  time  Now,  supposmg  the  w 
in  the  dnection  C£,  and  taking  AB^zdi,  we  have  CB  =  V.dt. 

But  while  the  point  C,  in  the  incident  wa^e  front,  is  moving  from 
C  to  if,  the  reflected  pulse,  proceeding  from  ^  as  a  centre  of  disturb- 
ance, will  mo^e  over  a  distance  equil  to  T'  (if  m  the  medium  of  inci- 
dence; the  lefracted  pulse  o^er  a  distance  equal  to  V^.dt    in    that    of 
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introraittancc.  With  A  as  a  coutre,  and  radius  V.  d  t,  describe  tlio  arc 
a  c,  and  with  the  radius  F,  d  t,  the  arc  a'  c' ;  and  from  B  draw  the  tangents 
B  D  and  B  I)' ;  tlie  first  will  he  the  front  of  the  new  wave  element  in  tho 
medium  of  incidence,  the  second  in  that  of  intromittancc, 

§  333.— Denote  the  angle  C  AB  =  A  B  D  hy  <if;  tho  angle  J  £  2)' by 
9';  then  will 

ds.sm^  =  Vdt\     rf3.sinip'=  F,rf(  .     .     ,     .     (587) 

and  bj  division,  denoting  the  ratio  of  the  veiocitics  by  m, 
sin  o        V 

;w=-^='" ,  •  •  ■  <=™) 

whence  sin  9  =:  m  sin  9'  .     .     .     .    ,,     .     .     .     (589) 

The  angle  9  measures  the  inciinatJon  of  the  ineident,  and  is'  tliat  of  the 
refracted  wave  to  the  deviating  surface.  These  are  equal,  respectively,  to 
the  angles  wliich  the  normals  to  the  incident  and  refracted  waves  make 
with  the  normal  to  tlie  deviating  surface,  at  the  point  of  incidence.  The 
first  is  called  the  angle  of  incidence,  the  second  the  angle  i>f  refraction. 
The  inclination  of  the  reflected  wave  to  the  deviating  surface,  is  called  the 
anijle  of  reflexion.  The  normals  to  the  incident  and  reflected  waves  fall  on 
opposite  sides  of  the  normal  to  the  deviating  surface;  and  because  tie  ve- 
locity of  the  reflected  wave  is  equal  to  that  of  the  incident,  with  contrary 
sign.  Equation  (589)  becomes  applicable  to  the  reflected  wave,  by  making 


LIVING    FORCE    AND    IJUANTITV    OF    MOTION    IN    A    PL^ 

§  334. — Take  either  of  Equations  (528),  say  the  first,  and  which  relates 
to  a  wave  plane  polarized,  the  plane  of  polarization  being  perpendicular  to 
the  co-ordinate  plane  yz,  differentiate  with  respect  to  |  and  i,  dropping 
the  subscripts — we  get 

Denote  the  density  of  the  medium  by  A,  and  the  area  of  any  portion 
of  the  wave-front  by  a,  then  will  the  mass  between  two  consecutive  posi- 
tions of  this  area  bo  a.A.dr,  and  the  living  force  within  a  quarter  of  a 
wave-length  be 
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V 
Dividing  by  the  volume  a.V,  and  recalling  that  ff  and  ■--  are  constant, 

\te  shall  find  that  the  quantity  of  living  force  in  a  unit  of  volume  of  the 
medium  will  vary  directly  as  the  product  of  the  density  and  square  of  the 
greatest  displaccracnt ;  and  tiie  relation  of  these  products,  in  the  case  of 
any  two  waves,  will  determine  the  relation  of  the  eflects  of  these  waves 
upon  the  organs  of  sense  upon  which  they  act. 

Again,  the  quantitv  of  motion  in  this  quarter  of  wave-length  will  be 


§  S35. — -Take  the  co-ordinate  plane  xz  in  the  plane  of  incidence,  and 
the  axis  z  m  the  direction  of  the  normal  to  the  incident  wave,  the  axis  y 
will  he  parallel  to  the  line  of  the  nodes  of  tlie  molecular  orbit  in  the  devi- 
ating surface,  at  the  place  of  incidence.  Then,  preserving  the  notation  of 
§  332,  will  the  element  of  the  deviating  surface  at  the  place  of  incidence 
be  ds.dy,  and  its  projections  upon  the  incident,  reflected  and  refracted 
wave-fronts,  respectively, be  rfs.rfy  .cos^i,  ds.dy  co&if,  and  ds .dy  ,cos<p'. 
These  will  take  the  plaj;e  of  a  in  Equations  (580)  and  (591),  in  computing 
the  living  force  and  quantity  of  motion  in  the  incident,  reflected  and  re- 
fracted waves.  The  living  force  in  the  incident  must  be  equal  to  the  sum 
of  the  living  forces  of  its  reflected  and  refracted  components.  First  take 
the  wave  in  which  the  molecular  motions  are  parallel  to  the  axis  x,  and 
employ  the  subscripts  i,  r  and  ( to  denote  the  incident,  reflected  and  re- 
fracted or  transmitted  waves,  respectnely.  The  living  force  in  a  quarter 
of  each  of  these  waves  will,  omitting  the  common  factors,  Equations  (529), 
(545)  and  (590),  give 

A.coa?j.r.K=„-fA,.cosip'.r,.a%,-i.cos(i>.r.a'.(=0; 
or,  Equations  (588)  and  (589), 


(592) 


in  which  A  and  A^  are  the  densities  of  the  medium  of  incidence  and  of 
intromittance. 

The  molecular  motions  are  all  parallel  to  the  plane  of  incidence,  and  at 
the  same  time  normal  to  the  directions  of  their  respective  wave  motions ; 
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they,  therefore,  make  with  one  another  angles  equal  to  those  made  by  the 
directions  of  these  latter  motions,  and  we  obtain  two  more  equations  from 
tie  relations  of  Equations  (59)  for  the  resolution  and  composition  of  ob- 
lique forces.  The  aagies  made  by  the  direction  of  the  motion  in  the  inci- 
dent with  the  directions  of  the  motions  in  the'  reflected  and  refracted 
waves,  are  180"  —  2^  and  380°  —  (p  ~  ?')'  respectively ;  and  the  angles 
under  which  the  directions  of  the  motions  in  the  latter  waVes  are  inclined 
to  one  another,  is  180°  —  {^p-l-^').    "Whence 

A.cosp.r.B 


(534) 


-A.COSip.F.a, 

sin  {9 -9'). 
''sin{9-)~>f.')' 

A.coaip.r.a^;. 

sin2(p      , 

sin(9-i-V)' 

sin  {v~v') 

sin  (9  +  9') 

cosip    smip 

sin  2  9 

n  (9  +  ip') 
Substituting  these  in  Eiination  (592),  we  readily  find. 


V'a,=Va-- ,-4— ^^Va.         V  ■      ,     ■     .     (695) 

2  cos  tp  .  sm  9  cos  ip  ,  sin  (p 

Substituting  the  above  ratio  of  the  densities  in  the  equation  just  preced- 
ing, we  get 

„„=„.,.  W.!!^; (59S) 

sin(9-|-ip') 
multiplying  this  by  Equation  (595),  member  by  member,  and  the  equa- 
tion giving  the  value  of  a,,  by  v'a,  and  taking 

VA. «,;=!;     V'Aa„  =  i';     \^^.a„  =  v, 
we  find 

__      sin  (9  —  9') 
"  ~  ~  sin  (9  +  9') 
^^      sin  29 
sin  (9  4- 9') 
To  which  may  bo  added  the  relations,  Equation  (589), 


(597) 
(598) 


.^■=/l. 
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Transposing  the  term  of  which  a^^  is  a  fiictor  to  the  second  member  in 
Equation  (592),  subtracting  Equation  (593)  from  «„  =  «„■,  dividing  the 
first  result  by  the  secofid,  and  multiplying  tlie  quotient  by  Equation  (593)', 
we  readily  find 

That  i'j  the  projei-tijn  m  the  direction  if  wa*c  piopa^tion  an!  on  the 
deviating  surlaie  of  the  f,rt,at«it  displacement  in  the  incident,  increased 
liy  that  in  the  reflected  wave,  is  equal  to  like  piojection  ot  the  greatest 
diaplacement  m  the  refracted  wt\e 

Neit,  take  tlie  wtve  m  which  the  iiiijli.i.ular  motions  arc  f  aralkl  to  the 
awsy,  these  aie  pwUlel  to  the  deviating  surlace  IK  mttioi  s  m  the 
incident,  reflected  and  refiacted  w  vvea  aie  paiillcl  tD  one  anethcr  and  bj 
the  principles  of  parillol  forces  the  sum  of  the  n  otiona  in  tht  i  fleeted 
andicfiaeted  waves  must  be  equal  to  that  in  the  meident  Ihetpation 
for  the  living  force  will  be  the  same  as  before.  Whence  Equations  (529), 
(545)  and  (590),  omitting  the  common  factors, 

A  .  cos  (p  .  r.  a\,  +  A, .  cos  Of',  r, .  a'^,  —  A  .  cos  ip .  F".  0.%^  =  0  ; 

A.o«sip.F.a,,+ A,.oos(p'.r,.c<„- A.coB(p.F.fi,i=0  .  (000) 
In  which  A  and  A^  are,  as  before,  the  densities  of  the  medium  of  incidence 
and  of  intromittance,  respectively;  or.  Equations  (588)  and  (589), 

A'+  —  •  ^■"■-  ■  — ^  ■ "-%.  -  «'w  =  0 
A     sin  9    cos  9 

«,,-! ^!--- ■-— -Hj,,— aj,(=0     .     .     .      (001) 

Transposing  the  terms  containing  a^,  and  a^i  to  the  second  members,  and 
dividing  the  fiMt  by  the  second,  we  find 

a„+%^  =  S (602) 

That  is,  the  greatest  displaeenient  in  the  refracted  is  equal  to  the  sum  of 
the  greatest  displacements  in  the  incident  and  reflected  waves. 

Sabstituting  the  value  of  — ,  as  given  by  Equation  (507),  in  Equation 
(601),  we  have 

fS,  +  —V-^'^,  ■  S'  -  =^i.i  =  0  .     .     .     .     (003) 
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Siiljstltiiting  in  this,  first  tlio  value  of  o^,,  and  then  of  a.^,,  deduced  from 
Eqnati-oii  (602),  wc  veadiiy  get 

'  '    tan  (9  -I-  <p )  ^       ' 

.    --         "'"»'■"'''  (605) 

(SOS), 


"■^'      ■''^•«n2 

9  + sin 

2»' 

Multiplying 

tlie  first  of  these  liy  v'E, 

and  the 

lecoiid 

by  Equation 

Kiid  making 

v'A.a,, 

.-1;     ^A.«, 

.=.'•, 

^A   ,« 

„  =  «'; 

Uieve  will  re 

snll. 

,           tan  {1 
~       tan  (' 

»-9') 

»  +  »') 

.in  2, 

(eo6) 

siu  (t>  +  9') .  cos  (9  —  9')   *     ■     ■     *     ^       t 

§  336.— Divide  Equation  (508)  by  Equation  (697),  and  Equation  (607) 

by  Equation  (606),  replace  i',  m,  *>'  and  n'  by  their  values,  and  substitute  Ibr 

the  ratio  of  the  square  roots  of  the  densities  its  value  as  given  in  Equation 

(505),  we  find 


iin  (9  —  9')' 
stn  2  ip' 


(608) 


tt,-,  sin  (^  ~  ip')  .  cos  (ip  +  f') 

But  0,, .  cosip'  and  n,,.  cosip,  are  the  compoaents  parallel  to  the  deviating 
surface  of  the  displacements  which  are  in  the  plane  of  incidence ;  a^,,  and 
a,,  are  already  parallel  to  the  deviating  surface ;  wiienee,  as  long  as  (p>>p', 
that  is,  as  loag  as  the  velocity  of  wave-motion  in  the  medium  of  incidence 
exceeds  that  in  the  medium  of  intromittance,  tho  molecular  phases  in  the 
refracted  and  reflected  waves  will  be  opposite,  and  conversely. 

§  83J. — Denote  the  living  force  in  the  original  incident  wave,  sup- 
posed common,  by  unity ;  that  in  each  of  its  two  original  components 
will  he  denoted  by  one  half  of  unity,  and  the  total  living  force  of  the 
reflected  wave  will.  Equations  (S97),  (606),  be 

„*  +  ,'>=. .«M?_^)  +  l.!?I!^tZli.;)      .     .     (609) 
^  ^   sm"  (9  +  9')  tan'  (ip  +9')  ^       ' 

and  that  of  the  refracted, 
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POtABBATlON    I 

S— Tilt,  til  t  teiin  m  tVc  ■,  coni  m  mbcr  ol  Lquit  Jn  (  L  ) 
bvmg  force  in  that  poiton  ot  the  icflcotel  ■«iie  wl  li 
K  due  to  iibntiois  jirallel  to  tto  plane  tf  incidence,  the  second,  that 
due  to  iihrationa  pcrpenilicuUr  to  this  plane  The  former  Lice  da  the 
lUter  These  Inmg  forces  being  proportion^  to  the  '*qi«ir's  ol  the 
f,ri,at  st  dispUuementft,  the  fwrner  may  be  represented  by  aj  v  1  the 
litter  by  a,'  m  Equition  (5S2)  The  ftctor  —  m  tint  equation  da- 
termines  the  difti-rcnco  of  phase  simultineously  imprcsstd  by  bjlh 
waie"  upon  the  sarai,  molecule  ind  ^^hen  the  waves  have  pasiei  fiom 
one  mediuiii  t)  another,  ita  ^alue  will  depend  not  onlv  up>n  th  i  j, 
tuii.  of  both  media  but  al=o  upon  the  act  on  to  wh  ch  tin,  i\a*e5  ma> 
have  been  aiiVjectei  vfhile  crofc&mg  the  space  whcr  in  the  jhisi  ■*! 
changes  oocut  tl  at  const  tate  the  transition  trom  one  medium  to  ^iii 
other  The  imount  ot  this  -iction,  in  any  pirtioilar  cast,  can  oil)  be 
known  fiom  expeiienoe  The  rtsultant  viives,  both  m  the  medium  of 
jntidence  and  of  introm  ttance   wdl  be  elliptically  poUnzed 

"When  9  +^   =  ftO%  tht,n,  Equation  (589),  will  simp   =  cosip,  and 


(611) 


the  Eecondj  term  of  Equation  (fi09)  wiJI  disappear,  and  the  reflecteil 
wave  will  be  wholly  polarized  in  the  piano  of  incidence.  This  ^iigle, 
of  whieb  the  tangent  is  equal  to  the  index  of  refraction,  is  called  thf 
j)olartzmg  angle. 

The  index  of  refraction  varies  witii  the  wave  Iength,E)js.  (588),  (545), 
and  it  will,  therefore,  be  impossible  wholly  to  polarize,  by  a  single  re- 
flciion,  a  wave  compounded  of  several  components,  having  different 
wave  lengths. 

Of  the  terms  of  tLe  second  member  of  Equation  (iJlO),  the  last  u 
the  greater,  because 


(»-  »' 

)      ten-  (t  -(.').  c 

os'(9-rt. 

(?  +  »' 

)     ■t.n<(?  +  rt    0 

<»•  (»  +  !.■)' 
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and  tlie  Gxeess  will  measure  the  prepondei-aiicc  of  that  part  o£  tlie  re- 
fracted wave  due  to  vibrations  perpendicular  oier  that  duo  to  vibra- 
tions patall<jj  to  tlie  plaue  of  incidence.  This  excess  is  exactly  equal 
to  the  excess  in  tJie  reflected  wave  which  arises  from  vibrations  par- 
allel over  those  perpendicular  to  the  plane  of  in^denee. 

§  338'.— If  the  wave  velocity  in  the  meiiium  of  incidence  lie  less 
than  in  that  of  intromittanee,  then,  will  m  be  leas  than  unity,  and  the 
values  of  .v  and  v'  becocje  imaginary  for  all  angles  of  incidence  greater 
than  that  whose  sine  is  equal  lo  m,  and  at  this  hmit  the  probleni 
changes  its  nature.  In  feet,  this  is  the  limit  of  refraction,  according 
to  the  iaw  of  the  sines,  Equation  (S89),  and  for  any  increase  of  the 
angle  of  incidence  beyond  this,  the  wave  will  be  wholly  reflected, 

§  338.— If  the  wave  be  plane  polarized,  and  its  plane  of  polaiization 
inclined  to  that  of  incidence,  under  any  angle  denoted  by  a,  then  will 
the  reflected  component  displacements  parallel  and  perpendicular  to  the 
plane  of  incidence  he,  reapectivcly,  Equations  (397)  and  (006), 


The  component  wivcs  duo  to  thtse  di^pUttm^nts  will  procwd  onwaida, 
and  may  satisfy  the  condition  of  —  being  an  e^en  multiple  of  -J-; 
in  which  ease  the  resultint  will,  Equition  (585),  be  i  plane  polarized 
wave  Denote  the  inehnation  ot  its  phne  of  [oianzation  to  thit  of 
reflexion  by  a',  then  will 

tan  (ip  —  If)') 

tan.'=.^-=^I^^4^"^^^-4.tai>..    (612) 
"       !H!4?r-^.eos«      -^(^-^) 

sin  (*■  -f-  9') 

If  9  +  / ^00°,  then  will  a  —(f  wlritt^ci  be  a,  al-o  if  a  =  0°, 
then  will  tt'  =  0" ,  findK,  if  ip  =  0°,  thtn  wdl  9  =  0  and  a'  =  a. 
That  IS,  i\hen  a  plane  polarized  wave  is  incident  under  the  polarizing 
angle,  it  1=  refltLted  poUiized  in  the  [Une  of  rtflt,\ioTi  Where  an  in- 
ciient  «ait  is  johrizel  in  the  pKnc  of   inuden  c,  the   reflected 
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preserves  its  plane  of  polarization  ancbanged  under  all  angles  of  inci- 
dence. Finally,  under  a  perpendicular  incidence,  tlie  plane  of  polariza- 
tion of  tiie  incident  and  that  of  tlie  reflected  wave  coincide. 

Equation  (612)  shows  that  a'  is  always  leas  than  a,  and  that  the 
plane  of  polarization  approaches  that  of  inradence  at  eadt  reflexion,  and 
may  he  made,  by  a  sufficient  numher  of  reflexions,  ultimately  to  coin- 
cide with  it. 

§  340 — St  II  '.npposin^  the  (ilocitv  "jf  the  w^\e  I'ss  in  the  me  hum 
of  incidence  thin  in  that  ol  in ti omittance,  or  ip  >  <p ,  let  the  \saie  ha 
plane  polarized,  and  its  jlane  ot  polarization  inclmed  to  th^t  of  mn 
donee  Tlie  vibrations  will  be  itsolvcd  into  their  components,  le^pce 
tnely  parallel  and  perpendicular  to  this  latter  plane,    and  as   Ion?  as 

sin  9  <  m,  two  components  will  he  reflected  and  two  refraUed      It  — 

be  any  even  multiple  of  J,  in  both  sets  cJ  CMnponent°v  the  refleetei 
and  intromitted  resultant  waves  wiH  be  plane  poliiize  1 

The  inclination'!,  denoted  bv  a  ind  a  ,  ot  the  planes  of  polariza 
tion  of  the  reflected  ^nd  lefn  ted  wavts,  rc^pcctnelj,  to  the  plant,  of 
»n  iJ  nee,  will  be  given  bj 

tan  «'  1=  —  .  Ian  a  ;     tan  b^  :=  —  .  tan  a ; 

in  which  v,  v',  u  and  a',  are  to  be  found  by  Equations  (SO'J),  (606), 
(598),  and  (S07). 

If  a  =  45°  and  sin  ip  =  m,  then  will 

tan  a'  =  —  1,  and  tan  a,  =  — . 

At  this  limit,  the  refracted  wave  takes  the  direction  of  the  dmiating 
Borface.  An  infinitesimal  increment  to  ip  will  cau?e  this  wave  to  be 
reflected  and  make  m  =  —  1,  tan  (t,  =  —  I,  and  give  to  tan  a'  the 
form  of  indetermination.  But,  retaining  the  limiting  value  of  this  func- 
tion above,  we  have, 

1  -1-  tan  a' ,  tan  n,  =  1  —  1  =  0 ; 
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and  since  the  planes  of  polarization  pass  tliioiigii  the  same  line,  yiz^ 
a  normal  to  tiie  wave  front,  tliey  will  maka  with  one  another  an  angle 
of  90°,  and  tlie  whole  reflected  wave  will  be  compounded  of  two  ©c[ual 
components  polarized  in  planes  at  light  angles  to  each  other.  If  these 
waves  reach  the  molecules  in  their  common  path,  so  as  to  satisfy  the 

condition  that  —  shall  be  an   even  multiple  of  J,  the  resultant  wave 

will  be  plane  polarized ;  if  an  odd  multiple,  then  circularly  polarized ; 
and  if  hetweeti  these  limits,  then  eJliptically  polarized. 

I  341.— If  the  polarization  he  circular,  then  will  a,  =  ct^  =  a^,  be 
equal  to  the  radius  vector  of  the  circular  orbit.  Denote  the  angle 
which  this  radius  makes  with  the  axis  x,  at  any  instant,  by  6 ;  then 
will 


Denote  the  time  required  for  the  first  wave  to  describe  V, .  t  —  z,  by  (., 
that  for  the  second  to  describe  V,.t  —  z  by  (,',  and  the  periodic  time 
of  a  molecule  in  both  waves  by  t  ;  then,  because  the  wave  velocity 
is  constant,  and   the  wave  length  and  orbit  are  described  in  the  same 

V..I-Z       I.        V„.t-z       L 


which,  in  the  above,  give, 


T  ' 
and  making 

(,  =  ;.±:(', (613) 

in  ivliich  ('  denotes   the  time   the   wave  due   to   vibrations  parallel  to 
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one  axis  is  ia  advaace  of  tliat  due  to  th^se  piirallei  to  tho  otlicr ;  ^ 


o»e  = 

"2"  V'     •    •    ■    • 

.     .     (6U) 

.i.9  =  : 

--(^-t)-     • 

.     .     (616) 

Differentiating,  regarding  —  as 

constant,  we  fiiid. 

de           277 
-i(,  "t.cosO 

— (l-v)^ 

id,  developiag  the  last  factor, 

"     ""  .rco.2«.'-.c 

dl.-r.cme    L                T 

o.2..£=F.b2,4 

..™.4]; 

and  making  ■ —  :^  J, 

Differentiating  (614),  we  find, 

.i.9.j-^  =  -?^.co,-2.i^ (611) 

at,  r  r  ^       ' 

Squaring,  adding  to  tlie   square  of  Equation  (616),  ^nd  taking  square 
root, 

^  =  ^^ («^«> 

whencL  tho  \cloLity  is  con'^t^nt 

The  tirst  member  of  Equat  on  (bib)  is  the  lelo^.ty  jn  tho  direction 
of  the  atis  y,  and  Equation  (Ol'I)  m  tbe  diiection  of  the  aiis  x,  and 
these  equations  show  thit  the  upper  tign  must  bo  taken  m  Equation 
(bis)  vshcn  t  IS  positive  m  Equation  (tl3),  and  the  lower  when  t  la 
negative  Whence  it  appears,  that  two  waves  plane  pcUnzed  will,  by 
their  aimultan  ous  act  on  upon  i  moletule,  cause  it  to  move  uniformly 
m  a  tuck,  proMlcd  thty  bi'  of  th  simi,  length  an  I  one  waie  lag 
as  it   were    hi-hind   the   other    l\    a   di&tiit  o  fjual   to    J   of  a   wive 
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leti^h  anl  thi,  motion  will  be  froii  J  ^ht  ty  I  ti  (t  the  nmers  ac- 
cording to  iva\e  preceicnce 

Two  waves  distioguished  bj  these  pecuhanties  iu  laiU  to  he  oppo- 
site!^ polarued  The  plane  perpendicular  to  the  wa\o  Iront,  and 
through  that  diameter  of  the  oibit  into  which  the  molecule  no  ill  be 
brought  at  the  same  inatant  by  the  sepinte  a  tion  <.t  the  tno  ^a^ea, 
la    aUel  the  phne  of  ciossinff 

§  342.— Let 

0) «,cose  =  |=a,.in2Tr|, 

(2) a,fanfl  =  i]=cc,Km/2tr.-|  +  -^y 

(3) a,cos0  =  ^=a,sin(2ir.^  +  ~\, 

(4) a,  sin  9  =  ?;  =  a,  sill  2  TT  -^, 

bo  the  displacements  in  two  oppositely  circularly  poIariKScl  waves.  The 
union  of  (1)  and  (4)  gives  a  resultant  wave  plane  polai'izfid ;  that  of 
(2)  and  (3)  also  a  wave  plane  polarized,  the  e([Uation  of  the  path 
being  ■ 

in  thu  ihnt  ot  vr  a  ig  It  this  ajitira  that  the  ni  n  ot  tw  )  circu 
Jailj  pilanzrl  ivaies  polarized  in  opposite  lirecton"!  j,»ts  a  plane 
polinzel  wive  of  whi  h  the  intensitj  is  double  of  either  Conveiwly, 
A  viA^c  plane  polarized  may  le  resjlvci  into  two  components  of  equal 
iitcn'!it>    circulaiiy  polanzel  in  opposite  direction'. 

§  343  — Be  ause  the  time  of  dcscnbing  the  wave  length  is  equal  to 
the  molecular  period  c  time  w  1"  i\  1  noting  the  \  loo  ty  ot  wave 
propagation  by  V, 

X=Vr, 
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which,    in    Equation   (618),  gives,   after   raultip ying  by  t,  and  tlividinf; 

by  2  7T, 


(019) 


The  fii'it  membur  is  the  arc,  e\iirassi*il  in  circan]fi;renci.'S,  ilfscribpil  by 
the  molecule  while  the  wave  is  moviug  through  a  thickness  F.  f,  of 
the  medium.  So  that  a  wave,  compounded  of  many  components  hav 
ing  different  wave  lengtlia,  but  all  polarized,  on  entering  a  medium, 
may  emerge  with  the  planes  of  jplamation  of  its  several  componenta 
so  twisted  through  different  angles  as  to  diverge  from  a  common  lina 
perpendicular  to  the  nave  fronL  The  department  of  optics  furnislios 
some  fine  examples  of  this.  A  piece  of  quartz,  of  a  peculiar  kind,  is 
known  to  twist  the  extreme  red  wave  through  an  angle  of  11°  29'  47", 
and  the  extreme  violet,  44°  04'  58",  for  each  millimetre  of  thickness. 


I  344. — The  living  force  of  any  molecule  whos 
locity  v^,.'u 


and  denoting  by  n  the   number   of  molecules  on  a  supei-ficial    unit   i 
the  wave  front, "the  living  force  on  this  unit  "will  be 


and  on  the  surface  of  a  spheie  of  wliicli  the  radius  is  r,, 

and  for  another  sphere,  of  which  the  radius  is  r^^,  and  molecular  velo- 
city «^,, 

4  7r   r,'   nMv  " 

If  thew  spherical  surf  ices.  OLi'upj  the  same  relatue  positions  in  a  di- 
^(i^mii  W1V  ,  in  in^  two  of  its  position's,  th  ir  molecuhr  living  toi"CS 
must  be  eju'd,  whence,  suppresam,^  the  Lommon  fditors. 
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TiiD  inoleiults  de&ciibe  dlipti  -il  (ilita  nil  utiJcr  tlit,  icticn  ol  m  le 
nlar  forteB  diluted  to  tlie  ttiitrts  ot  tlie=e  curvi-s  Thi  ptnodt,  t  mv, 
will,  therefore,  ^  207,  Equation  (236)  be  conBtant,  howe*cr  tho  <\  n 
siona  of  these  oibita  may  \a,Ty  and  tht  av  cage  vdoutics  ot  tlit.  iiioie 
culcs  will  ti,  proportioml  to  tke  kiigths  ot  lliur  rLspectiie  oib  ti  or 
m  simihr  oibits,  to  any  homologous  dimensions  of  the  aaiao — ns  tbiir 
trinwtrie  a^es  or  ffrcatest  moleiiilar  disjlaiementi  Denoting  tbe  I  titer 
by  c    in]  c'   m  tht  two  wn  <*    then  ivill 


which,  with  Equation  (620),  gives 

c"r„=:c'r^ (621) 

Whence  it  appears,  thai  tJw  living  furce  of  the  mahcuhs  of  any  wave 
paries  invenely  as  llie  second,  and  the  greatest  dUplacement  invcneli/  aa 
the  first  power  of  the  distance  to  lokkh  the  wave  has  been  propagnied 
from  its  place  of  primitive  diiturbance. 


%  345.— Eesiiming  Equation  (586),  viz., 

denote  the  radius  vector  of  the  molecular  orbit  by  p',  and  the  angle  il 
makes  with  the  axis  of  |  by  0',  then  will 

|  =  p'.co.8';     ,=p'..ine'; 

which,  in  the  above,  give 


Va^/  cos'  6'  +  a 
and  making 
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p'^c'.sm2iT.-        (622) 

In  tliis  equation,  p'  is  tlio  actual  displacement  of  the  molecule  from  its 

place  of  rest,  and  becomes  a  maximum  when  -  is  any  odd  maltiple  of 

i.     If,  however,  there  be  added  to  the  arc  2  tt  -,  an   arbitrary  arc  a', 

this  latter  may  be  so  taten  as  to  make  the  maximum  or  any  other 
displacement  occur  at  snch  time  and  plane  as  we  please,  and,  there- 
fore, .to  give  to.tlie  molecule  any  particular  phase  at  pleasure,  at  the 
time  (,     We  may  write,  then,  gem-raliy, 

p'^c'.sin(27r.;^  +  <i');      ...         .     (623) 

and  for  a  second  resultant  wave, 

p"  =  .".,in(2,.i  +  ."); (624) 

and  if  these  waves  act  simultaneously  upon  the  same  molecules,  the  re- 
sultant displacement,  denoted  by  p,  will,  g  306,  be  given  by 

p  =  p'  +  p"  =  i«..m(2^.1  +  a')  +  ,"..m(2,7.j+„").    • 

Developing  tbe   circular  functions  aid  collecting  the  coefficients  of 
like  factors, 

p  =  (c'cosQ'  +  c"cosa").sin2-7T-  +  {;'sina'  +  c"s)na").  cos2  7r'; 

and  making 

c  cos  a  ^=  c' .  cos  a'  4  c"  COS  a",) 

,  ■ f (<12») 
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n(2n.i  +  n) (C26) 


Squaring  Equations  (025),  and  adding, 

.=  =  ,"  +  ."■  + 2, '/'CO,  (a' -•"), 
and  dividing  the  second  by  the  first, 


(628) 


From  Eqnation  (62G)  we  see  that  the  resultant  wave  is  of  the  same 
length  as  that  of  the  component  waves  to  which  Equations  (623)  and 
(624)  appertain ;  the  length  being  determined  by  the  molecular  periodic 
time  T ;  but  the  value  of  a  in  that  equation  diffeiing  from  a'  and  a" 
in  Equations  (623)  and  (624),  shows  that  the  maximum  displacement  of 
a  ^ven  molecule  does  not  take  place  in  the  resultant  wave  at  the  same 
time  as  in  either  of  its  components. 


§  346. — The  maximum  displacement  in  the  resultant  wave  is  given  hy 
c  =  Vc"  +  c'"  +  2c'  c"  .  cos  {a'  —  a"")  ;    .     .     .    '(829) 

which  will  bo  the  greatest  possible  when  a'  —  a"  =  0,  and  least  pos- 
sible when  «'  —  a"  =  180°;  the  maximum  in  the  former  case  being 
given  by 


and  the  minimum,  by 


^^~ 


In  the  first  case,  Equation  (628), 

{c-  +  c")  .  sin  a'       ^       , 
tan  o  =  >  ■-.— . ;- — — -;  ~  tan  a. 

Whence  a  ^  a'  =  a",  and   the    maximum    displacement  will    oeci 
the  same  place  and  time  in  the  resultant  and  component  waves. 
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In  the  second  case,  Equation  (628),  if  we  make  a'  ~  180°  +  a", 

tan  a  =  >V  ■  -%■/  '  ^'"  °,,  =  taiv  a"  =  tan  (»'  —  180°)  =  tan  a' ; 

that  is,  a  will  be  equa!  to  one  at  least  of  the  arcs  a'  and  a",  and  tho 
greatest  displacement  will    occur   at   the    same    time    and  place  in  the 
resultant  wave  as  in  one  of  its  components. 
If  c'  =  c",  then,  Equation  {G29), 

c  =  c'  v'2[l+cost«'-«")j  ; 
and  because 


and.  Equation  (628), 

tana  —  ^'"  ",  J^-^'"  "'■ ,  ~  tan  "■  ■■"^''-  .    .    .     .     (031) 

If,  wliile  c'  and  c"  continue  equal,  we  also  have  a'  ~  a"  —  180°,  then, 
Equation  (630), 

c  =  0. 

Thus  it  appears  that  two  equal  waves  may  reach  the  same  molecules 
in  such  relative  condition  as  to  keep  them  in  their  places  of  rest ;  in 
other  words,  two  equal  waves  may  destroy  one  another, 

§  3i1. — To  ascertain  the  precise   relation  of  two  waves  which   will 
cause  this  raatual  destrnction,  make,  in  E<)nation  (023), 

2r  ' 
and  that  equation  becomes, 

(•'  =  «■■««  (2 '--—  +  ■■");    ■   ■  ■  ■   (632) 
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which  becomes  ideutical  with  Equation  (624)  by  making 


<^(±Jt. (633) 

N->  the  aame  \a1q^  Idi  (  m  Iquitons  (623)  and  (624)  will  tor 
e^ual  \a!u  b  it  the  ail  tiA  y  iils  a  and  o  1ett,rm  ne  the  ccfcponei  t 
waves  to  gie  to  i  mclbc  le  subjected  to  t!  e  r  simultaneous  action 
similar  phases  and  a  valui.  for  (  in  the  o  b  ■which  differs  trom  thit 
111  the  other  by  one  1  alf  or  any  odd  mult  \  11  ot  on  halt  of  tl  e 
mole  ular  peroli,  time  oppoiiile  pkaiea  \nd  b  cause  the  wav  s  jii 
giesa  by  a  v^iie  length  dar  n"  tach  molccilaf  revolution  tVe  abovt 
result  bhows  that  when  tao  waves  meet  ofti,r  hiving  travelled  mer 
routes  eitimated  from  points  at  tek  ch  the  iiolecula  )  hoses  are  '  mi- 
lar  and  ihch  routes  dffer  by  half  or  any  odd  mult  lie  of  half  a 
waie  length  they  toll  destroy  one  an  titer  prov-ded  the  waves  Jiave  the 
satM  lenith  and  equal  Taamm/urn,  ^lole  ular  displacemenVt  This  act,  by 
which  one  *  ave  destro\s  another   is  called  wave  mterfe  ence 

The   same   process   of  combmaton  w  11  e^ialjj    apjly  to  three  or 
more  waie  functions  in  which  t  is  the  sama  m  all    that  ib  wherein  the 
wave  leni^tha  are  the  same    for  in  that  case    sin  2  jt        ii  1   c  a  2  tt 
beu  g   common   factori.    liter  dcielopin     each  fmcton  i     the  sum    the 
requital  t  lisjU  cmcnt  pie  om  s, 


p=.m2,.-.lc' ».«•  +  »■ 

and  assuming 

c .  cos  o  i=  2  c'  cos  a\ 
i; .  sin  a  =  S  c'  sin  a' ; 

p=<;.sln(27rl  +  a),    .     .    (634) 


thus  mating  the  resultant  wave  of  the   sama  length 
of  its  components. 
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But,  if  tlie  component  waves  be  not.  of  equal  lengtlis,  the  sum  of 
the  corresponding  funetioaa  cannot  reduce  to  tlie  form  of  Equation 
(634),  because  of  tJie 
absence     of    common  /,''"~>'~ 

factors,  arising  from  a        ''  -J^~ 
change    in    the   value 
of   T   fi-oni    one    com- 


ponent to  another.     Such  coDiponents  c 


i  another. 


§  348.— Make, 
comes 


Equation  (621),  r''  =  1,    and   that   eqaation    be- 


and  this'value  being  substituted  for  c',  in  Equation  (622),  giV' 
and'  making 

t  Vt—T^ 


i  have,  omitting  all  the  accents, 


(635) 


■which  is  of  the  sam.e  form  as  Equations  (528),  and  in  which  V  is 
the  velocity  of  wave  propagation ;  (,  the  time  xii  its  motion  from 
primitive  disturbance;  A,  the  wave  length;  ~,  the  maximum  displace- 
ment of  a  moieculo  of  which  the  distance  of  the  place  of  ■  rest  from 
the  point  of  primitive  disturhaTico  is  r;  and  p  the  actual  displacement, 
at  the  time  (,  of  this  same  molecnle.  And  from  which  it  is  apparent 
that  the  displacements  will  always  be  the  same  for  equal  distances, 
Vt  —  r,  behind  the  wave  front. 

Every  disturbance  of  a' molecule,  at  one  time,  becomes   a   cause  of 
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d  slurban  e   f  o   anothe     m  In  ul     it  so  ne  t,  b  e  j  e  t  (  ne        Ul    th 

molecules    n  a      ^  e   f  ont,     b       ti  y  finjt    b  ^  d   to  no       b    o    e 

herefo  e    centres     f  d  stu  ban  e  fo     e  ery  molec  le     a   ad    nee     and 

f  tbe  prmtve  dstubance  be   kejt  uj     seco  dary     avea  p  oieed  nc; 

fron  tbese  ce    rea    v  11   rea  h   a  molecnle    n   tl  anco  sm  Itan  ousl 

■ind  determ  ne    §  307    at  any    astant  t     ts  d  splacement  ^  p 

buppose     a     vave     whose 

ce  tre  of   1  turba    e    s  (    to  \  _,,-—— -5^0 

have  reached  the  1  os  t  o    ^i  Ci  -' 

'  C J     — -jy 

80  rem  te  f  ora  C  that  a  sn    11  ^i 

portion,  A  IS,  may  be  regarded  / 

as   Bensibly  plane :     What   ia 

the  displacement   of  a  moiecnle   at  0,  produced  by   the  simultaneons 

action  of  the  secondary  waves  proceeding  from  the  molecules  in   any 

portion,  as  j4£,  of  a  section  of  this  wave  front!      Draw   the   norinal 

CJ)M,  through  the  middle  of  P  Q  ;  denote  the  variable  distance  DQ 

by  E,  and    Q  0  hy  r.      The  displacemenj,  of   the  molecule  0,  hy  the 

secondaty  waves  from  the  arc  AB  =  1  h,  will,  Eq,  (635),  be  given  by 


^+6  /.+  ' 


cds     ,    „        Vt- 


Hcre  r  and  z  are  variable.  To  eliminate  tiie  former,  join  0  with  the 
middle  of  .4  £  by  the  line  I)  0,  and  denote  its  length  by  /,  aiid  the 
angle  QDO,  which  it  makes  with  the  wave  front,  by  0.     Then  wi\l 


and  by  Maclaurin's  formula, 

r  =  ;  -  cos  e  .  s  +  ^^  .  ?'  -  &c (63T) 

If  the  greatest  value  of  z  be  small  as  compared  to  I,  we  may  take 

)■  =  i— COS0.3,  (liaa) 

and  regard  the  displacements  of  the  molecule  0,  by  the  partial  wavc» 
20 
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from  2  to  be  equal.  Whence,  substituting  llie  v;iliio  of  r,  with  this 
restriction,  in  Equation  (636),  we  have, 

and,  performing  tlie  integration  without  regard  to  limits, 

and  between  the  limits  —  6  and  +  i, 

^'■  =  5d^«-["'T('''-'-'»"'>-™'T('''-'+'-"'''} 

c?.  .    Stt.S.cosiS     .  Vt~l  ,^„„, 

^''=^fj:7o-rfl-^'" — X -2-^;  •  •  -  ■  i^^^) 

so  that  the  function  whose  value  gives  the  resultant  displacement,  is  of 
the  same  form  as  that  of  the  function  which  detemiiiics  eitker  of  the 
partial  displacements. 

The  maximum  value  of  the  resultant  displacement  is  given  by 

cX  .    2  7T .  i  .  cos  e  ,„ ,   , 

"""sx-c-srs-"" — X— '    ■  ■  ■  ("°' 

and  this  will  become  zero  for  such  values  of  B  as  make  &  ,  cos  0  eqnal 
to  eitlier  of  the  following  values,  viz., 

4  A,     w  A,     ■§■  '^T     "5  'L,   0JC» 

Conceiving  the  fignre  to  be  revolved  about  the  normal  CJV,  and  all 
the  wave  except  the  circular  portion  whose  diameter  is  2b  =  AB,  to 
be  intercepted,  the  space  in  advance  of  the  wave  will,  when  the  above 
values  obtain,  find  itself  divided  by  the  secondary  waves  into  a  series 
of  concentric  cone-like  zones  around  the  normal  Oli,  as  an  axis,  and 
of  which  the  alternate  ones,  beginning  with  that  immediately  about  the 
axis,  will  be  filled  with  molecules  in  motion,  wtile  the  molecules  in  the 
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otliei-a  will  be  at  rest.  A  section  in  advance  of  the  primitive  wave 
will  cut  from  these  zones  a  series  of  concentric  circular  rings  distiii- 
gmslied  by  tie  same  peculiarities. 

But  if  X  be  very  great  as  compared  with  b,  thea  will  the  arc 

a-TT.&.cosO 
X 

bo  so  small  as  to  justify  the  substitution  of  tiie  arc  for  its  sine  and  for 
tlie  maximum  value  of  resultant  displacement, 

,      ,  cX-  2  TT .  6 .  cos  d       2  c  6  ,       , 

-in^  this  result  feeing  indepi-ndint  of  9,  the  couil  tones  cannot  e\!Bt, 
an!  the  eSect  of  tie  secondary  «aies  w  11  be  diftuaed  in  all  diiectiona 
to  the  front  Tliis  laten!  action  of  secondary  waves  proieeding  from 
I  small  portion  of  a  pnmitive  wv.e,  la  called  traw  uifitctwn 

\\hcn  0  approdches  ncaily  to  90°,  cos  6  will  be  esLceedjngly  wnall, 
jind  the  ai'c 


n!3>  a^un  be  substituted  for  its  &ine,   again  Equation  (641)  suits  the 
CA  e  an  I  ditcrmines  the  raaximnm  di'iplacement  immediately  about  tbe 


rhe    maiimum  of  tJie    miiinii    Ihplacemecis  will  oi> 

cur  when, 

Equation  (C40), 

,„.^=^  =  .n 

and  which  would  reduce  that  equation  to 

(^fl,  =  ^~.; 

and  as  the  living  forces  are  proportional  to  the  squares  of  the 
(displacements,  we  have 
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in  wbioli  v^  is  the  velocity  of  the  molecule  on  the  normal,  and  Ji,, 
that  at  the  angular  distance  6  from  it.  When  the  waves  arc  very 
short,  aa  compared  with  b,  It  is  obvious  that  the  living  force  of  the 
raoleoulea  would  be  sensibly  nothing,  except  immediately  about  the 
normal.  When  the  waves  are  long,  as  compared  with  6,  the  living 
force  will  be  appreciable  for  every  value  of  6,  and,  therefore,  in  every 
direction  in  front  of  the  primitive  wave.  The  importance  of  thia 
diaCQBsioi:  will  lie  apparent  in  the  eubjecta  of  sound  and  light. 
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APPLICATION   OF   THE   PREOEDIKG   PaiNOIPLES   TO 
SIMPLE   MACHINES,   PUMPS,   ETC. 

§  349. — Aay  device  by  which  the  action  of  a  force  may  be  received 
at  one  place  and  transmitted  to  another  is  called  a  Machine. 

There  are  usually  seven  elementM'y  machines  discussed  jn  Me- 
ehanks;  viz.,  the  Cord,  Lever,  Inclined  Plane,  Pulley,  Screw,  Wheel  and 
Axh,  and  Wedge.  "Hie  Cord,  Lever,  and  Inclined  Plane  are  called 
Simple  Machines ;  the  others,  being  combinations  of  lliese,  ar«  called 
Compound  Machines. 

§  356. — In  Machines,  as  in  all  other  bodies,  every  action  is  ao- 
corapanicd  by  an  equal  and  contrary  reaction.  A  force  which  acts 
upon  a  Machine  to  impress  or  preserve  motion  is  called  a  Power. 
A  force  whicfa  reacts  to  prevent  or  destroy  motion,  is  called  a 
EesistatKe.  Hie  Agent  whidi  is  the  source  of  power,  is,  §38,  called 
a.  Motor. 

l^Sol — Tlasumm^  Eq  iition  (W),  and  supposing  the  displacement, 
whieii  HI  that  equation  v.  is  whflly  arbitrary,  to  confoim  in  every 
respect  to  that  caused  b'v  tbe  powers  and  resistances,  we  shall  have 
Sn^ds  s  beuig  the  path  described  by  the  elementary  mass  m; 
and  hence, 

2  PSp  —  Sm-  -^  .ds  =  0: 


tl.d     =ii.~  :^vdv  =  ^dM- 
d(^      *        dt'    dl        **    "        ''*      ■"'' 

SPSp  ~  1^,711. d[v^)=^G. (043) 
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Denoting  by  Q,  Q\  &c.  the  resistances,  hy  P,  P\  &c.  the  pow 
era,  5y,  &c.  and  5^,  &e.  the  projections  of  their  respective  virtual 
velocities ;  the  first  term,  which  embraces  all  the  forces  except 
inertia  in  action  on  the  machine,  may  be  replaced  hy  ^Php  —  2  Qlq, 
and  we  have 

-^Phf  —  ■S.qhq  =  :^'S.m.dv^.    ....      (044) 
Integrating, 

f^PSp  —  J-S.(iSq  =  ■^S.mv^  -\-  C- 

and  denoting  by  v,  the  initial  velocity,  and  taking  the  integral  sv 
as   to   vanish  when   i  r=  0, 

fsPSp  ~  fsQSq  =  ^lmv^-  l^mv/.    ■  ■   ■   (645) 

The  products  PSp  and  Q5c/  are  the  elementary  quantities  of 
work  performed  by  a  power  and  a  resistance  respectively,  in 
the  element  of  time  dl;  the  product  ij-mdv^  is  the  elementary 
quantity  of  work  performed  hy  the  inertia,  or  one  half  the  incre 
Kient  of  living  force  of  the  mass  m  in  this  time.  And  Equation 
(645)  shows  that  in  any  machine,  in  motion,  the  increment  of  the 
half  sum  of  the  living  forces  of  all  its  parts  is  always  equal  tc 
the  excess  of  the  work  of  the  powers  or  motors  over  that  of  the 
resistances 

§352, — If  the   machine   start   from   rest,  Equation  (645)  becomes 

fsPSp-~flQSq  =  ^^mv^,-     ■     ■     ■     (646) 

and  as  the  second  member  is  essentially  positive,  the  work  of  the 
motors  must  exceed  that  of  the  resistances  embraced  in  the  term 
fxQSg;  in  other  words,  the  inertia  will  oppose  the  motor  and 
act  as  a  resistance.  When  the  motion  becomes  uniform,  the  second 
member  will  be  constant;  from  that  instant  inertia  will  cease  to 
aet,  and  the  subsequwit  work  of  the  motor  will  be  equal  to  that 
of  the  resistances  as  long  as  this  motion  continues.  If  the  motion 
be  now  retarded,  the  second  member  will  decrease,  the  inertia  will 
act  with   the   power,  and   this   will   continue  till   the   machine   conmu 
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to  rest,  and  the  excess  (f  work  of  the  Resistance  during  retardation 
will  be  exactly  equal  to  .that  of  the  Power  during  acceleration. 
Gfenerally,  then,  when  a  machine  is  at  rest  or  is  moving  uniformly, 
inertia  does  not  a«t ;  when  the  motion  is  variable,  it  does,  and 
opposes  or  aids  the  motor  according  as  the  motion  is  accelerated 
or  retarded. 

15353- — The  essential  parts  of  every  machine  are  tho^e  which 
revive  djectly  the  action  of  the  m.otor,  those  which  act  directly 
upon  the  body  to  be  mo^ed  or  transformed,  and  those  which  serve 
to  transmit  the  action.  The  arrangement  of  the  latter  is  often  a 
source  of  resistance,  arising  from  Friction,  Adhenion,  Stiffness  of 
Cordage,    &c.,    whose    work    enters    largely    into    the    general    term 

fi.qsq. 

FRICTIOS, 

§354. — When  two  bodies  are  pressed  together,  experience  shows 
that  a  certain  effort  is  always  required  to  cause  one  to  roll  or  slide 
along  the  other.  Tliis  arises  almost  entirely  from  the  inequalities  in 
the  surfaces  of  contact  interlocking  with  each  other,  thus  rendering 
it  necessary,  when  motion  takes  place,  either  to  break  them  off,  com- 
press them,  or  force  the  bodies  to  separate  far  enough  to  allow  them 
to  pass  each  other.  This  cause  of  resistimce  to  motion  is  called  fric- 
tion, of  which  we  distinguish  two  kinds,  according  as  it  accompanies 
a  sliding  or  rolling  motion.  The  first  is  denominated  diding,  and 
the  second  rolling  friction.  They  are  governed  by  the  same  laws ; 
the  former  is  much  greater  in  amount  than  the  latter  under  given 
circumstances,  and  being  of  more  importance  in  machines,  will  prin- 
cipally occupy  our  attention. 

The  intensity  of  friction,  in  any  given  case,  is  measured  by  the 
force  exerted  in  the  direction  of  the  surface  of  contact,  which  will 
place  the  bodies  in  a  condition  to  resist,  during  a  change  of  state, 
in  respect  to  motion  or  rest,  only  by  their  inertia. 

§355.— nio  friction  between  two  bodies  maybe  measured  directly 
by  means  of   the  spring  balance.      For  this  pui-pose,  let  the  surface 
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CD  of  one   of  tlie    bodies  M  be   made  perfectly  /evel,  so    that   tho 

other  body  M',  wlien  laid 

upon,  it,  may  press   with 

its  entire  weight    To  some 

p    -it    as  H  of  the  body 

M,  attach  a  cord  with  a 

spring     balance     m     the 

manner  indicated  in  the  figure    and    apply  to  the  latter  a  force  F  of 

suth  intensity  as  to  produce  in  the  body  M   i  uniform  motion      The 

moti  n    being    uniform    the  accelerating  and  retirding  forces  must  be 

equil   and   contrary,   that  is  to  say,  the  friction   must  be  eq^nal  and 

cortrarj   to   the  force  F  of  which   the    intensity  is   indicated   by  the 

balance 

The  experiments  on  friction  which  seem  most  entitled  to  conf 
denoe  are  those  performed  at  Metz  by  M  Monn  under  the  order 
of  the  Trench  govemmcnt  in  the  joars  1831  1832  and  1833  They 
wue  male  by  the  i  d  of  ^  contrivance  hrst  suggested  by  M  Pon- 
celet  nhich  is  one  ot  the  most  beiutif  1  and  ■\aluable  contributions 
that  theory  has  ever  made  to  practical  mechanics  Its  details  are 
given  in  a  woik  by  M  Monn  entitled  Ifouvelks  Expenencei  sur  U 
Frotlement  '     Pans,  1833 

The  following  conclusi  n&  hi^e  b  n  dnwn  f  om  these  experi 
ments    viz 

The  Irict  m  cf  two  surfaces  which  ha\e  been  fr  a  considerable 
time  in  contact  and  at  rest  is  not  oily  diftertnt  in  imoiint  but  also 
in  nature  from  the  f  ittion  of  surfaces  m  continuous  motion ,  espe 
ciallj  11  this  thit  the  friction  of  quiescence  is  subjected  to  causes  of 
>aratun  and  uncertainty  frtm  which  Ihe  friction  dur  ng  motion  is 
exempt  Tl  -variation  does  not  appear  to  depend  upon  the  extent 
of  the  "uitace  of  contict  fji  with  different  pressures  the  rat  o  of 
the  friction  to  the  pressure  ■\aried  greatly  although  tht  surfaces  of 
contact  were  the  same 

The  slightest  jar  or  slol  jroducing  the  iioit  inperceptible 
movement  of  the  surfices  (f  contact  cinses  the  Iriction  of  qiies- 
cence  to  jass  to  that  which  accompanies  moloi  Ai  e^ cry  machine 
may  bp  regarJed  -»s  leing  subject  to  si  ght  shock"    pioducmg  imper 
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cejtible  not  11  a  la  the  suifaces  t  Co  t^ct  the  k  I  o  fr  Ptiun  t3  to 
enipk\  d  ii  all  questions  of  e^ulibiium  as  well  s  of  not  ns  of 
machmes  should  obvious.ly  be  this  last  mentioi  ed  cr  that  whi  h 
accomp'inief.  continuous  motion 

The  LAWS  of  friction  which  accomf anies  continucu';  mot  n  are 
remiikably  umprm  and  dejiute      These  laws  are 

1st  Frii-ti  n  accompanjmg  contnuous  mition  of  two  suria*t,s 
betweei  which  no  unguent  is  interposed  bears  a  constant  proportion 
to  the  force  bj  whuh  those  surfaces  are  pressed  t  ^tthei  ■whitever 
be  the  intensity  of  the  force 

2d  Ftiction  IS  wholly  indepei  di.nt  jt  thi,  cxi  i  of  the  ^uili  ls  m 
contact 

3d  Where  -ungiienls  are  inteijosed  1  distinctun  is  to  be  made 
between  the  case  in  which  the  suifaces  ate  simply  tincluous  and  m 
intimate  contact  with  each  other  and  that  111  which  the  surfaces  are 
whtlly  separated  from  ore  another  by  an  interposed  stratum  of  the 
unjvtnt  The  fn  t  on  m  these  tw  >  eases  is  not  the  same  in  amount 
undei  the  same  pressure  although  the  law  of  the  miependenLe  of 
extent  of  surface  cbtams  in  each  When  the  pressure  is  increised 
sufliciently  to  ^  rtss  out  the  unguent  so  as  to  bring  the  unctuous  sur 
faces  in  contact  the  latter  of  these  cases  passes  into  the  first,  and 
this  fact  may  give  rise  to  an  apparent  e\i,ej  tion  to  the  law  of  the 
independence  of  the  extent  of  surface  «ince  a  diminution  of  the  sur 
face  of  contact  may  so  concentiate  a  given  piessuie  as  to  remove  the 
unguent  fiom  between  the  surfioes  The  exception  la  however  but 
apparent  and  occurs  at  the  passage  from  one  of  the  tases  above 
nimed  to  the  other  To  this  extci  t  the  law  ff  ndcicndcnce  of  the 
extent  of  surlaue  is    therefore    to  be  re  eived  with  restriction 

There  are  then  three  conditions  in  respect  to  fnctijn  under 
which  the  suifeces  of  bodies  in  contact  miy  be  considered  to  e\ist, 
VIZ  1st  that  in  which  no  unguent  i&  present  2d  thit  in  which 
the  suifaces  are  simplj  unctuous  3d  that  in  whch  there  s  an 
mterpced  stiatum  of  the  unguent  Throughout  each  of  the=e  states 
the  friction  which  accompan  es  motion  is  always  proportionil  to  the 
prBSsurt  but  fjr  the  sane  pressure  in  eich  -very  difTerent  m 
amount. 
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4th  Tht!  fiRtion  whkh  ■Kcompinies  motion  i^  ilwajs 
eiJt  ot  the  velocity  mth  which  the  bodies  move,  and  this  whether 
tlie  surfaces  be  withjut  unguents  or  lubricated  with  water  oils 
greiie    glutinous  liquids    sjrups,  pitch,  &,c ,  &.C 

The  \arietj  of  the  circumstances  under  which  these  laws  obtain 
and  the  atcuricy  with  which  the  phenomena  ol  motion  accord  with 
them  may  bo  inferred  from  a  single  exaii  pie  taken  from  the  fiist 
set  tf  Morula  experiments  upfn  the,  Jiietion  cf  suifaces  qf  odk, 
whose  fibies  were  parallel  t)  the  diiectiou  of  the  motion  The  -^ur 
fitesi  of  contact  were  made  to  vaij  m  extent  frtm  1  to  *<4,  the 
forces  which  pressed  them  together  trom  88  to  2205  pounds,  and 
the  velouties  from  the  slowest  peic«ptible  motion  to  9,8  feet  a 
second  causing  them  to  be  at  one  time  acceleiated  at  another 
uniform,  and  at  another  retarded,  yet,  throughout  all  this  wide 
range  ot  \anition  in  n  instiiKO  1  1  th  latio  jf  tht  fii  ton  to 
the  piu*uie  diff(.i  from  its  mean  valnc  ct  0  47y  Is  ra  re  than  ^^ 
oi  this  sduiL  iiaUion 

idti>   (t   tit    trtiiL   Incticn  ]•    t     tht  noiiml 
\  II    tht    111  t  liv   tt   tiicti  n    Le    Lxprtsst  1    ly 


Benot*,  the   const  in 
pressaie  P,  ly  f,  th  r 


the  following  iqnition 


{Ml) 


F  =  f.P. 

This  constant  ratio  /  is  called  the  co-efficUnt  of  friction,  because, 
when  multiplied  by  the  total  normal  pressure,  the  product  gives 
the   entire  friction. 

Assuming  the  first  law  of  fric- 
tion, the  co-eiRcient  of  friction  may 
easily  be  obtained  by  means  of  the 
inclined  plane.  Let  W  denote  the 
weight  of  any  body  placed  upon 
the  inclined  plane  AB.  Kesolve 
this  weight  G  O'  into  two  compo- 
nents, one  OM  perpendicular  to 
the  plane,  and  the  other  G  jV  par- 
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allel   to  it.      Because  the   anglea    G' G M  and  BAC  are   equal,  the 
first  of  these   compor.ents  will  be 

GM  :=  W.(x>sA, 
«nd   the   second, 

GN  =  ir.sin^ 

in  which  A   denotes   the   angle  BA  O. 

The  first  of  these  components  determines  the  total  pressure  ujion 
the   plane,  and   the  frictioQ  due   to   this   pressure  will  bo 
F=f.W<iosA. 

The  second  component  urges  the  body  to  move  down  the  plane. 
If  the  inclination  of  the  plane  be  gradually  increased  till  the  body 
move  with  uniform  motion,  the  total  friction  and  this  component 
must  be   equal    and   opposed ;   hence, 

/.  IF.  cos  J  =  W^.sin^; 
whence, 

/  =  T  =  tan  A. 

•'        cos  j1 

We,  therefore,  conclude,  that  the  unit  or  co-effideni  of  fiiution 
between  any  two  surfaces,  is  equal  to  the  tangent  of  the  angle 
which  one  of  the  surfaces  must  make  with  the  horizon  in  order 
that  the  other  may  slide  over  it  with  a  uniform  motion,  the  body 
to  which  the  moving  surface  belongs  being  acted  upon  by  its  own 
weight  alone.  This  angle  is  called  the  angle  of  friction  or  limiting 
angle  of  resistance. 

The  values  of  the  unit  of  friction  and  of  the  Untiling  angles  for 
many  of  the  various  substances  employed  in  the  art  of  construction, 
are  given  iit  Tables  VI,  VII    and  VIII. 

The  distinction  between  the  friction  of  surfaces  to  M-hich  no  un 
guent  is  applied,  those  which  are  merely  unctuous,  and  those  between 
which  a  uniform  stratum  of  the  unguent  is  interposed,  appears  first 
to  have  been  remarked  by  M.  Morin ;  it  has  suggested  to  him 
what  appears  to  be  the  true  explanation  of  the  dilTerence  between 
his   results   and  those   of  Coulomb.      He  conceives,  that  in   the   ex- 
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pcrimi,nts  ot  this  celebrated  Engineer  the  requisite  fiPcautLns  had 
not  been  taken  to  exclude  unguents  from  the  surtaces  of  contict^ 
The  sl^htcst  unetuosLtj  suih  is  might  present  itself  ace  dentally, 
units'!  expiessly  guarded  agamst — such  tjr  instance  as  might  have 
been  left  by  tne  hands  of  the  woikman  wh)  had  gnen  the  last 
polish  to  the  surfaces  of  contict — la  suSiuent  materiallj  to  ifFeet 
the.  CO  cflicient  of  fricti  jn 

Thus  for  instance,  surfaces  of  oalc  hiving  been  lubbtd  with  hard 
drj  snap  tiid  then  thoroughly  wiped  so  as  t  j  show  no  ttaces 
whatever  of  the  unguent  wtre  found  bj  it^  piesence  to  have  kst 
1^'  of  the  r  friotion  the  co  efficient  hmng  paisel  from  0  478 
to  0164 

This  effect  of  the  unguent  upon  the  friction  of  the  surfaces  may 
be  traced  to  the  fact,  that  their  motion  upon  one  another  without 
unguents  was  always  found  to  be  attended  fay  a  wearing  of  both  the 
surfaces ;  small  particles  of  a  dark  color  continually  separated  from 
them,  which  it  was  found  from  time  to  time  necessary  to  remove, 
ind  which  manifestly  influenced  the  friction :  now,  with  the  presence 
of  an  unguent  the  formation  of  these  particles,  and  the  consequent 
wear  of  the  surfaces,  completely  ceased.  Instead  of  a  new  surface 
of  contact  being  continually  presented  by  the  wear,  the  same  surface 
remained,  receiving   by  the  motion  continually  a  more  perfect  polish. 

A  comparison  of  the  results  enumerated  in  Table  VIII,  leads  to 
the  following  remarkable  conclusion,  easily  fixing  itself  in  the  memory, 
that  with  the  unguenti,  hoffs'  lard  and  olive  oil  interposed  in  a  con- 
tinwi/us  stratum  between  them,  surfaces  of  wood  on  metal,  wood  on 
wood,  metal  on  vood,  and  metnl  on  metal,  •when,  in  motion,  have  alt 
of  them,  very  nearly  ike  same  co-efficient  of  friction,  the  value  of  thai 
co-efficient  being  in  all  eases  included  between  0,07  and  0,08,  and  ike 
Umiling   angle  of  resistance  therefore  between  4?  and  4°  35'. 

For  the  unguent  ialhw  the  co-effident  is  the  same  as  the  above  in 
every  case,  except  in  that  of  metals  upon  metals;  tkis  unguent  seems 
less  suited  to  metalUe  surfaces  than  the  others,  and  gives  for  the 
mean  value  of  its  co-efficient  0,10,  and  for  its  limiting  angle  of  re- 
sistance 5°  43'. 
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356. — Besides  friction,  there  is  another  cause  of  rebistanee  to  the 
motion  of  Tjodies  when  moving  over  one  another.  The  same  fcrees 
■which  hold  the  elements  of  bodita  together,  also  tend  to  ktep  the 
bodies  themselves  together,  when  brought  into  sensible  contact.  The 
effort  by  which  two  bodies  are  thus  united,  is  called  the  force  of 
Adftesion. 

Familiar  illustrations  of  the  existence  of  this  force  are  furnished 
by  the  pertinacity  with  which  sealing-wax,  wafers,  ink,  chalk  and 
black-lead  cleave  to  paper,  dust  to  article  of  dress,  paint  to  the 
surface   of  wood,  whitewash  to   the  walls   of  buildings,  and  the  like. 

The  intensity  of  this  force,  arising  as  it  does  from  the  affinity 
of  the  elements  of  matter  for  each  other,  must  vai-y  with  the  nvm- 
Ler  of  attracting  elements,  and  therefore  with  the  ejcUnl  of  the  sur- 
face of  contact. 

This  law  is  Lest  >erified,  and   the   actual   amount  of  adhesion   be- 
tween different    substances   determined,  by  means 
of  a  delicate  spring-balance.     For    this    purpose,  /^^^^ 

the   surfaces   of    solids   are    reduced    to    polished  ((      JJ 

planes,  and  pressed  together  to  exclude  the  air, 
and  the  eiForts  necessary  to  separate  them  noted 
by  means  of  this  instrument.  The  experiment 
being  otlen  repeated  with  the  same  substatiues, 
iiaviug  different  extent  of  surfaces  in  contact,  it 
is  found  that  the  effort  necessary  to  produce 
the  separation  divided  by  the  area  of  the  surface 
gives  a  constant  ratio.  Thus,  let  S  denote  the 
area  of  the  surfaces  of  contact  expressed  in  square 
feet,  square  inches,  or  any  other  superficial  unit; 
A  the  effort  required  to  separate  them,  and  a 
the  constant  ratio  in  question,  then  will 


.   called  the  unit   or  o-efficiimt  of  adkenon,  and  otv 
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viously  exprcwes  the  value  of  adhesion  on  each  unit  of  surface,  for 
making 

5=  1, 
we  have 

A  =  a. 

T     f  J.  tl  e  adhes  on.  bet  veen    ol  d    a  d  1  f^    d     su  pe  d  tl  e  sol  d 
fron    the  1  ala  ce    w  th    ts  pol  shed  s    f  ce  d  wn  yard       d        a  hon 
zo  tal  pos  t  on      note   the   we  ght  of  tl  e    sol  d 
the     br  ng    t   m    contact  w  th    tl  e    horiz     tal  //^^^^\ 

su  face  of  the  flu  d  a  d  note   tl  e      di  it  on     f  V^t^ 

t!  e  bila  ee  when  the  separ'it  on  takes  place 
o  draw  g  the  balan  e  uj  the  differe  e  be 
tween  tl  s  nd  at  on  a  d  t!  at  f  the  e  ^1 1 
v  U  g  ve  tl  e  adhes  n  a  d  th  s  d  ded  by 
the  extent  ot  iurfa  e  w  11  ^  e  a&  bcl  re  the 
co-cfli  ent  a  But  n  th  expe  n  ent  two 
oppos  te  coud  t  o  s  must  be  ca  ef  lly  noted 
el  e  the  col  ea  on  of  the  elements  of  tl  e  1  quid 
for  each  other  may  be  m  stake  for  tl  e  adhe- 
&        ot  the   sol  d   f  r  tl  e   fl    d       If    1  e   s  1  d 

0  1  e  ng  ren  o  ed  take  th  t  ■*  1  j  ot  the 
flu  i       n    other    wo  d       f   the   scl  d    1  as   bean 

Wet  by  the  flu  d  the  the  attract  o  of  the  elen  eats  of  tl  e  sol  d 
f  r  those  of  the  1  ^u  d    s  strongei  thai    thit  of  the   ele    ents  of  the 

1  qii  1  for  ea  h  otter  ind  «  w  U  be  the  n  t  ol  idhes  o  ot  t  vo 
surface?  of  the  fl  d  II  o  the  contra  the  sol  d  o  leiv  g  the 
flu  d  be  perfectly  dry  the  elen  e  ts  of  the  flu  d  II  attriot  each 
oth  r  more  po  verfuliy  than  they  vi  11  those  of  the  sol  d  and  a  will 
de  ote   the   u    t  of  adhes  on  of  the     ol  d   fo     the  1  qu  d 

It  s  ei  y  to  mult  ply  stances  of  tl  s  d  vers  ty  the  ict  on  of 
s  1  ds  ad  flu  ds  upon  each  other  A  drop  of  water  or  sp  r  ts  of 
w  ne  placed  pon  £t  wooden  table  or  p  ece  of  gla  lo  es  ts  globu 
lar  for  and  spreads  t  elf  o  er  the  surface  of  the  sol  d  i  drop  of 
mercury  wUntdoso  I  ee  the  finger  n  ater  t  be  o  nes 
wet     in   qu  cksilver     t  ren  a  ns   d  y      A  tallo  v  candle    or  a  featl  er 
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from  any  species  of  water-fowl,  remains  dry  tlio  igh  dipped  i 
Gold,  silver,  tin,  lead,  &c.,  become  moist  on  bei 
quicksilver,  but  iron  and  platinum  do  not.  Quicksilver  when  poured 
into  a  gauze  bag  will  not  run  through;  water  will:  place  the  gauze 
confaining  the  quicksilver  in  contact  with  water,  and  tlie  metal  will 
also  flow  through. 

It  is  difficult  to  ascertain  the  precise  value  of  the  force  of  adhe 
sion  between  the  rubbing  surfaces  of  machinery,  apart  from  that  of 
f  t  o  B  t  this  is  attended  with  little  practical  inconvenience,  as 
lo  J,  as  ana  hine  is  in  motion.  The  experiments  of  which  the 
results  are  g  ven  in  Tables  Vi,  VII  and  VIII,  and  which  are  applicable 
to  na  h  er  -ere  made  under  considerable  pressures,  such  as  those 
vtH  wl  cl  the  parts  of  the  larger  machines  are  accustomed  to  move 
upo  one  ther.  Under  such  pressures,  the  adhesion  of  ujiguents 
to  the  s  rf"  e-s  of  contact,  and  the  opposition  to  motion  presented 
by  the  r  v  stos  ty,  are  causes  whose  influence  may  lie  safety  disre 
garded  as  co  npared  with  that  of  friction.  In  the  cases  of  lighter 
ma  1  erj  ho  vever,  such  as  watches,  clocks,  and  the  like,  these 
considerations  rise   into   importance,  and    cannot   be    neglected. 


§  357. — Conceive  a  wheel  turning 
freely  about  an  axle  or  trunnion,  and 
having  ia  its  circumference  a  groove  to 
receive  a  cord  or  rope.  A  weight  W, 
being  suspended  from  one  end  of  the 
rope,  while  a  force  /',  is  applied  to  the 
other  extremity  to  draw  it  up,  the 
latter  will  experience  a  resistance  in 
consequence  of  the  rigidity  of  the  rope, 
which  opposes  every  effort  to  bend  it 
around  the  wheel.  This  resistance  must, 
of  necessity,  consume  a  portion  of  the 
worli  of  the  force  F.     The  measure  of 

i   to   the  rigidity  of   cordage 
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subject  of  experiment  by  Coulomb ;  and,  according  to  him,  it 
results  that  for  the  same  cord  and  same  wheel,  this  measure  ja 
composed  of  two  parts,  of  wMch  one  remains  constant,  while  the 
other  varies  with  the  weight  W,  and  is  directly  proportional  to  it; 
so  that,  designating  tlie  constant  part  by  K,  and  the  ratio  of  the 
variable  part  to  the  weight  W  by  /,  the  measure  will  be  given  by 
the  expression 

K+  I.  W; 

in  which  K  represents  the  stiffness  arising  from  the  natural  torsion 
or  tension,  of  Uie  threads,  and  /  the  stiffness  of  the  same  cord  due  to 
a  tension  resulting  from  one  unit  of  weight;  for,  making  l^=  1,  the 
above  becomes 

K+L 

Coulomb  also  found  that  on  changing  the  wheel,  the.  stiffness  varied 
in  the  inverse  ratio  of  its  diameter ;  so  that  if 


of  the  stiffness  for  a  wheel  of  one  foot  diameter,  then 


;n  the  wheel  has  a  diameter  o£  2  R.  A  table 
giving  the  values  of  K  and  /  for  all  ropes  and  cords  employed  in 
practice,  when  wound  around  a  wheel  of  one  foot  diameter,  and  sub- 
jected  to  a  tension  arising  from  a  unit  of  weight,  would,  therefore, 
enable  «s  to  find  the  stiffness  answering  to  any  other  wheel  and 
weight  whatever. 

But  as  it  would  be  impossible  to  anticipate  all  the  different  sizes 
of  ropes  used  under  the  various  circumstances  of  practice,  Coulomb 
also  ascertained  the  law  which  connects  the  stiffness  with  the  diame- 
ter of  the  cross-section  of  the  rope.  To  express  this  law  hi  all  cases, 
he  found  it  necessary  to  distinguish,  1st,  new  white  rope,  either  dry 
or  moist;  2d,  white  ropes  partly  worn,  either  dry  or  moist;  3d,  tarred 
ropes  ;  4th,  packthread.  The  stiffness  of  the  first  class  he  found  neai-ly 
proportional  to  the  square  of  the  diameter  of  the  cross-section ;    that 
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of  the  second,  to  the  square  root  of  the  cube  of  this  diameter,  neai'ly ; 
that  of  the  third,  to  the  number  of  yams  in  the  rope ;  and  that  of 
the  fourth,  to  the  diameter  of  the  cross-section.  So  that,  if  S  denote 
the  resistance  due  to  the  stiffness  of  any  given  rope;  il  the  ratio  of 
its  diameter  to  that  of  the  table ;  and  n  the  ratio  of  the  number  of 
yarns  in  any  tarred  rope  to  that  of  the  table,  we  shall  have  for 


Ji:  +  I.W 
2Ii 


(G48) 


--■'~^^-    - (») 


*  =  ■'  •  -TTg— •    •    (""' 

I'or  packthread,  it  wil!  always  be  sufficient  to  use  the  tabular 
values  given,  corresponding  to  the  least  tabular  diameters,  and  substi- 
tute them  m  Equation  (651),  All  example  or  two  will  be  sufficient 
to  illustiate  the  use  of  these  table?. 

Hxiim-ph  1'/  Itequired  the  resistance  due  to  the  stiffness  of  a  new 
dry  white  rope,  whose  diameter  is  1,18  inches,  when  loaded  vrilh 
a  wdght  of  883  pounds,  and  wound  about  a  wheel  1,64  feet  in 
diameter. 

Seek  in  No.  1,  Table  X,  the  diameter  nearest  that  of  the  given 
rope  ;    it  is  0,79  ;    hence, 

,       1,18        1.  1 

and  frcm  the  table  at  the  side, 

d^  =  2,25. 
From  No.   1,  opposite  0,79,  we  find 

K=  1,6097, 

/  =0,03195; 
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ft. 
which,  together    with    the    weight    W  =  882   lbs.,    and  3  J!  =  1,64^ 

substituteil  in  Eijuation  (648),  give 

S  =  2,25  .  iW  +  0>3195x882.^  ^-„_ 

which  is  the  true  resistance  due  to  the  stiffness  of  the  rope  in 
question. 

Example  2d.  What  is  the  resistance  due  to  the  stiffness  of  a 
white  rope,  half  worn  and  moistened  with  water,  having  a.  diam- 
eter equal  to  1,97  inches,  wound  about  a  wheel  0,82  of  a  foot  in 
diameter,  and  loaded  with  a  weight  of  2305  poundal 

The  tabular  diameter  in  No.  4,  Table  X,  next  less  than  1,97, 
is  1,57,  and  hence, 

"'5,57- 
the  square  root  of  the  cube  of  which  is,  by  the  table  at  the  side, 

rft  =  1,482. 
In  No.  4  wo  find,  opposite  1,57, 

jr  =  6,4324, 

I    =  0,06387 ; 
which    values,    together    with    W  =  2205  lbs.,   and   2  H  =  0,83,  in 
Equation  (649),  give 

«  =  1,482  X  ^^^  +  °y  >'"''"  =  26508, 

which  is  the  required  resistance. 

Example  3d.  What  is  the  resistance  due  to  the  stiffiiess  of  a 
tarred  rope  of  22  yams,  when  subjected  to  the  action  of  a  weight 
equal  to  4213  pounds,  and  wound  about  a  wheel  1,3  feet  diameter, 
the  weight  of  one  runnirjg  foot  of  the  rope  being  about  0,6  of  a 
pound  ? 

By  referring  to  No.  5,  Table  X,  we  find  the  tabular  number  of 
yams  next  less  than  23  to  be  15,  and  hence, 
22 


1,466  nearly. 
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in  the  same  table,  opposite  15,  we  find 
K  =  0,7664, 

/    =  0,019879 ; 

/*■ 
whteh,  together  with  W=  4212,  and  2  iJ  =  1,3,  in  Equation  (650), 


--  1,4C6 


0,7664  +  0,019879  x  4212 
1,3 


i  Mh.  Required  the  resistance  due  to  the  stiffness  of  a. 
new  white  packthread,  whose  diameter  is  0,196  inches,  when  moist- 
ened or  wet  with  water,  wound  ahout  a  wheel  0,5  of  a  foot  in 
diameter,  wid  loaded  widi  a  weight  of  275  pounds. 

Hie  lowest  tabular  diameter  is  0,39  of  an  iaeh,  and  hence 


A  = 


Q,196 
0,390 


!n    No.  2,  Talile    X, 


0,5  nearly, 
find,  opposite  0.39, 

K  =  0,8048, 

/  -  0,00798 ; 
which,  with  W  =  275,  and  %B  —  0,5,  we  find,  after   substituting  i 
Equation  (851), 


— Ilie  resistance  just  found 
1  pounds,  aiid  is  liie 
amount  ef  weight  which  would  fee 
necessary  to  bend  any  given  rope 
around  a  vertical  wheel,  so  that 
the  portion  AE,  between  the  first 
point  of  contact  A,  and  the  point 
E,  where  the  rope  is  attached  to 
tiie  weight,  shall  be  perfectly  straight. 
The  entire  process  of  bending  takes 
place  at  this  first  or  tangential 
point   A;    for,  if  modou    be   com- 
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1  ated    to    the   wheel     n    the  d  rection    indicated  by  the   airow. 

head  the  rope  opposed  n  t  to  si  de,  will,  at  this  point,  take  aad 
retain  the  constant  cur  iture  of  the  wheel,  till  it  passes  from  the 
latter  on.  the  s  de  of  the  pow  r  F  When,  therefore,  by  the  motion 
of  tl  e  wheel  the  po  nt  n  of  tl  e  rope,  now  at  the  tangential  point, 
passes  t  ff  tl  e  work  ng  po  nt  of  the  force  S  will  have  desci'ibed 
ts  o  d  ect  on  the  di  ta  ce  ji  i?  Denoting  the  arc  described 
Ij         p    nt    at    tie    u  d  ta    e   f-om    the   centre   uf   the    isheel 

by  s         d  the     ii  t  tie      he  1   by  B,  wo   shall   have 

AD  =  Rs,; 
and  representing   the   quantity  of  work  of  the  force  S  by  L,  we  get 

L  =  S.Bs,; 
replacing  S  by  its  value  in  Equations  {6-!8)  to  (651), 

.^n...,.'^^^ (0-. 

in  which  d^  represents  the  quantity  d\  d^,  n,  or  d,  in  Equations  (648) 
to  (651),  according   to  the  nature  of  the  rope. 

JSxantple. — Taking  the  2d  example  of  §357,  and  supposing  a  por- 
tion of  the  rope,  equal  to  20  feet  in  length,  to  have  been  brought 
in  contact  with   the   wheel,  after   the   motion   begins,  we  shall  have 

L  =  20  X  266,109  =  5332,18    units  of  work; 

that  is,  the  quantity  of  work  consumed  by  the  resistance  due  to 
the  stiffness  of  the  tope,  while  the  latt«r  is  moving  over  a  distance 
of  20  feet,  would  be  sufficient  to  raise  a  weight  of  5322,18  pounds 
through   a  vertical   height  of  one  foot. 


§359, — ^11  rotating  pieces,  such  as  wheels  supported  upon  other 
pieces,  give  rise  by  their  motion  to  friction.  This  is  an  important 
element  in  all  computations  relating  to  the  performance  of  machinery- 
It  seems    to    be  different  according  as   the   rotating  pieces  are   kept 
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ill  place  by  Irunniona  or  by 
pivots.  By  trunnions  are  meant 
cylindrical  projections  a  a  from 
the  ends  of  the  arbor  ^  £  of  a 
■wheel.  The  trunnions  rest  on  the 
concave  surfaces  of  cylindrical 
boxes  CD,  with  which  they  usu- 
ally have  a  small  surface  of 
coiitaeS  rit,  the  linear  elements 
of  both  being  parallel.  Pivots 
lire  shaped  like  the  trunnions, 
but  support  tlie  weight  of  the 
wheel  and  its  arbor  upon  their 
circular  end,  which  rests'  against 
the  bottom  of  cylindrical  sock- 
ets FGHI. 


r~    '^^ 


Let  N  denote  the  force,  in   the   direction    of    the   axis,  by  which 
the  pivot  is  pressed   against  the 
iiottom  of  file  socket.     This  force 


may  be  regaraed  as  passing 
through  the  centre  of  the  cir- 
cular end  of  the  pivot,  and  as 
the  resultant  of  the  partial  pres- 
sures exerted  upon  all  the  ele- 
mentary surf^jes  of  which  this 
ciffle  is  composed.  Denote  by 
A  tlie  area  of  the  entir*  circle, 
thou  will  the  pressure  sustained 
by  eaiih  unit  of  surfac*  be 


tmd   the  pressure  on  any  small  portion  of  the  surface  denoted  by  a, 
will  obviously  be 
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and  the  friction  on  the  s 


e  will  be 

/■«■  J 


This  fiictlon  may  be      g    d  1  a      ppl   d  t     th       nt       t   th      I 
mentary  surface  a ;  it         pp      d  to  th    ii    t  d  th    U       t  f 

its   action  is  tangent  t     th  Id        b  d   by  th  t        t   th 

element.      Denote   th         J  f   th  1    by       tl  il!  tl     mo- 

Bient  of  the  frictiun  be 


/• 


.if 


Now,  if  s  denote  the  length  of  any  variable  portion  of  the  ciroumfer- 
enee  at  the  unit's  distance  from  the  centre  C,  then  will 

also, 

A  =  ir^; 

which  substituted  above  give 

.dic.ds 


f-N- 


v  .R-' 


«id  by  integration, 


r.-^'f: 


whence  we  eonclade,  that,  in  the  fric- 
tion of  a  pivot,  we  may  regard  the 
whole  frietion  due  to  the  presmre  as 
aclinff  in  a  sinple  point,  and  at  a  dis- 
tance from,  the  centre  of  motion  equal 
to  two-thirds  of  the  radius  of  the  base 
of  the  pivot.  This  distance  is  called 
the  mean  lever  of  friction. 

1 3S0. — If  the  extremity  of  the  pivot, 
instead  of  rubbing  upon  an  entire  circle, 
ia  only  in  contact  with  a  ring  or  sur- 
face comprised   between  two  concentric 


(653) 
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drcles,  as  when  the  arbor  of  a  wheel  is  urged  in  the  direction  of 
its  length  by  the  force  JV  against  a  shoulder  dcha;    theii  will 

and  the  integration  will  give 

in  which  Jt  denotes  the  radius  of  the  larger,  and  R'  that  of  tho 
smaller  circle. 

Finally,  denote  by  I  the  breadth  of  the  ring,  that  is,  the  dis- 
tance A' A;  by  r,  its  mean  radius  or  distance  from  (7  to  a  point 
half  way  between  A'  and  A,  and  wc  shall  have 

R'  =  r  -il; 
substituting  these  values  above  and  reducing,  we  have 

/.  y  X   [r  +  ,V  7]  ; (6S4) 

and  making 

^  12r         " 
we  obtain,  for  the  moment  of  the  friction  on  the  entire  ring, 

f.^-r, (655) 

The  quantity  r,  is  called  the  mean  lever  of  friction  for  a  I'ing.  Since 
the   whole   friction  /iV  may   be    considered    as    applied    at  a    point 

P 
whose   distance  from   the   centre  is  |J?,  or  r^  =  »■  +  ^n— '   according 

as  the  friction  is  exerted  over  an  entire  circle  or  over  a  ring, 
and  since  the  path  described  by  this  point  lies  always  in  the  di- 
rection in  which  the  friction  acts,  the  quantity  of  work  consumed 
by  it  will  lae  equal  I)  the  product  of  its  intensity  fN  into  this 
path.  Designating  the  length  of  the  arc  described  at  the  unit's 
distance  from   0  by   *, ,  the   paih   in    question  will   be    either 
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and   the   quantity  of  work  either 

iB..,.f.S- 
for   an   entire   circle,   or 


f-H-^^)- 


for  a  ring.  Let  Q  denote  the  quantity  of  iTork  consumed  hy  fric- 
tion in  the  unit  of  time,  and  ft  the  number  of  revolutions  performed 
hy  the  pivot  in  the  same   time ;   then  will 

»,  -  2  *  X  » ; 
and  we   siiall   have 

Q=i..B.f.lf.n (65G) 

for  the   circle,  and 

§^2*./.i\r.  (.  + A).„     ....     (657) 

for    a   ring ;  in  which  *  =  3jl416. 

The  co-eiTicient  of  friction  /,  when  employed  in  either  of  the  fore- 
going cases,  must  be   taken  from  Table  VI,  VII,  or  VIII. 

Example. — Required  the  moment  of  the  friction  on  a  pivot  of 
cast  iron,  working  into  a  socket  of  brass,  and  which  supports  a 
weight  of  1784  pounds,  the  diameter  of  the  circular  end  of  the 
pivot  being  6  inches.     Here 

,-™.  ft. 

^  =  1  =  3  =  0,25, 

lit. 

N  =  1784, 

/  =  0,147  ; 

which,  substituted   in  Equation  (033),  gives 

0,147  X  1784  X  I  X  0,35  =  43,708. 

And  to  obtain  the  quantity  of  work  in  one  unit  of  time,  say  e 
minute,  there  being  20  revolutions  in  this  unit,  we  make  n  =  20, 
and  tr  =  3,1416  in  Equation  (656),  and  find 

C  =  A  X  3,141«  X  0,25  X  0,147  X  1784  x  20  =  51^2,80; 
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that  is  to  say,  during  each  unit  of  time,  there  is  a  quantity  of 
work  lost  which  would  be  sufficient  to  raise  a  weight  of  5492,80 
pounds  through   a  vertical   distance  of  one  foot. 

^xample.-~ReqmrcA  the  moment  of  friction,  ■when  the  piyot  sup- 
ports a  weight  of  2046  pounds,  and  works  upon  a  shoulder  whose 
exterior  and  interior  diameters  are  respectively  6  and  4  inches ;  the 
pivot  and   socket  being  of  cast  iron,  with  water   interposed, 

/  =  ■ — - —  =  I  inch, 

r  =  3  +  0,5  ^  2,5  inches, 

r,  =  2,5  +  ^^\!^^  =  2,5333  =  0,2111, 

jV  =  2046  pounds, 
/  =  0,314 ; 
*hich,  substituted  in  Expression  (655),  gives  for  the  moment  of  friction, 

0,314  X  2046 'x  0,2111  =  135,62. 
The   quantity  of  work  cpnsumed  in   one  minute,  there  being  sup- 
posed   10    revolutions    in.    that    unit,    will   be    found    by   making    in 
Equation  (657),  ir  =  3,1410  and  n  =^  10, 

Q  =  2  X  3,1416  X  0,314  X  2046  X  0,211  X  10  =  8517,24; 
that  is  to  say,  friction  will,  iti  one  unit  of  time,  consume  a  quantity 
of  work  which  would  raise  8517,24  pounds  through  a  vertical  dis- 
tance of  one  foot.  The  quantity  of  work  consumed  in  any  given 
time  would  result  from  m.ultiplying  the  work  above  found,  by  the 
time   reduced  to  minutes. 

TEUNHIONa. 

§361. — ^The  friction  on  trunnions  and  axles,  which  we  now  pro- 
ceed  to  consider,  gives  a  considerably  less  co-efficient  than  that  which 
accompanies  the  kinds  of  motion  referred  to  in  §355.  This  will 
appear  from  Table  IX,  which  is   the  result  of  careful   experiment. 

The  contact  of  the   trunnion  with   its  box   is   along   a  linear  ele- 
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ment,  common  to  the  surfaces  of  both.  A  section  perpendicular  to 
its  length  would  cut  from  the  trunnion  and  its  bos,  two  circles  tan. 
gent  to  each  other  intemaHy.  The  trunnion  being  acted  on  only  by 
its  weight,  would,  when  at  rest,  give  this  tangential  point  at  o,  the 
lowest  point  of  the  section  poq  of  the  box.  If  the  trunnion  bo  put 
in  motion  by  the  application  of  a  force,  it  would  tura  aruund  the 
point  of  contact  and  roll 
indefinitely  along  the  sur- 
face of  the  box,  if  the 
latter  were  level ;  but  this, 
not  being  the  case,  it  will 
ascend  along  the  inclined 
surface  op  to  some  point 
as  m,  where  the  inclina- 
tion of  the  tangent  um  v 
is  such,  that  the  friction 
is  just  sufficient  to  pre- 
vent the  trunnion  from  sliding.  Here  let  the  trunnion  be  in  equili- 
brio.  But  the  equilibrium  requires  that  the  resultant  of  all  tte 
forces  which  act,  faction  included,  shall  'pass  through  the  point  m. 
and  be  normal  to  the  surface  of  the  trunnion  at  that  point.  The 
friction  is  applied  at  the  point  m ;  hence  the  resultant  N  of  all  the 
other  forces  must  pass  through  m  in  some  direction  as  md;  the 
friction  acts  in  the  direction  of  the  tangent;  and  hence,  in  order 
that  the  resultant  of  the  friction  and  the  force  jV"  shall  be  normal  to 
the  surface,  the  tangential  component  of  the  latter  must,  when  the 
other  Luniponent  i-.  normal,  be  equ^l  and  directly  opposed  to  the 
friction. 

Take  upon  the  direction  of  the  force  JV  the  distance  m  d  to 
represent  its  intensity,  and  form  the  rectangle  adbm,  of  which 
the  side  tnb  shall  coincide  with  the  tangent,  then,  denoting  tha 
angle  i/mo  by  ip,  will  the  component  of  JV  perpendicular  to  the  tan- 


and  the  fric 


jV.cos( 

1  due  to  this  pressure 

/.Jf.co: 


m  1 
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The  component  of  iV,  in  the  direetion  of  the  tangent,  will  I 

Jf.sinif, 
and  aa  this  must  be  equal  to  the  friction,  we  have 


(068) 


/  =  tan  f  ; 
that  is  to  say,  the  ratio  of  the  friction    to    the  pressure  on   the    trun- 
nion 'is  equal  to   the   tangent  of  the  angle   which   the  direction   of  the 
resultant  N',  of  all  the  forces  except   the  friction,  makes  viilh    the  nor- 
mal  to   the  surface   of   the   trunnion    at 
the  point  of  contact.     This  gives  an  easy 
method  of    finding    the    point    of   con- 
tact,     JFor  this  purpose,    we  have  hut 
to   draw   through    the   centre   A  a  line 
A  Z,   parallel    to    the   direction    of   iV, 
and   through  A   the    line   Am,  making 
with  A  Z  aa   angle  of  which    the   tan- 
gent  is  /;    the  point  m,  in  which  this 
line    cuts    the    circular    section  of   the  / 

trunnion,  will  bo  the  point  of  contact. 

Because  madb,  last  figure,  is  a  rectangle,  we  have 

IP'  -  iV^cos^^i  +  iV^sin^ip; 
and,  substituting  for  iV^sin^HJ  its  equal /^iVcos^  9,  wc  have 
^2  _  j\^cos>  +/^A'2cos2^  =  iT^cosXl  -f-/^); 


and  multiplying  both  members  by  / 
/.  N .  cos(p  =;  N  ■ 


(659) 


/I  +P 

hat  the   first   member   is  the     total   friction  ;    whence   we    conclude 
that   to  find   the  friction   vpon   a   trunnion,   we   have  but   to  multiply  Ike 
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rciuliant  of  the  forces  which  act  upoti,  it  by  the  unit  of  frkiioii,  found 
in  Table  IX,  and  divide  this  product  by  the  square  root  of  tlie  square 
of  this  same  unit  increased  by  unity. 

This  irictJon  acting  at  the  extremity  of  the  radius  R  of  the  truE- 
nioii  and  in  the  direction  of  the  tangent,  its  moment  will  ho 

f n 


M- 


-/!+/' 


(fiGO) 


And  the  path  described  hy  the   point  of  application  of    the    friction 
being  denoted. by  J?s, ,  the  quantity  of  worlt  of  the  friction  will  be 


N.B.s. 


in  which  s^  denotes  the  path  described  by  a  point  at  the  unit's  dis- 
tance from  the  centre  of  the  trunnion.  Denoting,  as  in  the  case  of 
the  pivot,  the  number  of  revolutions  performed  by  the  trunnion  in 
a  unit  of  time,  say  a  minute,  by  n ;  the  quantity  of  work  performed 
by  friction  in  this  time  by  Q^ ;    and  malting  it  =  3,1416,  we  have 


.R.n.N.' 


(662) 


When  the  trunnion  remains  fixed  and  does  not  form  part  of  the 
rotating  body,  the  latter  will  turn  about  the  trannion,  which  now 
becomes  an  axle,  having  the  centre  of 
motion  at  A,  the  centre  of  the  eye  of 
the  wheel ;  in  this  case,  the  lever  of  fric- 
tion becomes  the  radius  of  the  eye  of 
the  wheel.  As  the  quantity  of  work 
consumed  by  friction  is  the  greater. 
Equation  (832),  in  proportion  as  this 
radius  is  greater,  and  as  the  radius  of 
the  eye  of   the  wheel   must    be    greater 

than  that  of  the  axle,  the  trunnion  has  the  advantage,  in  this  respect 
over  the  axle. 
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The  value  of  the  quantity  of  work  consumed  by  friotioii  is  wholly 
independent  of  the  length  of  tie  trunnion  or  axle,  and  no  advantage 
is  therefore  gained  by  making  it  shorter  or  longer. 


I  862. — The  cord  and  its  properties  have  been  considered  in  part 
at  1 58.  It  13  now  proposed  to  discuss  its  action  under  the  opera- 
tion of  forces  applied  to  it  in  any  manner  whatever. 

Let  the  points  A',  A",  A'",  be  connected  with  each  other  by 
means  of  two  perfectly  flex- 
ible and  ineJttensible  cords 
A' A",  A"  A'",  the  first 
point  being  acted  npon  by 
the  forces  P',  P",  &c. ;  the 
second  by  the  forces  Q',  Q", 
&c. ;  and  the  third  by  the 
forces  iS",  S",  &c, ;  and  sup- 
pose these  forces  to  be  in 
equilibrio.  Denote  the  co- 
ordinates of  A'  by  m'y'z', 
A"  by  x"  y"  z",  and  A'"  by 
x'"  y'"  z'".  Also,  the  alge- 
braic sum  of  the  components  of  the  forces  acting  at  A'  in  the  direc- 
tion of  23/3,  by  X'  T.  Z',  at  A"  by  X'  T'  Z",  and  at  A'"  by 
X'"  Y'"  Z'".      Then  will,  §  101, 

X'    Sx'    -y  7'    Sy'    +  Z'    t 
+  X"  Sx"    -i-  Y"  Sy"   +  Z"  i 
+  X"'5x"'  +  r"'Sy"'  +  Z"'Sz"'  . 
Denote  the  length  A'  A"  by  /,  and  A"  A"'  by  g ;   then  will 


Z  =/-v^-^')^+(; 


-y'F  +  K' 


■.'Y^O; 


E  =  g~  vV"  -  *")'  +  W"  -  y"f  +  (-"'  -  -'T  = 

The    displacement    by  which  we  obtain   the   virtual   velocities   whose 
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projections  are   Sx',  Sy',  Se\  &c.,  is  not  wholly  arbitrary;   but  must 
be  made  so  as  to  satisfy  the  condition 

5/=  0     and     &g  =  0. {665} 

Differentiating    Ec[Qations   (664),    and  writing    for   d  z',    d  y\    d  z', 
Sx',  Sy\  S3',  &c.,  we  find 
{x"  -  x')(Sx-  ~  Sx')  +  (y"  -  y')(iy"  -  Sy')  +  {z"  - z'){Sz"  -  &') 


^  =  0; 


{x"'^x")(Sx-'~Sx")+(y"'-y"){Sy"'~Sy")  +  {^"'-z"){5z'"~Sz")_  ^ 

9 
These  being   multiplied  respectively   by  -X'    and   X'",    and   added    to 
Equation    (803),    we   obtain  by    reduction,    and   by   the  principle    of 
indeterminate  co-efficients,  exactly  as  in  §  213, 


/ 


^0; 


■  ■      /           ■          a 

—  "f 

>.J.y"y'        X'^y-'J"       0; 

,      ."-*'         ,,„    .'"-.' 

=  0; 

/                              y 

"       '                    9 

r"  +  -K"'J"'  ~^"  =  0; 
9 

Z'"  +  V"  ■  ^"'  "  ^"  =  0 ; 

((i66) 


(667) 


(068) 


Taking  from   each  group  its  first   equation  and  adding,  and   doing 

the  same  for  -  the  second   and  third,  we  have 

X'  +  X"  +  X'"  =  0 ; 

y  +  Z"  -h  Y'"  =  0 ; 

Z'  +  Z"  +  Z'"  =  0. 


.     .     .     .     (609) 
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That  ia,    the   conditions   of    equilibrium  of    the  forces  are,    §  80,   the 
same   as  though   they  had  been   applied  to   a   single  point. 

To  find  the  position  of  the  points,  eliminate  the  factors  \'  and 
X'",  and  for  this  purpose  add  the  first,  second  and  third  equations 
of  group  (667)  to  the  corresponding  equatioiis  of  group  (668),  and 
there  will   result 

x')  =  0; 


Irom  winch  we  find  by  elimination, 

Y"  +  Y'"  _  ^ir^>  {^"  +  ^"')  =  *> ; 
Z"  +  Z'"  ~  4!^4  i^"  +  ■^"')  =  0. 
From  group  (666),  by  eliminating  X', 


and   fmally  from    group   (668)  we   obtain,  by   eliminating  X'" 


■  (670) 


(671) 


(672) 


Equations  (669),  (670),  (671)  and  672),  involve  all  the  conditions 
necessary  to  the  equilibrium,  and  the  !aat  three  groups,  in  connection 
with  group  (664),  determine  the  positions  of  the  points  A',  A" 
and  A"',  in  space. 

§363. — The  reactions  in  the    system   which  impose  conditions  on 
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the  displacement  will    be   made   known  by  Equation   (331),  which, 

because 

U(."'-«")J  ^li{s'"-y-)j  ^U(s"'-«")J 

becomes  for   the    cord  A' A", 

>.'  =  N'; 
and  for  the  cord  A"  A"', 

X'"  =  N"' ; 

from  which  wc   conclude,  tliat   X'  and   V"   are  respectively  the   ten- 
sions of  the   cords  A' A"  and  A"  A'". 

This   is   also   manifest  from   Equations  (66G)   and  (668) ;   for,  by 
transposing,  squaring,  adding  and  reducing  by  the  relations, 

{X"  -  x'Y  +  {y"  ~  vr  +  {^"  ~  ^r 

(^-»  -  ^."Y  +  jy'"  -  y"f  +  {^"'  -  z'J 


-.  yA-3    +  Y'^    +  Z"^ 


■  (673) 


in  which  R'    and  i?'"  are  the    resultants  of   the   forces   acting    upon 
the  points  A'  and  A'"  respectively. 

Substituting  these  values  in   Equations  (666)  and  (668),  wo  have 

:r        x"  -m-        Y'        y"  -  y'       Z'        z"  -  z' 


1       -  q  R  q  r  g 

iihenct  the  res  Iti  ts  of  the  f  roe''  appl  ed  it  tl  e  po    ts    I    and    I 
at,t  m  the    1  rect  ons  of  the  co  ds   conn  et  ng   tl  pse  fonts  with  the 
pomt  A      and   w  11  be    equal    to       del   determ  ne  the   tei  s  ons   of 
these   cords. 
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§364.— From   Ei^uations   (669),   we  Jiave  by   transpositiot 

JT'  =  ~  {X'"  ■+  X'>;    r'  =  -  (F"'  +  y) ;    Z"  ^  ~  {Z" 

Squaring,    adding   and   denoting  the  resultant  of    the   forces 
at  A"  by  R",  we  have 

R"  =  ^(X'"  +  x'y  +  {r"  +  Y'f  +  (Z-'  +  z'f  ■ 

and    dividing  each  of  the   above   equations  by  this  one 
X"  _        X'"  +  X'  _ 


R" 

Y' 

'  + 

Y' 

R" 

Z' 

'  + 

Z' 

+  Z'). 

applied 


.  (6Y4) 


(075; 


whence,  Equation  ((i7-i),  the  rt-sultant  of  the  forces  applied  at  A"  i 
equal  and  immediately  opjiosed  to  the  resultant  of  all  the  force 
applied  both  at  A'  and  ^1'" 

If,  therefore,  from  the  point 
A",  distances  A"  m  and  A"  n 
be  taken  proportional  to  R'  and 
B'"  respectively,  and  a  paral- 
lelogram A"  m  Cn  be  constructed, 
A"  0  will  represent  the  value  of 
.8".  If  A' A"  A'"  bo  a  contin- 
uoua  cord,  and  the  point  A" 
capable  of  sliding  thereon,  the 
tension  of  the  cord  would  be 
the  same  throughout,  in  which 
cose  R'  would  be  equal  to  R'", 
and  the  direction  of  R"  would 
bisect  the  angle  A'  A"  A'". 

The  same  result  is  shown  if, 
instead  of  making  Sf  —  Q  and 
S  a  z=  0    separately,    we     make 


.^'" 
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5  (/  J-  s)  =  "^i    multiply    by   a     single     indeterminate     quantity    \ 
before. 


1 365. — Had  there  fceea  four 
points,  A',  A",  A'"  and  A^'', 
connected  by  the  same  means, 
the  general  equation  of  equili- 
brium would  become,  by  call- 
ing k  the  distance  between  the 
points,  A"'  and  A'^, 

X'  S  x'  +  X"  S  X-  4-  X"  S  x'"  +  Xi 
+  Y'S^'  +  r"Sy"+  r"Sy"'  +  ¥• 
+  Z'  5  z'  +  Z"  S  e"  +  Z'"  S  z"'  +  Z' 
+  X'  5/  +  \"  Sff     +  -K'"  Sk 

and    from  ■which,  by  substituting    the  values  of  S  f^  S  g    and  S  A,  the 
following  equations  will  result,  viz, : 


z"  +  x' 

,/ 

T'+  X' 

/ 

Z"  +  X' 

~7 

X'"  H-  X"  . 
¥•"  +  X" . 
Z'"  +  X"  . 


(6je) 


(6?J) 


(678) 
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X"  +  X"'  . 

r-  +  V" . 

2i.    4.  V"  ■ 


(679) 


Eliminating  the  indeterminate  quantities  x',  \"  and  X'",  we  obtain 
ijiglit  equations,  from  which,  and  the  three  equations  of  conditions 
expressive  of  the  lengths  of  ^  5,  and  A,  the  position  of  the  points  A', 
A",  A'",  and  A'""  may  be  deteimmed 

If  there  be  n  points,  connected  m  tlie  same  way  and  acted  upon 
by  any  forces,  the  Uw  which  is  manifest  in  the  formation  of  Equa- 
tions (676),  {811),  (678),  and  (679),  plainly  indicates  the  following 
B  equations  of  eqiiilibniim 


X"  +  X' 
¥■'  +  X' 


X' 

-  V. 

y, 

-  X'. 

Z' 

—  X'  ■ 

.^ 

/ 

y' 

-y' 

J 

s' 

X"'  +  X" 

T"  +  X"  ■  ^ 
Z"'  +  X"  -  — 
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K~i  +  K-: 

2»-.  +  K^~. 


k 

»-l 

y»-i  -  V 

-a 

k 

z._,   -  s 

_= 

-  >s._. 

A 

X  +  X,_, 

a^. 

—  a^^-i 

/ 

n  +  \,-. 

3^ 

Z.  +K^, 

2« 

-^,-, 

i 


In  which  X,  with  its  particular  accent,  denotes  the  tension  of  the 
cord  into  the  difference  of  whose  extreme  co-ordinates  it  is  multi- 
plied. 

Adding  together   the   equations  containing  the  components  of  the 
forces  parallel  to  the  same  axis,  there  will  result 

X'  +  Ji"  +  X'"  +  X'-'     .     ■     .     X  =  0,  ■ 

Y'  +  r-  +  Y'"  +  F"   .   ■   •   y„  ^  0,  ■  ■   ■   (es5) 
Z'  +  Z"  +  Z'"  -^  z^--    -    .    ■    Z'.  =  0,  _ 

from  which  we  infer,  that  the  conditions  of  equilibrium  arc  th« 
same  as  though  the  forces  were  all  applied  to  a  single  point. 

From   group  (680),  we  find  by  transposing,  squaring,  adding  and 
extracting    square  root, 

yz'^  +  z'^  +  z'2  =  v  ^  R 

and  dividing  ea«h  of  the  equations  found  after  transposing  in  group 
(680)  by  this  on;, 

B'^       f        ' 


B' 


V   —  y\ , 
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Treating    the    equations  of    group    (684)    in    tlie     same    way,   we 
have 


r.         J. 

I 

z. 

-'.-, 

K 

I      ' 

whence,  liie  resultants 

of  the  forces  applied 

to  the  extreme  points 

A'  and  A^ ,  act  in  the 

direction  of  the  extreme  cords.     And  from  Equations  (685)  it  appears 

that  the   resultant  of  these  two  resultants  is  equal  and   contrary  to 

that   of  all   tie   forces  applied  to   the   other  points. 


§363, — If  the  extreme  points  be  fixed,  X",  F",  Z'  and  X,,  F„,  Z„, 
will  be  the  components  of  the  resistances  of  these  points  in  the 
directions  of  tte  axes ;  these  resistances  wilJ  be  equal  to  the  ten- 
sions \'  and  X,  of  the  eotds  which  terminate  in  them.  Talcing  the 
sum  of  the  equations  in  groups  (680)  to  (684),  stopping  at  the  point 
whose   co-ordinates  are  »„_„,  y„„,  s„__..,  we  have 


Z'  -|-2Z-)v-,_i-. 


l»- 


(686) 


in  which  2  X,  S  F,  2  2,  denote  the  algebraic  sums  of  the  components 
in  the  directions  of  the  axes  of  the  active  forces;  X._,^,  the  tension 
on  the  side  of  which  the  extreme  co-ordinates  are  ar.,.^,  y^^,  a,^, 
and  a;,_^j,  y„-a_i,  2o-n.-i;   and  l^„  the  length  of  tiiis   side. 


gS67. — Now,    suppose   the 


L  of    t\ie    sides    diminished    and 
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their    numljer    increased    iiidefiiiitelj" ;    the    polygon    will    become    a 
curve;    also,  making  X„,,^j=i,  we   have 


»  being  any  length  of  the  curve ;  and  Eq^uati' 
X'  +  SX  -  t-p  z=0; 
y+  2r-  i-^  =  0; 
Z'  +  SZ  ~  l-~  =0; 


wluLh  will  giie  the  culled  bcus  of  a  rope  or  chim,  fastened  at 
its  ends,  and  ai,ted  upon  bj  any  forces  whatc'ver  as  its  own  veight, 
the  weight  of  other  mitemls,  the  iKsaure  ot  ■nmda,  currents  of 
water,  &,<.,  &.c 

This  arrangement  of  several  points,  connected  bj  means  of  fle\i 
ble  cord^,  and  subjected  to  the  action  of  forces,  is  called  a  Funi- 
cular Machine 

§368. — If  the  only  forcea  acting  be  pressure  from  weights,  we 
have,  by  taking   the  axis  of  a  vertica], 

X"  =  X'"  =  X'  &c.  ^  0 ;     ¥"  =  Y'"  &c.  =  0  ; 
and  from  Equations  (080)  to  (684), 


/ 


■   Xn_, 


L 


whence,  the  tensions  on  all  the  cords,  estimated  in  a  horizontal 
direction,  are  equal  to  one  another.  Moreover,  we  obtain  from  the 
same  equations,  by  division, 

y"  —  y'       y'"  —  y"  y.  —  y^-i. 
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These  ure  the  tangecta  of  the  angles  which  the  projections  of  the 
sides  on  the  plane  xy  make  with  the  asis  a.  The  polygon  is 
therefore   contained  in  a  vertical   plane. 


8369. — If  a  single  rope  or  chain  cable  be  talten,  and  subjected 
only  to  the  action  of  its  own  weight,  it  will  assume  a,  curvilinear 
shape  called  the  Catenary  curve.  It  will  lie  in  a  vertical  plane. 
Take  the  axes  z  and  x  in  this  plane,  and  s  positive  upwards,  then 
wiU 

m    which    W  denotes   the  weight  of  the   cable,  and    Equations  (S87) 
become 


X - 


These  are  the  differential  equations  of  the  curve.  The  origin 
may  be  taken  at  any  point. 
Let  it  be  at  the  bottom  point 
of  the  curve.  The  curve 
being  &t  r^  will  not  be 
disturbed  by  taking  any  one 
of  its  points  fixed  at  pleas- 
ure. Suppose  the  lowest 
point  for  a  moment  to  be- 
come fixed.  As  the  curve 
is  here  horizontal,  Z'  =  0,  § 


369,  and  from  the  second  of  Equatioi 


whence,  the  vertical  component  of  the  tension  at  any  point  as  0  of 
the  curs'e,  is  equal  to  the  weight  of  that  part  of  the  cable  between 
'his  point  and  the  lowest  roint.     The  first  of  Equations  (688)  shows 
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that  the  horizontal  component  of  the  tension  at  0  is  eqaal  to  tha 
tension  at  th^  lowest  pointy  aa  it  shoult!  be,  since  tlie  horizontal 
tensions  are  equal  throughout. 

Tailing  the  unit  of  length  of  the  cable  to  give  a  unit  of  weight, 
which  would  give  the  common  catenary,  we  have  IF  =  s-  and,  de- 
noting   tho   tension  at  the  lowest  point  by  r,  we  have 


and  from  Equatio 


Taking  tbe  j-ositne  sign,  because  s  and  s  infrei^e  together,  n  tc^ 
gixtm;^,  and  fiiidmg  the  constant  ot  integration  such  that  when 
::  —  0,  we  have  s  =  0, 

whence. 

Also,  dividing  tho  first  of  Equations  (68S)  by  Equation  (089), 


and   integrating,  and   taking  the   constant  such  that   <e   and   z  vanish 
together, 

,  =  ,.Iog     '  +  '+/y+^,     .      .      .     („„) 

■which  is  the  equation  of  the  catenary. 

This   equation  may  bo  put    under    another  form.      For  we   may 
write    the  above, 


;  and   squaring, 

,..,"_J„7  (,  +  ,)  =  _ 
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■■  Vi?  +  ^y 


and   by   substitution, 


=  i.-(.j 


§370.-— If  the  length  of  the  portion  of  the  cable  which  gives  a 
unit  of  weight  were  to  vary,  the  variation  might  be  made  such  as 
to  cause  the  area  of  the  cross  section  to  be  proportional  to  the 
tension  at  the  point  where  tbe  section  is  made.  The  general  Equa- 
tions (088)  will  give  the   solution  for   every  possible  case. 


FKICTION 


CORDS   J 


}   CYLIKDEICAL   SOLIDS. 


§1  1— ^^h       a       rd  ixn'    II"  "  ii  1  i   cjl    oer    a  1 

mot    I  on  cat  d    by   apply    g    the  p  we     F     t    tne    enl 

wl  le  a  res  stince  W  acts  at  th  oth  r  a  jie  s  re  s  exerted  by 
the  cord  j  o  tl  e  cyl  de  th  s  prtss  re  j  oduces  f  t  o  a  d  th  s 
ic  as  a  res  ta  ce  To  est  ate  ts  ar  unt  de  ote  the  rid  us 
of  the  ojl  der  by  M  the  arc  of  onfict  by  6  the  te  o  uf  tie 
CO  d   at  anj   po  nt  by  ( 

The  tens  0  i  be  ng  the  ai  e 
tl  oug!  ut  the  length  ds  =  at 
of  the  cord    th  s  eleme  t  w  11  1  e 

pressed  igi  nst   the   cylmd       Ij 

two   to  ees   each  equal  to   t   and 
J  J 1  ed  at    ts  e\t  entesaa    \  I 

the   far  t    act  ng  f  om   a  tow  ard 

ir,  the  second  from  I,  towards  6  , 

Denoting   by   d    the   angle   li  i  f, , 

and    by  p    the   resultant    6  rii    of 

these  forces,  which    is    obviously 

the   pressure  of  ds  against  the   cylinder,  we   have,  Equation  (56), 


:  y/C  +  fi  +  2t 


>sk'  ~  t  V2(l~+  cos fl) ; 


^H^;         (TT-a)^" 
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and  taking   the 


and  hence,  §  355,  the  friction  on  i?  s  will  be 


/■p=/-t- 


H 


The  element  (,  i,  of  the  cord  which  next  succeeds  a  t, ,  will  have 
its  tension  increased  by  this  friction  before  the  latter  can  be  over- 
come ;  this  friction  is  therefore  the  differential  of  the  tension,  being 
the   difference    of  the   tensions  of  two  consecutive  elements ;  whence, 

dividing  by    (  and  integrating, 

logi=/. -l  +  ]ogC, 

i  =  Ct~ (693) 

making  s  t=  0,  we  have  <  =  W  ^=  C\  whence, 

(  =  W-e^; ((>94) 

and   making  s  ~  S  —  at^l^ts,  we  have  t  =  F;  and 

F=W-/^ (695) 

Suppose,  for  example,  the  cord  to  be  wound  around  the  cylinder 
three  times,  and  f-=.\;  then  will 

S  =  3T.2-fi  ~  6.3,141G.JS  =  18,849 i?, 
and 

F  =W  X  e^'^  '^'^"  =W  X  (3,71825)^'^^; 

F=^  TF.  535,3; 
that  is  to   eay,    one  man    at  the   end    W  could   resist  the    eomhincd 
effort   of  535    men,   of  the    same   strength   as  himself,   to   put   the   cord 
in   motion  whan    woimd    thieu    limos    ruiiiid    the    pylindei. 


APl'LiCATIONS. 


§  3"2. — The  inclined   plane   is  used  to  KuppoTt,  in  part,  the  wciglit 
of  a.   body  while   at  rest  or  in   motion  upon  its   surface. 

Suppose    a   body  to   rest  ■with   one  of  its  faces  on  an  inclined  plane 
of  wkich    the    Equation   is 

i       c  +c  +    0  /      0  ) 

1       vl   cl     ;    de  oes     he  d  a  ance   o         e  jla  e   1    ra    h      o 
ord    a    %    &  1  a    b         he    an  la  Itoejla  k 

w  h    he   axes  i    j        resj  ect     Ij 

l)eao  e  tl  e      e  f^h    oi    he  bodj     j    TI      the  po         by  i         e     o 
mal  pi  SBU  e  by    '\      the   ingles   wh  cl     the    j  o\t  ak  a   it  le 

axes   J'  \)'j  a.     ^     y        oape        e!j       ind    he   pa        de       bed  by 

the  po  t  of  appl  ca  o  of  tl  e  es  Itant  I  o  b  5  Th  ak  g 
the  ax  B  ver  al  a  d  po  ve  upward  and  su|  p  s  g  he  io  e  to 
p  od  a         f  o  I  e      a      a  E      t   4   ) 

(i^        «+      .  ).. 

+  (j-cos,^,+/i\^J|)5y 
+  (fcosj-,+/JV^-Tf)5z 
and,    Equation  (ft), 


cosaiJ:);  +  cos65i/  +  C0Bc5s=  n 
Multiplying    this    last    by  X,    adding   and  proceeding   ; 

Fcoaa,  +/iV^  +  XcosB=^  0, 

Pcos/3^+/iV^  +  Xcos6z3  0, 

-Fcosy,  +/7kr^  +  Xcose-H^=.  0; 
and,  Eq.  (331), 


-   I  213, 


^=-^^^<^U^--'- 


Sahfitituting  the  val  le  of  X  hi    Kqualiojis  (c),  tlie    first   two   give  by 
eliminating   N, , 
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am!    Ihe  first  and  third,  by  eliminating  N, 

If   there    bo    no   friction,  then   will  /=  0,   and,   Eq,    {e). 


is) 


'-  +  1^0 


■wl  Eq      (1   )        d    (    )    Ih      p  t    t        nl    d    i 

1  l  tl    t  tl  !u  d  plan  1   t     t!      h 

If       tl     t    d      g    d        f    t   n    ll      1  b       jpl  d   in  a  plane 

filfUi       th    a.bo  e        dt  n    a  d  al 
t            tl        nt        f  g       tj    t!  ulta  t       "^t 

fritnny>  dd  t  th 

pi  nd  J   t  W      t  tl        o- 

liiat     pi  II 


6  =  0 


^  0 


and  denoting  the   inclination  ef  the   plane   to   iho    horizon  by   a,   and 
that  of  the  power  to  the  inclined  plane,  by  ip  ; 


,5(.-.,)=™.,,- 


■which,  in  Eq,  {g),  j 


W(sh 


(696) 


iSip+/slllip 

This  supposes  motion  to  take  place  vp  the  plane ;  if  the  power  f 
be  just  sufficient  to  penult  the  body  to  move  uniformly  down  the 
plane,  then  will  /  change  its  sign,  and  we  shall  hare 


,,^/,i 


(691) 


And   the   power    may  vary  between   the   limits   given   by  these    two 
values  without  moving  the  body. 
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§  373.  If  the  power  be  zero,  or  F  ~  0,  then  will 
sin  a  —  /  coa  a  =  0, 

OP 

tan  a  =/ 

which  is  the  angle  of  fMction,  |  355. 

§  374.— If  the  power  act  parallel  to  the  plane,  then  will  ?  =  0, 

and 

i^=  Tr(sina±/cosa) (698) 

tlie  upper  sign  answering  to  the   case  of  motion   up,  and  the  lower, 

down  the  plane;    the  difference  of  the  two  values  being 

3/ IF  cos  a. 

If  /  =  0,  then   will 

Z  -    ■  -SC. 

j^  -  sin  a  _  ^^  ; 

that  is,  the  power  is  to  the  weight  as  the  height  of  the  plane  is  to 
ita  length;    and  there  will  be  a  gain  of  power. 

§3T5. — If  the  power  be  applied  horizontally,  then  will  9  be  nega- 
tive and  eqiual  to  a,  and  we  have,  by  including  the  motion  in  both 
directions, 

.  ir(.i...±/co..) ^„^ 


cos  a  =pfBina    ' 

the  diiference  of  the 

limiting 

2/.  W 

cos^ 

a-p  sin«  «• 

If  the  friction  be  zero,  or  /  ; 

=  0,  then  will 

F 

BC 

Tilt    1     the   jower  w  11    le    to    the   resistance    a*?    the  heif,ht  of  the 
plane  is  to  its  bi  e     and   there  ina>    be  giin   or  Io=s  of  power 

i;  376 — To  111  d  m  der  whit  angle  the  power  will  act  to   greatest 
al\aitap,e    tiake    th     denom  nator    10    Equati  n    (fa96)   a  misimum, 
F  r  this  purj.  se    ■«  e  ha\  e    by  d  ffereat  at  ng 
—  sm  ip  +  /  u)s  ip  =  0  , 
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tan  !S)  z=  f. 
That  is,  the  angle  should  be  positive,  and  equal  to  that  of  the  fri* 


g  377. — If  the  power  act  parallel  to  any  inclined  surface  to  more 
a  body  up,  the  elementary  quantity  of  work  of  the  power  and  resist- 
ances will  give  the  relation,  Equation  (69S), 

Fds  =  ITrfasinw  +  Wfdscoaa. 
But,   denoting    the    whole    hori- 
zontal distance  passed   over  by 
1=  AC,  and  the  vertical  height 
by  A  =:  £  C,  we  have 

ds  .  sin  a  =  dh, 

ds.cosa  ~  dl; 

whence,  -jubstituting,  and  integrating  ani  supposing,  the  body  to  be 
started  from  rest  .uid  brought  to  rest  aoim  m  wliuh  case  the  work 
of  inertia   will    balance  itself,  we  has  e 

Fs  =  Wh+f.W.l, (700) 

in  wliich  there  is  no  trace  of  the  path  actually  passed  over  by  the 
body.  The  work  is  that  required  to  raise  the  body  through  a  ver- 
tical height  £  C,  and  to  overcome  the  friction  due  to  its  weight  over 
a  horizontal    distance   A  C. 

The  resultant  of  the  weight  and  the  power  must  intersect  Uia 
inclined  plane  within  the  polygon,  formed  by  joining  the  points  of 
contact  of  the  body,  else  the  body  will  roli,  and  not  slide. 


§378.— The  Lever  is  a  solid 
bar  AB,  of  any  form,  supported 
by  a  fixed  point  0,  about  which 
it  may  freely  turn,  called  the  fut- 
erum.  Sometimes  it  is  supported 
upon     trunnions,    and    frequently 
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Upon  a  knife-edge.  Lovers  have 
been  divided  into  three  different 
classes,  called  orders. 

In  levers  of  the  first  order,  the 
pov^er  F  and  resistance  Q  are 
applied  on  opposite  sides  of  the 
fulcrum  0;  in  levers  of  tlie  second 
order,  the  resistance  Q  is  applied 
to  some  point  between  the  ful- 
crum 0  and  the  point  of  appli- 
cation of  the  power  F;  and  in 
the  third  order  of  levers,  tbe 
power  F  is  applied  between  the 
fulcrum.  0  and  point  of  applica- 
tion of  the  resistance  Q. 

The  common  shears  furnishes 
an  example  of  a  pair  of  levers 
of  the  first  order ;  the  nut-cracicers 
of  the  second ;  and  fire-tongs  of 
the  third.  In  all  orders,  the  con- 
ditions   of     equilibrium    are    the 

These  divisions  are  wholly  ar- 
bitrary, being  founded  in  no  dif- 
ference of  principle.  The  relation 
of  the   power   to   the  resistances, 


.  the  i 


1  all. 


Let  AB  ha  &  lever  supported 
upon  a  trunnion  at  0,  and  acted 
upon  by  the  power  P  and  resist- 
ance Q,  applied  Jn  a  plane  per- 
pendicular to  the  axis  of  the  trun- 
nion. Draw  from  the  axis  of  the 
trunnion,  the  lever  arms  0  n  and 
Om,  being  the  perpendicular  dis- 
tances of  the  power  and  resistance 
frorr     the    axis    of    motion,    and 
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Oenote   them   respectively  ty  l,,  and  /,;  also   denote  the   resultant  of 
P  and  Q  by  iV,  the  radius  of  the   trunnion  by  r,  the  co-efficient  of 
friction  by  /,  and  the  are  described  at  the  unit's   distance  from   the 
axis   by  s,. 
Then, 

_Sp  —  I^.ds,;     Sg  —  l^.ds,, 

iii  which  S  is  the  angle  of  inclination  AC B  of  the  power  to  the 
resistance.  Then,  supposing  the  lever  to  have  attained  a  uniform 
motion,  will.  Equations  (645)  and  (661), 

F.l^.ds,  -  Q.l^.ds,  -v'-P'+  Q^  +  UFQcosS-    '"•'^"'--^  =  0.(701) 
V  1  +  /■' 

Omitting  the  common  lactor  rfs, ,  and  making 

VTT7'  '-  ', 

we  have, 


P-^Q-  y'p=+  g3+3_p,2.cosa./'»  =  0. 
Transposing,  squaring,  and  solving,  with  respect  to  P,  we  find. 

If  the  fraction  ii  be  so  small  as  to  justify  the  omission  of  every 
term  into  which  it  enters  as  a  factor,  or  if  the  co-efficient  of  friction 
be  sensibly  zero,  then  would 


■T ("") 


That  is,  the  power  and  the  resistance  are  to  each  other  inversely  as 
the  lengths  of  their  respective  lever  arms. 

If  the  power  or  the  resistance,  or  both,  be  applied  in  a  plane 
oblique  to  the  axis  of  the  trunnion,  each  oblique  action  must  be 
replaced  by  iis  components,  one  of  which  is  perpendicular,  and  the 
other  parallel  to  the  axis  of  the  trunnion.  The  perpendicular  eom- 
1  must  be  treated  as  above.     The  parallel  components  will,  it" 
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the  friction  arising  from  the  resultant  of  the  normal  components  be 
not  too  great,  give  motion  to  the  whole  body  of  the  lever  along  the 
t  mm'  n  and  if  this  be  prevented  by  a  shoulder,  the  friction  upon 
th  1  Ider  becomes  an  additional  resistance,  whose  elementary 
quant  ty  f  work  may  be  computed  by  means  of  Eq.  (65Y)  and  made 
a  oth     t  rm  in  Eciuation  (70I). 


I  370.— This  machine  cunsists  of  a  wheel  mounted  upon 
supported  at  either  end  by  a  trun- 
nion resting  in  a  bos  or  trunnion 
bed.  The  plane  of  the  \\heel  is  at 
right  angles  to  the  arbor ;  the  pow- 
er P  is  applied  to  a  rope  wound 
round  the  wheel,  the  resistance  Ui 
another  rope  wound  in  the  opposite 
direction  about  the  arbor,  and  both 
act  in  planes  at  right  angles  to  the 
axis  of  motion.  Let  us  suppose  the 
arbor  to  be  horizontal  and  the  re- 
sistance Q  to  be  a  weight. 

Make 
If  and  N'  =  pressures  upon  the  trunnion  boxes  at  A  and  B ; 
R  =  radius  of  the  wheel ; 
r  —  radius  of  the  arbor ; 

p  and  p'  =  radii  of  the  tniniiions  at  A  and  £ ; 

/■  =  ~~^- 

s,  =  arc  described    at    unit's  distance 
Then,  the  system  being  retained  by  a  fixed  ax 
PSp  =  PBds^; 
QSq  =  Qrds,. 
The  elementary  work  of  the  friction  will,  Eq. 


from  axis  of  motion 
s,  we  have 


161),  be 
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and    the    elementary   work    of    the    stiffness  of    cordage,    Equation 
(652), 


and  when  the  machine  is  moving  uniformiy, 

The  pressures  JV"  and  N'  arise  from  the  action  of  the  power  P,  the 
weight  of  the  maehine,  and  the  reaction  of  the  resistance  Q,  in- 
creased by  the  stiffness  of  eordage.  To  find  their  yalues,  resolve 
each  of  these  forces  into  two  parallel  components  acting  in  planes 
which  are  perpendicular  to  the  axis  of  the  arbor  at  the  trunnion 
beds ;  then  resolve  each  of  these  components  which  are  oblique  to 
the  components  of  Q  into  two  others,  one  parallel  and  the  other 
perpendicular  to  the  direction  of  Q. 
Make 

IB   =  weight  of  the   wheel    and  axle, 

ff    =  the   distance   of  its   centre   of  gravity  from  A, 

p    =  the  distance  m  A, 

q    ^  the  distance  n  A, 

I    ■=  length,  of  the  arbor  A  B, 

9   =  the  angle  which  the   direction   of  P  makes  with   the   vertical 

or  dircetioii  of   the   resistance    Q. 
Then   the  force  applied  in   the   plane  perpendicular   to   the   tninnioii 
A,  and  acting  parallel  to  the  resistance  Q,  will,  §  95,  be, 

1~<I 


'-+  Q'—r^  +  P- 


and  the  force  applied  in  this  plane  and  acting  at  right  angles  to  the 
direction  of  Q,  will  bo 


The  vertical  force  applied  in  the  plat 
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e.ai  the  hiiriBontal  force  in  this  plane  will  be 

whence, 

j^  =  l  V  H^-i/)+  Q^l-q)+I*(,l~p)>^osJ^^+p^{t-p)T^^ . .  (705) 

^'=i-/I'^.?  +  Q.q  +  F  .p  .cos(ff  +  I>^  .p^  .sm^'^-  .  .(706) 

If  S  and  fl'  be  the  angles  which  the  directions  of  N  and  A'"  make 
with  that  of  the  resistance  Q,  wc  have 

.       F(l-p)      .  .     „       Pp      . 

Equations  (704),  (T05),  and  (706)  are  sufficient  to  determine  the  rela- 
tion between  P  and  Q  to  preserve  the  motion  uniibrm,  or  an  equili- 
brium without  the  aid  of  inertia.  The  values  of  JV  and  2f  being 
substituted  in  Equation  (704),  and  that  equation  solved  with  refer- 
ence to  P,  will  give  the  relation  in  question, 

§  ii80,~If  the  power  P  act  in  the  direction  of  the  resistance  §, 
then  will  cos9  =  l,  sin  ip  =  0,  and  Equation  (V04)  would,  after 
substituting  the  corresponding  values  of  iP"  and  JV,  transposing, 
omitting  the  comnoon  fector  ds^,  and   supposing  p  = 


And    omitting    the    terms    involving    the    friction     and 


that  is,  the  power  is  to  the  resistwice  as  Uie  radius  of  the  arbor 
is  to  that  of  the  wheel ;  which  relation  is  exacUy  the  same  as 
that  of  the  common  lever. 


FIXED   PULLET, 

§381,— TTie   pulley  is   a   small  wheel   having  a  groove  in    its   cir- 
oumtereuoe  for  the  reception   of  a  rope,   to   one  end  of  which   the 
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power  P  is  applied,  and  to  the  other  the  resistance  Q.    The  paUey 
may  tura  either  uptsi  trunniona  or  aoout  an  axle,  supported  in  what 


is  called  a  hloek.  This  is  usually  a  solid  piece  of  wood,  through 
nhieh  is  cut  an  opening  large  enough  to  receive  the  pulley,  and 
allow  it  to  turn  freely  between  its  cheeks.  Sometimes  the  bloqk  is 
a  simple  framework  of  metal.  When  the  block  is  stationary,  the 
pulley  is  said  to  be  fixed.  The  principle  of  this  machine  is  obvi- 
ously the  same  as  that   of  the  wheel  and  axle. 

The  friction  between  the  rope  and  pulley  will  be  sufficient  to 
give  the  latter  motion. 

Making,  in  Equations  (705)  and  (706), 


?  =  2  =^ 


--kh 


N  ■ 


=  iV(«'+  ^  +  Pc< 


^  +  P^  sin^  (p  . 


N' 


■  (T08) 


Making  R  =  r,  and  p  =  p',  in  Equation  (704),  and  substituting 
the  above  values  of  N  and  N',  wo  have,  aftei*  omitting  the  common 
(actor  d  Sy, 


PR- 


-/'pV('^+^+-Pc. 
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Solving  this  equation  with  respect  t  /*  we  hnd  the  lalue  cf 
tlie  latter  in,  terms  of  the  different  soinces.  ui  resi-vtance  But  this 
direct  process  would  be  tedious ;  and  iC  w  II  be  suffia(,nt  in  all 
cases  of  practice  to  employ  an  approMmak  %alue  foi  P  under  the 
radical,  obt^'ned  by  first  neglecting  the  teims  in\(hmg  fnotion  and 
stiffness  of  cordage. 

Thus,  dividing  by  S  and  transposing,  we  find 


Now  /'  ■  -5-    is    usually  a   small  fraction  ;   : 


B 


sumed  for  P  under  the  radical,  will  involve  but  a  triSing  error  in 
■,he  result.  We  may  therefore  write  Q  for  P  in  the  second  mem- 
cier;  and  neglecting  the  weight  of  the  pulley,  which  is  always  in- 
aignificaitt  in   comparison  to  §,  we  have 

P  =  Qi\  +/'■  |v^U+*>"-9)]  +  d,.^^  ;  ..  (710) 
but 

1  +  cos  11  =  2  cos''  J  ip  ; 


P=Q{l  +  2r-^-co^i<p)  +  i 


in  which  ip  denotes  the  angle  A  M  B,  which 
IS  the  supplement  of  the  angle  A  C  B,  and  de- 
noting this  latter  angle  by  fl,  wc  have 


P=e(l+2/'i-sin|l)  +  <;,^*;^y^.    .    (Y12) 


If  the   arc   of    the    pulley,    enveloped    by    the   "ope,    be    180°,   then 
will 


p  =  e(i  +  2/'.i)  +  4.:5;±i« 


(713) 
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jordage  be  so  small  as  to  justify  their 

P=  Q. 

That  is,  tlie  power  must  be  equal  to  the  resistance,  and   the  only 
office  of  the  cord  or  rope  is  to  change  the  direction  of  the  power. 


If  the  friction  and  stifihest 
,  then  will 


MOTAKra    PPIiET. 


I  382.— In  the  fixed  pulley,  the  resultant  action  of  the  power  and 


resistance  is  thrown  upon  the  trunnion  '. 
rope  be  attached  to  a  fixed  hook  A, 
while  the  power  P  is  applied  to  the 
other,  and  the  pulley  is  left  free  to  roll 
along  the  rope,  the  resistance  W  to  be 
overcome  may  be  connected  with  its 
trunnion,  after  the  manner  of  the  figure; 
the  pnliey  is  then  said  to  be  movable, 
and  the  relation  between  the  power  and 
resistance  is  still  given  by  Eq.  (lOi,) 
in  which  the  principal  resistance  be- 
comes N  +  N\  and  the  tension  of  the 
rope  between  the  fixed  point  A,  and  the 
tangential  point  ff,  becomes   Q. 

Making  in  Equation  (lOi),  Ji  =  r,  p  =  ^ 
we  have 

S-+IQ 


V 


PM~ 


.QB-/',W- 
(Ihiding  by  S,  and  transposing 


2Ii 


S 


X  +  iq 


,  «nd)F  =  ir+if'=2i\r, 


CM) 


pis) 


Eliminating  Q  by  means  of  Equation  (708),  and  solving  the  resulting 
equation  with  respect  to  P,  the  value  of  the  power  will  be  known 
in  terms  of  the  resistances.  The  process  may  be  much  abridged  by 
limiting  the  solution  .to  an  approximation,  which  will  be  found  sufii- 
clent  in  practice. 
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Neglecting  the  weight  of  the  pulley,  which  is  always  insignificant 
in  comparison  with  P  or  Q,  and  making  Q  =  P,  which  would  be  the 
case  if  we  negleoE  friction   and   stiffness  of  cordage,  Equation    (708), 


ir=  Lr=ie-j/2(l  +  cos^); 


1  + 


i  ip  :=  2  cos2  ^  (p  =  2  s' 


W 


n^a' 


1  (T15),  gives 


'(^f.^f-i)^'- 


3  tin  i  I 


2Ji 


('") 


The   quantity   of   work    is  found  hy   multiplying    hoth  members  hy 
RSi,  in  which  «,  is  the  arc  described  at  the  unit's  distance. 

If  the   arc   enveloped  by  the  rope   be  180°,  then  will  ^6  =  90", 
sin  ^  5  =  1,  and 

If  the  friction  and  stiffness  of   cordage    be  neglected,   then   will, 
Equation  {115), 

IT  =  2  -P  sin  ^  fl, 
and  multiplying  by  S, 

JiW=  P  .'iP.smiS; 
but 

2Rs\ai6  =  AS; 
whence, 

R.  W^  P  .  AS; 


that  is,  the  power  ig  to  ike  resistance  as 
radius  of  the  pulley  is  to  the  chord  of  (he 
enveloped  by  the  rope. 


the 
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§  sua, — The   jUu^f  is    a    colleclii-ii    of   pulkys    in    two    separate 
lilockt.  or  I'raiiies.      One  of  these  blocks  is  attiehed  to  a  fixed  point 
A,  by  which    all    of  its    pulleys,  become  fued, 
nhile  the  other  block  is  attached  tu  the  re-^iit- 
jinee    W,   and    its    pulleys    thereby  marie  mov-  '       "Tp    ~ 

able.     A  rope  is  attached  at  one  end  t<i  a  hook  J  i 

It  at  the  extremity  of  the  fixed  block,  and  is 
passed  around  one  of  the  movable  pulleys, 
then  about  one  of  the  fixed  pulleys,  and  so  on, 
in  order,  till  the  rope  is  made  to  act  upon  eai-h 
pulley  of  the  combination.  The  power  P  is 
applied  to  the  other  end  of  the  rope,  and  thu 
pulleys  are  so  proportioned  that  the  parts  of 
the  rope  between  them,  when  stretched,  are 
parallel.  Now,  suppose  the  power  P  to  main- 
tain in  unifctrrn  motion  the  point  of  applica- 
tion of  the  resistance  H^j  denote  the  tension 
of  the  rope  between  the  hook  of  the  fixed 
block  and  the  point  where  it  comes  in  con- 
tact with  the  first  movable  pulley  by  /, ;  the 
radius  of  this  pulley  by  ^;  that  of  iti  eye 
by  r,;    the  co-efficient  of   friction  on   the   axle  '        '''''["' 

by  /;  the  constant  and  co^ffici'-nt  of  the  stiff- 
ness of  cordage  by  IC  and  /,  as  before ;  then,  denoting  the  tension  of 
the  rope    between  the  last  point  of   contact  with    tiie  first  movable, 
and  first  point  of  contact  with  the  first  fixed  pulley,  by  t,,  the  quan- 
tity of  work  of  the  tension  (j  will.  Equation  (653),  be 


V 


■,  B, «,  =  (,  If,  .'i  +  <!,  '■ 


,  Ji'+It, 


;  +  f  (f,  +  J.)  T 


dividing  by  .! 
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Aga  o  denjtmg  the  ten',  on  of  that  pirt  of  tlie  rope  whii-li  passes 
fiom  tha  fust  fixed  t)  the  Becond  movable  pulley  by  t^,  the  radius 
tif  the  hist  fited  puUcj  hy  M  ,  and  th^t  of  it^  eye  by  i-j,  we  shall, 
m  like  ininnLr    lia^e 


And   denoting   the   tensions,    in   order,   by  ;,  and  t.,,  tills   last  being 
eqaal  to  P,  wo  shall  have 


2^ 
PB,  =  t,Ji,  +  d,^^piJi,+f'(U  +  r)r,.     .     (721) 


BO  that  we  finally  arrive  at  the  power  P,  through  the  tensions  which 
are  as  yet  unknown.  The  parts  of  the  rope  being  parallel,  and  the 
resistance  W  being  supported  by  their,  tensions,  the  latter  may  ob- 
viously be  regarded  as  equal  in  intensity  "to  the  components  of  W; 
hence, 

t,  +  t,+  i,  +  U^W;      .     .     .     .     .      (722) 

which,  with  the  preceding,  gives  us  five  eq^uations  for  the  determi- 
nation of  the  four  tensions  and  power  J*.  This  would  involve  a 
tedious  process  of  elimination,  which  may  be  avoided  by  contenting 
ourselves  with  an  approximation  which  is  found,  in  practice,  to  be 
sufficiently  accurate. 

If  the  friction   and  stiffness   be  supposed   zero,    for   the  moment, 
Equations  (718)  to  (721)  become 

i,  R,  =z  l,R^, 

((  B,  =  ^  ^ , 

PR,  =  (,P,; 

from  which   it  is  apparent,  dividing   out   the  radii    iS, ,  ^,  i?,,  iufi' 
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that    (j  =  'j,    (j  =  (j,.  (j  =  (j,    P  =  ti)   and   heace,  Equation    (7221 
becomes 

4  i,  =  IF; 
whence, 

•'-^■- 

the  denominator  4  being  the  whole  number  of  pulleys,   movable  and 
fixed.     Had  there  been  n  pulleys,  then  would 


With   this  approximate   value    of  ^i,   we   r    o  t    to   E3;uat  n     (  1  ) 

to    (721),    and    find  the  values   of  h,  t^,  h    &         Add  all   t!     e 

tensions   together,    we  shall    find  their   sum   t     b     ^    at  tl         W, 

and  hence  we   infer   each   of    them    to   be   t       1              If  v 

suppose   the   true    tensions   to   be    proportional    t     th        j  t   f      d, 

and  whose  sum   ia    TF,  >  W,   we   may   find   th     t         t  n  e- 

sponding  to   any  erroneous  tension,  as    i, ,  bj   tl      f  11       n  \     \  r- 

tion,  viz. : 

W 
W,:    W  :■.,,:  ^^  ,,; 

or,  which  is  the  same  thing,  multiply  each  of  the   tensions  found  by 

W 
the   constant  ratio  -^i  the  product  will   be   the   true   tensions,  very 

nearly.      The  value  of  (4  thus   foimd,  substituted  in   Equation  (721), 
will   give  that  of  P. 

Example. — Let  the  radii  ^1 ,  R^,  R^  and  R^ ,  be  respectively 
0,26,  0,39,  0,52,  0,65  feet ;  the  radii  ?-,  =  r,  =  r^  =  n  of  the 
eyes  t=  0,06  feet ;  the  diameter  of  the  rope,  which  is  white  and 
dry,  0,79  inches,  of  which  the  constant  and  co-efficient  of  rigidity 
are,  respectively,  E  =  1,6097  and  J=  0,0319501;  and  suppose  the 
pulley  of  brass,  and  its  axle  of  wrought  iron,  of  which  the  co-efficient 
/  =  0,09,  and   the   resistance   W  a  weight  of  2400  pounds. 

Without  friction   and  stiffiiess  of  cordage, 
2400 


:  600. 


Hosted  byGoogle 


APPLICATIONS. 
Dividing  Equation  ('TIS)  by  H,,  it  becomes,  since  d^  —  1, 


Substituting  the  yaluo  of  H, ,  and  the  above  value  of  (i ,  and  regard, 
ing  in  the  last  term  i,  as  equal  to  t^,  which  we  may  do,  because 
of  the   small  co-efficient  -^ft  we  find 


^ 


600 

1,6097  +  0,0319501  X  600  | 
2  X  (0,26)       ""~ 

F  ^  X  0,09  X  (600  +  600) 


Again,  dividing   Equation    (719)    by  B^,  and    substituting   this  value 
of  L  and  that  of  J2,,  we  find 


Dividing  Equation  ("liO)  by  li^,  and  substituting  this  value  <f  l^, 
well  as   that  oi  li^,  there  will   result 


(,  =  709,82; 

hence. 

'       600       ■ 

W  =  1,  +  ;,+  (.+  ;,  = 

+  628,39 
+  673,59 

[  +  709,82 

^            ^'"'          0  919- 
F-,  -   2611,80  -"''™' 

yhich  will  give  for  the  true  values  of 

I,  =  0,919  X  60 

9       =  551,4 

(a  =  0,919  X  638,39  =^  577,490 

(j  =  0,919  X  673,59  :^  619,029 

U  =  0,919  X  709,82  =  652,324 

2400,243 
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The  above  value  for  C,  ^  <i52,324,  in  Equation  (T21),  will  give,  after 
dividing  by  ^j,  and  substituting  its  numerical  value, 

f       652,324 

1,6097  +  0,03195  x  652,324 


ind  making  iti  the  last  factor  P  t=  t,  =  652,324,  we  find 
P  =  652,324  +  17'270  +  lo'831  =  680,425. 

Thus,  without  friction  or  stiffness  of  cordage,  the  intensity  of  P  would 
be  600  lbs. ;  with  both  of  these  causes  of  resistance,  which  cannot  be 
avoided  ia  practice,  it  becomes  680,425  lbs.,  making  a  difference  of 
80,425  lbs,,  or  nearly  onc-scventh ;  and  as  the  quantity  of  work  of 
the  power  is  proportional  to  its  inteii=ity,  we  see  that  to  overcome 
friction  and  stiffness  of  rope,  in  the  example  before  us,  the  motor 
must  expend  nearly  a  seventh  more  work  Ih^n  if  these  sources  of 
reMstance  did  not  exist. 


§  384. — The  wedge  i^  usually 
ting,  (-plitting,  or  separating.  It 
of  an  acute  right  triangular  prism  ABC. 
The  acute  dihedral  angle  A  Ob  is  called 
the  edffe;  the  opposite  planu  face  Ab 
the  back;  and  the  planes  Ac  and  (7i, 
which  terminate  in  the  edge,  the  faces. 
The  moie  common  applicatiou  of  the 
wedge  consists  in  driving  it,  by  a  Mow 
upon  its  back,  into  any  substance  which 
we  wish  to  split  or  divide  into  parts,  in 
such  manner  that  after  each  advance  it 
shall  be  supported  against  the  faces  of 
the    opining    till    the    work,    is    aui'omplished. 


iployed    in   the  operation  of  cut- 
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;   opening  ahh^s. 


I  S85. — The  blow  Ijy  which  the  wedge  is  driven  forward  will  be 
supposed  perpendicular  to  its  hack,  for  if  it  were  oblique,  it  would 
only  tend  to  impart  a  rotary  motion,  and  give  rise  to  complications 
which  it  would  Le  unprofitable  to  consider:  and  to  make  the  case 
conform  still  further  to  practice,  we  will  suppose  the  wedge  to  be 
isosceles. 

The  wedge  A  C B  being  inserted  in  t 
tact  with  its  jaws  at  a  and  h,  we  know 
that  the  resistance  of  the  latter  will 
be  perpendicular  to  the  faces  of  the 
wedge.  Through  the  points  a  and  6 
draw  the  lines  aq  and  hp  normal  to 
the  faces  A  G  and  B  C ;  from  their 
point  of  intersection  0  lay  off  the 
distances  Oq  and  Op  equal,  respec- 
tively, to  the  resistamea  at  a  ind  6 
Denote  the  first  by  Q,  and  the  second 
by  P.  Completing  the  pii  tllelogrim 
Ogmp,  0  m  ■will  repiesent  the  re 
sultant  of  the  resistances  §  and  F 
Denote  this  resultant  bj  M',  and  tbe 
angle  A  CB  of  the  wed^i.  bj  i  which, 
in  the  quadnlatual  aOht\  will  be 
equal  to  the  supplement  of  the  angle  a 
by  the  directions  of  Q  and  P. 


'b  —  pOq,  the  angle  m 
From    the  parallelogram  cf  for 


B'^:=P^+  Q''  +  2P  QwspOq  =  P^-\-  Q^-2P  Qc:>iS; 


:  y'P'+  q-^~2P  q  c 


ifl. 


The  resistance  Q  will  produce  a  friction  on  the  face  A  C  equal 
lo/Q,  and  the  resistance  P  will  produce  on  the  face  ^  C  the  fric- 
tion /  P :  these  act  in  the  directions  of  the  faces  of  the  wedge. 
Prodnoe  them  till  they  meet  in  0,  and  lay  off  the  distances  Oq'  and 
Cp'  to    represent   their   intensities,    and    complete    the  parallelogram 
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Cq'  0' p' ;   CO'  will  represent  the  resultant  of  the  frictions,     P^note 
this  by  R",  and  we  have,  from  the  parallelogram  of  forces, 

R'^  ^P  Q^+P  F^  +  2P-PQ  cos  6; 


I'he  wedge  being  isosceles,  the  resistances  P  and  Q  will  be  equal, 
their  directions  being  normal  to  the  fa«es  will  intersect  on  the  line 
CD,  which  bisects  the  angle  C  ■=  S,  and  their  resultant  will  coin- 
cide with  this  line.  In  like  nnanner  the  frictions  will  be  equal,  and 
their  resultant  will  coincide  with  the  same  line.  Making  Q  and  P 
equal,  we  have,  from  the  above  equations, 

R'  ^     P  V2(l  -  eusT), 


R"  ^  fP  ya  (1  +  cosfl). 
But, 

1  +  cos  a  ^  2  eos=  \  &  ; 
whence  we  obtain,  by  substituting  and  reducing, 
R'   =2  P.  sin  i  S, 
R"  =  2/.  P.  cos  J  fl; 


AC 

n      OD 


Denote  by  F  the  intensity  of  the  blow  on   the   back  of  the  wedge. 
If  this  blow  be  just   sufScient  to  produce  an  equilibrium  bordering 


Hosted  byGoogle 


APP 

LIGATIONS. 

46S 

on   motioii 

forward,  call 

it  i 

";    the   friction 

will  oppose 

it, 

and  we 

must  have 

F' 

=  -B'  +  B" 

=  P- 

4^-^/- 

CD 
'    A  C' 

.     (123) 

If,  on  the  contrary,  tHe  blow  he  just  suffieicnt  to  prever.t  the  wedgo 
from  flying  back,  call  it  F" ;  the  friction  will  aid  it,  and  we  must 
laave, 

The  wedge  will  not  move  under  the  action  of  any  force  whose  inten- 
sity is  between  F'  and  F",  Any  force  less  than  F",  will  allow  it 
to  fly  hack  ;  any  force  greater  than  F',  will  drive  it  forward.  Tlio 
range  through  which  the  force  may  vary  without  producing  motion, 
is  obviously, 

F'^F"  =  4,fP--^ (MB) 

which  becomes  greater  and  greater,  in  proportion  as  Ci>  and  A  G 
become  more  nearly  equal ;  \hat  is  to  say,  in  proportion  as  the 
wedges  becomes  more  and  more  acute. 

The  ordinary  mode  of  employing  the  wedge  requires  that  it  shall 
retain  of  itself  whatever  position  it  may  be  driven  to.  This  makes 
it  necessary  that  F"  should  be  zero  or  negative,  Eq.  ('24),  whence 

^JL   „  ,-^-°  ^of,  p,  g-»  . 


--'i/-p-- 


or,  omitting  the  common  factors  and  dividing  both  members  of  the 
eq[uation  and  inequality  by  2  Ci>, 

CD      ■''  CD^^' 

but  ^-^  -  is  the  tangent  of  the  angle  A  C  D ;  hence  we  conclude, 
that  the  wedge  will  retain  its  place  when  its  semi-angle  does  not 
exceed  that  whose  tangent  is  the  co-efficient  of  friction  between  the 
Burfece  of  the  wedge  and  the  surface  of  the  opening  which  it  v\ 
intended  to  enlarge. 
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EeaumiDg  Eq.  {I2i),  and  supposing  the  last  term  of  the  second 
member  greater  than  the  first  tei-m,  F"  becomes  negative,  and  will 
represent  the  mteosity  of  tho  force  necessary  to  withdraw  the  wedge ; 
which  wiil  obviously  bo  the  greatest  possible  when  A  B  I'i  the  least 
possible.  Thif  explains  why  it  is  that  naila  retain  viith  such  pert! 
nacity  their  places  when  driven  into  wood,  &c. 


TilE   SOSEW. 


al  p  (ver       a  dev  ce  by 
a  e    o  ippl    d   as   t     p  o- 
nl   regulanty  of 

■    n    i     of  a  t  o 


^JSG— Tie  S  ei     regarded  a    i    ne  la 

1  h  th  J  ncples  of  the  i  1  ed  pla  e  a  e  ■ 
d  e  ondrHepesuiwh  srreit  tead  ne' 
nut  o 

To  fo  n    a      dea    f  tl  e  fig        of  a  sc  e  v  a  c 
coiice  ve  a  r  ^ht  cyl    d  r   a  A         1        cuJar    ba  e 
other  plane  fij,ure  abcn    hav    gone    f  ta  s  de 
ab   c      cdet        ha  suri    e  ele    ent     vh  le    ts 
ph  e  pass  s   thro  oh     he  ax  s     t  th     cjlnder 
Next    8  pp    e   the   plane     t   the  gene  4tr  t   to 

otjte  forn  ly  about  the  iv  s  anJ  the  j,e  e 
at  X  tself  to  move  al  o  u  fo  mlj  n  the  d  rec 
t  on  ot  that  ]  e  and  let  th  &  tw  fold  mot  on 
of  rotat  on  and  of  translat  on  be  so  regulated 
that  one  ent  re  revolut  on  of  the  pla  e  the 
genorati  x    shall    progress  the   d  rect  on  ot 

the  axs  oier  a  d  ta  ce  greite  tlan  the  de  oi  vh  h  s  the 
su  tjc  of  tl  e  cy]  nder  Tl  e  gener  t  x  11  tl  s  g  ner  te  a  p  o 
J  gal  wind  g  s  Id  called  a  Jtlkt  leav  ng  betvee  ts  tu  ns 
ago         allel    the   clan  el       E»ch    po  nt    as  n   tie   jerneer 

of  the  generatr x  11  ge  erate  a  cur  e  ailed  a  1  Ix  and  t  s 
ob  ou  f  om  what  has  been  sa  d  that  e  e  y  hel  x  v  U  enjoy  tl  s 
prope  tj  v  z  ay  e  of  ts  po  nts  as  m  be  ng  taken  as  an  or  g  n 
of  ref  re  c  as  well  for  the  o  r  e  t  elf  as  t  r  ts  proje  ton  on  a 
plane  through  t!  s  po  nt  and  at  r  ^ht  angles  t  the  ax  the  d  stinccs 
d  m    d   Tl       &.C    of  tl  e  sever  1   po  nts  of  the  hel  x  firo  n   th  a  pla  e 
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a           p    h    ly   p    p    t 

d   t      th 

ul 

fs       d     md      Sz 

into  wh  h  til    po  t 

m        & 

f  th     h  lix    b  t\          th 

g         d  th        1      t 

p   J    t  d 

Th     sold     jl    d 

b    t     h  h     1 

hll  t                  d           ^11  d 

tl            i     f  th 

th     d  t 

b  t            th 

t        t            f  th        m 

hi         t      td 

tl 

d       t          t  Ih 

il  d   tl      III       t 

I 

Th     fill  t           It 

t  d   bj    th 

t 

t        t       i,l           1 

f    t       d                d 

t      th     I 

d 

th   d  sc         w  a  b 

g         IV           d 

th     m  d 

f 

t           W       h  11      d  p 

t     Th          faces    f  th 

fiilt   whih 

g 

t  d  by   th          1      1 

fee       f   th     t       gl 

h        d 

P     f 

fit         mb        f 

11            U     f      h  h    h 

th 

t 

J     th       h    th      h  1 

th  m    1                 t  d^ 

t  d  t        f 

th 

d  1          dff       t 

It          t     th  t  1 

Th          It          t  tl 

dft      t  hi 

t 

th               t  th           w 

It  h        d   th     gh    t. 

:h  d    to    h  1 

Id  p    ee   £      f  m  t  I 


11  d 


Tl 


f         f     1      1  1     th       1    th 
t         f        h  d  w  th  d 

fill  t    t   th     aam      h  p         d 
as    th       1         I     f   th  w 

th  t  th        f  w       f  tl  w      d 

t         b       ht     t  t 

tact 

From  this  arrangement  it  is 
obvious  that  when  the  Rufc  is  sta 
tiojiarj ,  and  i  rotirj  motion  is 
communieited  to  the  *!ercw,  the 
Utter  will  ino\e  m  the  direction 
of  its  a\is ,  also,  when  the  scrc 
turned,   the  nut   must  also   mo%e  i 


is   stationary   and   the   nut    is 
the  direclioit  of  the  axis.     In 
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1 


1 


1  r 


^(]        jbghad  qui  hh        1  1        i  any 

f  \  p  f  an  1  w  11         y        h        1       i 

p  al  d  tan         he    am       f   1  1         1     la  mova- 

Hadh  nj-Th  taQ       a^pl  d       h      to 

h     1   aJ    f    h  w  o     h     nu     d  p  ndn     up  11  he 

all       Inn  lea  a         nhd  n   DO     f 

ha  Th     p  w      P   s  appl  edah       xny  ab       GH 

contedhh  wn  d  p  h 


1  h  f    1 

1  d        p  f    h 

y  h  d     h       q  a 
1      J     J  talv      h    a 

d     h  1   I  n  h     g 

t  =  any    definite   poition    C  C 

of  an  assumed  helii  , 
E  =  the   angle    YA  t,    thiough 
which    tho    rotating    plan? 
has  turned  during  the  geni: 
ration  of  s , 
r  =  the   distance    CD    ol    this 

helit  from  tho  a\i->  ; , 
a,  =  the  angle  whii,h  this  hcli\ 
makesi  with  the  pliae  ay, 
g  =  tho  angle  GBD  -fthich  the 
generatrix  of  the  helicoidal 
surface    makes     with     the 


1  1 

hill  I 

hi  f    h     n 

n     h     pi        y        Make 


/S\ 


y  =:  the  co-ordinate  AB  cif  the 
point  m  ■which  tho  gtnera- 
tri\,  in  its  initial   position,  intersects   the  i 
Then,  foi    anj  point  as  G  of  the  generatrix 


I  its  initial  position, 


z=^AD^AB-^BD^y  +  r  .  cotan  g 
ind  for  any  subsequent  position,  as  €'  B', 

Z  =^  y  -{■  ]■ .  cotan  ?  -\-  r  .tp  .  Uin  a,  - 
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which   is   the  equation    sought,  and  in  which    a.   and   r  are    ■ionstant 
for   the   same  helix,  and  variahle  from  one  helix  to  another 

The  power   P  acts  in   a   direction    perpendicular    to   the   axis  of 
the  newel.     Denote   by  I  its  lever  arm ;  its  virtual   moment  will  be 

Pld^. 

Tlie   resistatice    Q   sets    in   the   direction    of  the   asis  of  the   newel; 
its   virtual   moment  will   be 


llie  friction  acts  in  the  direction  of  the  helicoidal  surface  and  parril- 
iel  to  the  helices.  Conceive  it  to  be  concentrated  upon  a  mean 
helix,  of  which  the  distance  from  the  newel  axis  is  r,  mid  length  s : 
denote  tlie  normal  pressure  by  2^,  and  co-efficient  of  friction  by  /. 
The  virtual  moment  of  fi'iction  will  be 

f.N.d,; 

and  Equation  {64S), 

Pld!^  ~  qdz -f.N.ds  =  G (727) 

Bitt  the  displacement  must  satisfy  Equation  (726),  or,  as  in  §213, 
!!ie  condition, 

Z  =  s  —  r.?,tan«  —  r.  cotan  €  —  7  =:  0 ;       .     (728) 
and  also, 

r  =  constant (729) 

Differentiating,  we  have, 

ds  —  cotan  ^  .  dr  ~  r  tan  a  dp  7=  d^ 
df  ^  0. 

Multiplying  tlie  first  hy  X,  the  second  by  X',  adding  to  Equation 
(727),  and  eliminating  d  s  \iy  the  relation 

ds  =  r  .d<f  .  ccisa  ■\-  ds  .6'ma (730) 

we  find, 
{Pl-f.N..,o^a.r-\lsxi..r]d^^{\-Q-f.N.^.)d,+{\'->.<:<A8a^)d; 
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aad,  from  the  principle  of  indeterminate  co-efficients, 

Pt  -/.^.mna.r  -X.tnna.r  ~Q;     .     .     (731) 

<2+/iV.siii«-X  =  ft; (732) 

X' —  X  cotaii  e  =  0 (732)' 

The   variaT>les  d z,  dr,  s.-nird%  are    rectangular;    whence,   Equation 
(331), 

^- V(^)'+  C^)'^  (^)'=xv■-^ ..■■-. -^co..■.K. 

Substituting  this  in  Equations  (731)  and  (732),  and  eliminating  X, 
there  will  result 


^  1  —  / .   sin  a  .  yT+Tan^  a  +  cotan^  § 

Substituting    the    value    of  X   from    Equation    (732),  in    Equation 
(732)',  we  find, 

V  =  « ^1==  ;   .     (784) 

1   -  /.  sin  a  yT  +  tan«  a  +  cotan*  S 

in  which  X'  is,  §  217,  the  value    of  the    force    acting    in    the  directioa 
of  r. 

1 387. — If  the  fillet   be    rectangular,  S  —  90°,  cotan  5  =  0,  and 
'  1  -  /  .  sin  o  .  yr+  tan^  a 

y  =  0. 

§  388.— If  wc  neglect  the  friction,  /  =  0  ;  and 
PI  ^   g  .  r  .  tan  a, 
miiltipljing  both  members  hy  2  ir, 

P  .H'^l  =  Q  .2^r  .tana (736) 

That   is,  tke  power  is  lo  the  resistance  as    tlie  helical  interval  is   to 
the  circumferenee  descried  by  the  end  of  the  lever  arm  of  the  power. 
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1 389. — Any    roaohitie  used    for    raising    liquids    from 
to  a  higher,  in  which  the  agency  of  atmospheric  pressure  is 
is  called  a  Pump.      There  are  various    kinds  of  pumps ;    the    mora 
common  are  the  mucking,  forcing,  and  lifting  pumps. 

§  390.— The  SucMng-Pump  consists  of  a  cylindrical  body  or  barrel 
i?,  from  the  lower  end  of  whidi  a  tube  D,  called  the  sucking-pipe, 
descends  into  the  water  contained  in  a  reservoir  or  well.  In  the 
interior  of  tlie  barrel  is  a  movable  pisKm  C,  surrounded  with  leather 
to  make  it  wat«r-tight,  yet  ca- 
pable of  raoving  up  and  down 
freely.  The  piston  is  perforated 
in  the  direction  of  the  bore  of 
the  barrel,  and  Jiie  orifice  is 
covered  by  a  valve  JF  called 
the  pieton-valve,  which  op^s  up- 
ward ;  a  similar  valve  E,  called 
the  sUe-ping-eahx,  at  ilie  bottom 
of  the  barrel,  covers  the  upper 
end  of  tie  suck  lag-pipe.  Above 
the  highest  point  ever  occupied 
by  the  piston,  a  discharge-pipe 
P  is  inserted  into  the  barrel ; 
the  piston  is  worked  by  means 
of  a  lever  S,  or  other  contriv- 
ance, attached   to  tte  piston-rod 

G.  ■  The  distance  A  A\  between  the  highest  aad  lowest  poiats  of  th« 
piston,  is  called  the  play.  To  explain  the  action  of  this  pump,  let 
the  piston  be  at  its  lowest  point  A,  the  valves  S  and  F  closed  by 
their  own  wei^t,  and  the  air  within  the  pump  of  the  same  daisity 
eind  elastic  force  as  that  on  the  exterior.  "Hic  water  of  the  reservoir 
will  stand  at  the  same  level  L  L  both  within  and  wifiiout  tJi« 
sudting-pipe.  Now  suppose  the  piston  raised  to  its  highest  point  A^, 
the   air   contained   in  the   baircl    and    sucking-pipe   wiJt   lend   by  its 
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elastic  force  to  occupy  Iho  space  v/hicii  the  piston  leaves  void,  the 
valve  ^  will,  therefore,  be  forced  open,  and  air  will  pass  from  the 
pipe  to  the  harrel,  its  elasticity  diminishing  in  proportion  as  it  filla 
a  larger  space.  It  1*111,  therefore,  exert  a  less  pressure  on  the 
water  below  it  in  the  sucking-pipe  than  the  tsterior  air  does  on  that 
ill  the  reservoir,  and  the  excess  of  pressure  on  the  part  of  the 
exterior  air,  will  force  the  water  up  the  pipe  till  the  weight  of  the 
suspended  column,  increased  by  the  elastic  force  of  the  internal  air, 
becomes  equal  to  the  pressure  of  the  exterior  air.  When  this  takes 
place,  the  valve  E  will  close  of  its  own  weight ;  and  if  the  piston 
be  depressed,  the  air  contained  between  it  and  this  valve,  having 
its  density  augmented  as  the  piston  i«  lowered,  will  at  length  have 
its  elasticity  greater  than  that  of  the  exterior  air ;  this  excess  of 
elasticity  wiil  force  open  the  valve  F,  and  air  enough  will  escape 
to  reduce  what  is  left  to  the  same  density  as  that  of  the  oxtprior 
air.  The  valve  F  will  then  fall  of  its  own  weight ,  and  if  the 
piston  be  again  elevated,  the  water  will  rise  still  biglier,  for  the 
same  reason  as  before.  This  operation  of  raising  and  di-presbing 
the  piston  being  repeated  a  few  times,  the  water  will  at  length  entej 
the  barrel,  through  the  valve  F,  and  be  delivered  from  the  dis- 
tharge-pipe  P.  The  valves  F  and  F,  closing  after  the  water  has 
passed  them,  the  latter  is  prevented  from  returning,  &n&  a  cylinder 
of  water  equal  to  that  through  which  tlte  piston  is  raised,  will,  at 
each  upward  motion,  he  forced  out,  proiide3  the  discharge-pipe  is 
large  enough.  Ai  tfce  ascent  of  the  water  to  the  piston  is  pro- 
duced by  the  difference  of  pressure  of  Iho  inttrual  and  external  air, 
it  is  pUin  that  the  lowest  point  to  which  the  piston  may  reach, 
should  never  have  a  greater  altitude  above  the  water  in  the  reser- 
voir than  that  of  the  column  of  ihis  fluid  ivhioh  the  atmoapherio 
pressure   may   support,  in   vacuo,   at   the   plaic. 

§391. — It  will  readily  appear  that  the  rise  of  water,  during 
each  ascent  of  the  piston  after  the  first,  depends  wpon  the  expulsion 
of  air  through  the  piston-valve  in  its  previous  descent.  But  air  can 
only  issue  through  this  valve  when  the  air  below  it  has  a  greater 
denaty   and   iherefove  greater   elasticity   thai:   the   external   air ;  auid 
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,   for   want   of  sufficient, 

,  the  water  must   cease 

I  have  no  other  effect  than 


mmt 


if  the    piituu    may    nnt    de'.ffnd    low    ciiou; 

play,  to  produce   this  degree  of  oompres«i< 

to  rise,  and  the  worlting  of  the  piston  ear 

alternately  to   compress    and  dilate    the    same 

air    between   it   and    the  surface  of  the  water. 

To  ascertain,  therefore,  the  relation  whiiih  the 
play  of  the  piston  should  bear  to  the  other 
dimensions,  in  order  to  make  the  pump  effec- 
tive, suppose  the  water  to  have  reached  a  Nta- 
tionary  level  X,  at  some  one  ascent  of  the 
piston  to  its  highest  point  A',  and  that,  in  its 
subsequent  descent,  the  piston-valve  wOl  not 
open,  but  the  air  below  it  will  be  compresspd 
only  to  the  same  density  with  the  external  air 
when  the  piston  reaches  its  lowest  point  A. 
The   piston    may  be  worked    up  and  down   in-  "^^^^^=? 

definitely,   within    these    limits    fur    the    play,  "=i^^=^ 

without  moving  the  water.      ]>enote   the  play 

of  the  piston  by  a;  the  greatest  height  to  which  tlie  piston  may  be 
raised  above  the  level  of  the  water  in  the  reservoir,  by  b,  which  may 
also  be  regarded  as  the  altitude  of  the  discharge  pipe ;  the  elevation 
of  the  point  "X,  at  which  the  water  stops,  above  the  water  in  the 
reservoir,  by  x ;  the  cross-section  of  the  interior  of  the  barrel  by  B. 
The  volume  of  the  air  between  the  level  X  and  A  will  be 


the   volume  of  this   s 
viijed  the  water   does 


B  X  {h  -  X  ~  a); 
tie   air,  when   the  pisto 


raised  to  A',  pro- 


Represent  by  A  the  greatest  height  to  -Hhich  water  may  be  supported 
in  vacuo  at  the  place.  The  weight  of  the  column  of  water  which 
the  elastic  force  of  the  air,  when  occupying  the  space  between  the 
limits  X  and  A,  will  support  in  a  tube,  with  a  bore  equal  to  that 
of  the  barrel    is   ineasure'i    by 


Bh.g.  D; 
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in  which  D  is  the  density  of  the  water,  and  g  the  fcrce  of  gravity. 
The  weight  of  the  columa  which  the  elastic  force  of  th.'a  saine  air 
■will    support,  when    expanded  between   tlie   limits  X  and  A',  will  be 

Bh'.g.D; 
in  which  h'  denotes   the  height  of  this  new  colunan.     But,  fr^m  Ma- 
riotte's  law,  we  have 

B{h  ~  z-  a)  :  B[h  -  x)  ::  B  k' g  J)  ■  Bhgl); 
whence, 

j-  =  i.iziiL:i_» 


But  there  is  an  equilibrium  between  the  pressure  of  the  exteraai 
air  and  that  of  the  rarefied  air  between  the  limits  X  and  A',  when 
the  latter  is  increased  by  the  weight  of  the  column  of  water  whoso 
altitude  is  .1.     Whence,  omitting  the  common  factors  B,  J)  and  g, 

X  +  h'  ^  t  +  h-      ~  ^  — -  =  h; 

or,  clearing   the  fraction  and   solving   the    eiiuatjon  in   reference  to  :e, 
we  find 


X  =  ^b  d=  i  -^/b^  ~  iah. (73Y) 

When  X  has  a  jeil  ^iluc  the  water  will  cease  to  rise,  but  x 
will  be  real  as  long  as  b  is  greiter  th^n  'iah.  If,  on  the  con- 
trary, iak  11  greater  than  6",  the  value  of  J  will  be  imaginary,  and 
the  water  cannot  cease  t)  use  and  the  pump  will  always  be  effective 
when   its  dimi.n'.iyns   satisfy  this  crnditinn    mz    — 

4akyb\ 


«> 


Ah' 


that  is  to  say,  the  play  of  the  ^/ii(0H  imat  be  greater  than  the  square 
of  the  allltvde  of  lite  tipper  limit  of  the  play  of  the  jm/oa  above 
the  surface  of  the  water  in  the  reservoir,  divided  by  fonr  ihnt»  the 
height  to  which  the  atmospheric  pressure  at  the  plaee,  where  the  pump 
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M  used,  mil  support  water  ir 
by  means  of  the  barometer 
of  the  barometer  at  the  pla 
feet,  by  13J,  this   being   the 


This 


|ht  is  easily  found 
,  We  have  but  to  notice  the  altitude 
ce,  aad  multiply  ils  column,  reduced  to 
specific  gravity  of  mercury    referred   to 


standard,  and   the   product  will   give   the  ^ 


:  of  4    i 


Example. — Required  the  least  play  of  the  piston  in  a  sucking- 
pump  intended  to  raise  water  through  a  height  of  13  feet,  at  a 
place  where  the  barometer  stands   at  28   inches. 


;  13,     and     b^  i 


169. 


Barometer, 


—  —  2,333  feet. 


Play 


--  1,341  +  ; 


k  ^  2,333  X  13,5  ^  31,5  feet. 
h~    _        160 
'  "  'Ta  ^  4  X  ai-J  ' 

that   is,  the  play  of  the   pi»ton   must  b&  greater   than 
third  of  a  fjot. 

§802. — The  quantity  of  work  performed  by 
the  motor  during  the  delivery  of  water  through 
the  discharge-pipe,  is  easUy  computed.  Sup- 
pose the  piston  to  have  any  position,  as  M, 
and  to  be  moving  upward,  the  water  being 
at  the  level  ZL  in  the  reservoir,  and  at  P 
in  the  pump.  The  pressure  upon  the  upppr 
surisuse  of  the  piston  will  be  equal  to  the 
entire  atmospheric  pressure  denoted  by  A, 
increased  by  the  weight  of  the  column  of 
water  MP',  whose  height  is  c',  and  whose 
base  is  thi,  arta,  B  of  the  piston;  that  is,  the 
pressure   upon    the   top  of  the  piston  will  be 

A  +  Bc'gD, 
in  which  ff  and  D  a-'e  the  force  of  gi-avity  and  density 
respectively.       Again,    the    pressure    upon    the     under    s 
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pistun  ts  ejuil  to  thf  atmospheiic  pressure  A,  transmitted  through 
the  water  jn  the  restivoir  and  up  tho  suspended  colunin,  dimmished 
bj  the  weight  of  the  column  ot  water  ^M  below  the  piston,  and 
of  which  the  bi«e  la  S  ind  altitude  c ;  that  is,  the  pressure  from 
bebw  vsiU   hi. 


and   the   difference  of  these  pressures  will   be 

A  +  B  c'  ff  J>  -  {A  -  B  eg  D)  =  BgD{c  +  c') ; 
but,  employing  the   notation   of  the    sucking-pump  just   described, 

<r  +  c'  =  6 ; 
whence,  the  foregoing   expression   becomes 

Bh.g.D; 
which  is  obviously  the  weight  of  a  column  of  the  fluid  whose  base 
is  the  area  of  the  piston  and  altitude  the  height  of  the  discharge-pipe 
above  the  level  of  the  water  in  the  reservoir.  And  adding  to  this 
the  effort  necessary  to  overcome  the  friction  of  the  parts  of  the  pump 
when  in  motion,  denoted  by  9,  we  shall  have  the  resistance  which  the 
force  F,  applied  to  the  piston-rod,  must  overcome  to  produce  any 
useful  effect ;  that  is, 

F  ^  BbgD  -\-  if. 
Denote  the  play  of  the  piston  by  p,  and  the  number  of  its  double 
strokes,  from   tho  beginniug  of  the  flow  through  the   discharge-pipe 
till  any  quantity  Q  is  delivered,  by  n  ;  the  quantity  of  worlc  will,  by 
omitting  the  effort  necessary  to  depress  the  piston,  be 

Fnp^npiBh.gD  +  ^] ; 
or  estimating  the  volume  in  cubic  feet,  iu  which  case  p  and  i  must 
be  expressed  in  linear  feet  and  B  in  square  feet,  and  substituting  for 
g  D  '\\s  value  62,5  pounds,  we  finally  have  for  the  quantity  of  work 
necessary  to  deliver  a  number  of  cubic  feet  of  water  Q  =  Bnp, 

jPn;)  =  ny  [62,5.-06  + -p];      ....     (^38) 
in   which   ip   must  be  expressed   in   pounds,  and    may  be  determined 
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■  computed  by  the 


either  by  experiment  i 
rules  already  given. 

It  is  apparent  that  tte  action  of  the  sucking-pump  must  be  very 
irregular,  and  that  it  is  only  during  the  ascent  of  the  piston  that  it 
produces  any  useful  effect ;  during  the  descent  of  the  piston,  the  force 
is  scarcely  exerted  at  all,  not  more  than  is  necessary  to  overcome 
the  friction. 

§393, — The  ZifCiriff-Pump  docs  not  differ  much  from /the  sucking- 
pump  just  described,  except  that  the  barrel  and  sleeping-valve  JiJ  aee 
placed  at  the  bottom  of  the  pipe,  and  some  distance  below  the  sur- 
face of  the  water  i  i  in  the  reservoir  ;  the 
piston    may    or    may    not    be    below     this 
same  surface  when  at  the  lowest  point  of 
its  play.      The   piston    and    sleeping-valves 
open  upward.     Supposing  the  piston  at  its 
lowest  point,  it  will,  when  raised,  lift  the 
column   of  water   above   it,  and   the  pres- 
sure of  the  external  air,  together  with  the 
heaJ  of  fluid  in  the  reservoir   above    the 
level  of  the  sleeping-valve,  will  force  the 
latter  ojien ;  the  water  will   flow   into  the  '  '  ~ ,        -J 

barrel  and  follow   the  piston.      "Whfn   the  ■         '        " 

pistoii  reaches  the  upper  limit  of  its  pluy,  -'""""►-- 

the   sleeping- valve  will    close   and   prevent  '  -~_  -=  "" 

The   return  of   the   water    above  it.      The 

pistoii  being  depressed,  its.  valves  ^  will  open  and  the  water  will 
flow  through  them  till  the  piston  reaches  its  lowest  point.  The 
same  operation  being  repeated  a  few  times,  a  column  of  water  will 
be  lifted  to  the  mouth  of  the  discharge-pipe  J",  after  which  every 
elevation  of  the  piston  will  deliver  a  volume  of  the  fluid  equal  to 
that  of  a  cylinder  whose  base  is  the  area  of  the  piston  und  whose 
altitude  is  equal  to  its  play. 

As  the  water  on  the  same  level  within  lind  without  the  pump 
will  be  ill  equilibrio,  it  is  plain  that  the  resistance  to  he  overcome 
by  the  power  will  b*  the  friction  of  the  rubbing  surfaoe*?  of  the  pump, 
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augmented  by  the  weight  of  a  oolumn  of  fluiil  \shose  base  is  the  area 
ot  the  piston,  and  altitude  the  difference  of  level  between  the  '.urface 
of  the  watei  m  the  resenoii  and  the  di '■charge pipe  Ht,iiGc  the 
quantity  of  work  is  estimated  by  the  same  rule,  Ei{uation  (738)  If 
we  omifc  for  a  moment  the  conaideratiun  of  friction,  and  tike  but  a 
single  elevation  of  the  piston  aftei  the  watei  has  leached  the  dis- 
chiigLpipe,  n  will   equal   out,  ip  will   bt   zero,  and  that  eq^uation  re- 


birt  ( 


Fp  -  02,5  Jip  X  h; 
i  the  quantity  of  fluid   discharged   at    each   double 


stroke  of  the  piston,  and  6  being  the  elevation  of  the  discharge-pipe 
above  the  water  in  the  reservoir,  we  see  that  the  work  will  be  the 
same  as  though  that  amount  of  fluid  had  actually  been  lifted  through 
this  vertical  height,  which,  indeed,  is  the  useful  effect  of  the  pump 
for  every  double  stroke. 

§  394.— The  Fordng-Pump 
is  a  further  modification  of 
the  simple  sucking-pump.  The 
barrel  B  and  sleeping- valve 
E  are  placed  upon  the  top 
of  the  sucking-pipe  M.  The 
piston  F  is  without  per- 
foration and  valve,  and  the 
water,  after  being  forced  into 
the  barrel  by  the  atmospheric 
pressure  without,  as  in  the  suck- 
ing-pump, is  driven  by  the  de- 
pression of  the  piston  through 
a  lateral  pipe  H  into  an  air- 
vessel  N",  at  the  bottom  of 
which  is  a  second  sleeping-valve 
E',  opening,  like  the  first,  up. 
ward.  Through  the  top  of  the 
air-vessel  a  discharge-pipe  K 
passes,  air-tight,  nearly  to    the 
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bottom.  The  water,  when  forced  into  the  alr-ies^el  hy  the  ile- 
scent  of  the  piston,  rbes  dbove  the  lower  end  uf  this  pipi-, 
confines  and  compresses  the  air,  which,  reacting  hy  its  elas- 
ticity, forces  the  water  up  the  pipe,  while  the  valve  U'  is  clo-.eil  by 
its  own  weight  and  the  pressure  from  above,  as  ioon  as  the  piston 
reaches  the  lower  limit  of  its  play.  A  few  strokes  of  tho  piston  will, 
in  general,  he  sufficient  to  raise  water  in  the  pipe  A'  to  any  desired 
height,  the  only  limit  being  that  deter  mined  l>j  tbi  power  at  com- 
mand and  the  strength  of  the  pump. 

1 395. — During  the  ascent  of  the  piston,  tho  valve  ^  is  closed 
and  J?  is  open  ;  the  pressure  upon  the  upper  surface  of  the  piston 
is  that  everted  by  the  entire  atmosphere ;  the  pressure  upon  the 
lower  surface  is  that  of  the  entire  atmosphere  transmitted  from  the 
surface  of  the  reservoir  through  the  fluid  up  the  pump,  diminished 
by  tho  weight  of  the  column  of  water  whose  baie  is  the  area  of 
the  piston  and  altitude  the  height  of  the  piston  aijove  the  surface 
of  the  water  in  the  reservoir ;  hence,  the  resistance  to  be  overcome 
by  the  power  will  be  the  difference  of  these  pressures,  which  is 
obviously  the  weight  of  this  column  of  water.  Denote  the  area 
of  the  piston  by  £,  its  height  above  the  water  of  the  reservoir  at 
one  instant  by  y,  and  the  weight  of  a  unit  of  -volume  of  the  fluid 
by  w,  then  will  the  resistance  to  he  overcome  at  this  point  of  the 
ascent  be 

and   the  elementary  quantity  of  work  will  bo 

w.  B.'jdy; 
and  the  whole  work   during    the   ascent  will    be 

wJ!£'',jd,j  =  ,.B.?^  {,■-,,); 

in  which  y'  and  y,  are  the  distances  of  the  upper  and  lower  limits 
of  the  play  of  the   piston  from   the  water  in   the  reservoir. 

But  B  .{y'  —  ?/,)  is  the  volume  of  the  barrel  within  the  limits 
of  the  play  of  the  piston,  and  \  (y'  +  y,)  is  the  height  of  its  centre 
of  gravity  above   the  level  of  the  fluid   in   the  reservoir. 
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Denoting  the   play  by  p,  and  making    — - — '-  ^  2',  we   have  foi 
the  qr.antitj  of  work    dui'ing  the   ascent, 
w.Ji.p.z'. 

During  the  descent  of  the  piston,  the.  valve  £  is  closed,  and  ^ 
open,  and  as  the  columns  of  the  fluid  in  the  barrel  and  discharge- 
pipe,  below  tie  horizontal  plaoe  of  the  lower  surface  of  tte  piston, 
will  maintain  each  other  in  equiiibrio,  the  resistance  to  be  over- 
come by  the  power  will  be  the  weight  of  a  column  of  fluid  whoso 
base  is  the  area  of  the  piston  and  altitjide  the  difference  of  level 
between  the  piston  and  point  of  delivery  P ;  and  denoting  by  ?. 
the  distance  of  the  central  point  of  the  play  below  the  point  F, 
we   shall    find,  by  exactly  the   same   process, 


for  the  quantity  of  work  of  the  motov  during  the  descent  oft  the 
piston ;  and  hence  the  quantity  of  work  during  an  entire  double 
sti-oke  will  be    the  sum  of  these,  or 

■.«?(.'  +  .,). 

Bat  2'  +  £,  is  the  height  of  the  point  of  delivery  P  above  the 
surface  of  the  water  in  the  reservoir;  denoting  this,  as  before,  by 
i,  we   have 

viJlpb- 
and   calling  the  number  of  double  strokes  n,  and   the  whole  quantity 
of  work  Q,  we   finally    have 

Q  =  nwBpb. (139) 

It   v.e    n  ike   *    ^  1    i  =  2        wh   h  w  11  ^ne   .    ^  —    the 

quantitv  tf  work  duiing  the  iscent  w  11  be  equal  to  that  d  rmg 
the  descent  ind  thu9  in  the  firemgpnmp  the  work  mij  be  equalized 
and  the  motion  made  \\\  some  degree  regular  In  the  lift  ng  and 
sucking  pumps  the  nritor  has.  during  the  istent  of  the  piston  to 
o\erctme  th<^  WBi{,ht  of  the  entie  v,olumn  whjse  ba  e  is  equ^l  to 
the  iiei  (t   tht,  piston   and   alt  tudt.   the   difftience  of  level  betweeu 
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rvoir  and  point  of  delivery,  and  being  wholly 
dcseont,  when  the  bad  is  thrown  upon  the 
j    box,    iho    work    becomes   variiible,    and    the 


I  ^SC  — The  Siphon   is   a  hcnt  tube  of   un  iiual   hranthe*    open   i 

both  endi    dai   is   used   to  Duvey  a   liquid 

fiom  a  highei  to  d  lowci   level,  over  an  in 

teimedLate    point    highti     th\n    either       Its 

paiallel   bianchis  being  in   a   vtiticti   plane 

and  plunged    lut)  two  liquids    whose   uppei 

hUitjLes    are    lit   L  M  and    L   M',    the    fluid 

will    stand    it   the  siine  leid     bcth    withm 
\ii  \Mlhour  each  bnnch  ot  the   tube  when 

a  VLUt   01     smill   opuin  ^     la    nide    it    0 
If    the  BiJ    be   withdiiwn   ftom    tin,   siphon 
thiou^h  this  \eiit,  the  water  wiU  rise  m  the 
bianehes   by  the  ■itnaospheriL    pies>!ure    wtthiut     a 
columna  umtQ  and  the  vent  is  dosed,  the  liquil  \ 
resenoii  A  to  A',  a*  bng  as  the  love!  L'  \{ 
End  of  thi,  shoiter  bnnch  of  the  siphon   is  bel 
liquid  in   the  reaeiVJK   A 

The  atmi -.j-heuc  frt,ssuibs  upon  the  surfaoes  i  ^f  and  Jj  M, 
tend  tc  force  tht,  liqid  up  the  two  bianches  of  the  tube  When 
the  siphon  is  iiikd  with  the  liquid,  enh  tf  these  pressurts  is  coun 
teracted  in  pirfc  by  the  presbuie  of  the  fluid  Lolumu  in  tlie  brinch 
of  the  sifhon  that  dips  intj  the  fluid  upon  which  the  pressure  i^ 
e\erted  The  atmospheric  pressures  are  ■verj  nearly  iIil  same  foi  a 
diflLifHKe  of  levei  of  several  feet,  by  reason  of  the  slight  density 
of  iir  The  piessuiesof  the  suspended  columns  of  watci  will,  for  the 
samL  diffi-rcQce  of  level,  diftcr  considerably,  in  consequence  of  the 
greater  density  of  the  liquid.  The  atroospheric  pressure  opposed 
t"  the  weight  of  the  longer  column  will  therefore  be  more  counter- 
acted  than    tliat  opposed   to  the  weight  of   ihe  shorter,  thus  leaving 


I  flow  from  the 
3  below  L  M,  and  the 
iw  the  suifact   of  the 
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an  excess  of  i^tls  ire  U  the  tiiJ  tt  thp  ahortcr  Inn  h  whieh  will 
produce  the  motion  Thus  Ji,notf  1 J  ji  the  mtcnsitj  of  the  at- 
mospheric pressure  upon  a  surface  a  equal  to  that  of  a  cross-aeetion 
of  the  tuho,  by  k  the  difference  of  level  tetween  the  surface  Z  3f 
and  the  bend  0 ,  hy  k  the  difference  ot  level  between  the  same 
pomt  0  and  the  level  L'  M;  by  D  the  density  of  the  liquid; 
and  by   g   the   force  of  gravity :    then  will  the  pressure,  which  tends 

to    force   the   fluid  up    the   branch   which  dips  below    L  M,  be 
A  —  ahl)g; 

and    that   which    tends    ti,   force   the   Huid   up    the  branch   immersed 

in   the   other   reservoir,  be 

A  -  ah'Dg; 

and  subtracting  the  first  from  the  second,  we  find 

for  the  intensity  of  the  force  which  urges  the  fluid  within  the 
siphon,  from  the  upper  to   the   lower   reservoir. 

Denote  by  /  the  length  of  the  siphon  from  one  level  to  the 
other.  This  will  be  the  distance  over  which  the  above  force  will 
be  instantly  transmitted,  and  the  quantity  of  its  work  will  be 
measured  by 

al)g{h'  -h)l. 

The  mass  moved  will  be  the  fluid  in  the  siphon  which  is  measured 
by  alD;  and  if  we  denct*  the  velocity  by  F,  we  shall  have,  for  the 
living  force  of  the  moving  mass, 

alD.  K-2; 


aDg{k'  -k)l^  ^— ; 

and, 

V  =  -v/2?(V  -h); 
from  which   it  appears,  that    tJie   velocity   with   which    the    liquid  will 
Jlovi  Ihrovgh  the  siphon,  is  equal  to  the  square  root   of  twice  the  force 
of //ravil'j,  into    the   difference  of  level   of   the  fluid  in   the   two  reser- 
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"W  hen  tl  e   flu  d  the  reser  c 

J  11   cease    &    ce     n  that  ca  e. 


comes  to  the  same  level, 


§  9  — lie  sphn  ij  be  employed  to  great  advantage  t« 
Iri  ca  ih  pond  n  arshes  tnd  the  like.  For  this  purpose,  it  may 
be  naile  fle\  hie  hy  co  struct  ng  t 
of  leatl  e  well  saturated  w  tb 
^  ca  e  1  ke  the  com  no  hose  ind 
1  r  shed  w  th  ter  al  hoops  to 
p      e  t    ta     ollap     g  ly  the  jres- 

r  of  the  e\t«r  al  a  r  It  s 
tl  on  to  the  ater  to  be  dra  ed 
nd  filled  when  the  nds  be  ng 
pi  gged  up     t        I  la  «d  1  rof,    tl  e 

1  dge  r  bank  o\er  vl  cl  tie  ater  s  to  be  conveyed,  the  plugi 
a  e  tl  e  re  oved  the  flow  v  U  take  place  and  thus  the  atmos 
f  here  11  be  made  1 1  rally  t  press  the  water  ircm  one  basia  ti 
another,  over  an  intermediate  ridge. 

It  is  obvious  that  the  diflerence  of  level  between  the  bottom  of 
the  basin  to  he  drained  and  the  highest  point  0,  over  which  the 
water  is  to  be  conveyed,  should  never  exceed  the  height  to  which 
water  may  be  supported  in  vacuo  by  the  atmospheric  pressure  at 
the  place. 


I  398 — All  expinds  md  tends  tj  difi'u'je  itself  m  all  diiections 
when  the  aurroundmg  piessuie  is  lessened  Bj  mean?  cl  this  pro 
pcrty,  it  maj  be  rarefied  and  brought  to  almost  any  degree  of  terni 
jty.  Thia  is  accomplished  by  in  instrument  called  the  Air  Pump  oi 
JixlMustmg  Syringe  It  w:ll  be  best  understoad  by  dt'icribing  one 
of  the  simplest  kind       It  consists,  essentially,  of 

1st  A  Receiver  R,  or  chamber  from  which  the  exterior  aii  is  ex 
eluded,  that  the  air  witlun  may  be  rarefied  This  is.  cjmmonly  a 
bell-shaped  glass  vessel,  with  gicund  edge,  o\er  which  a  small  quaa 
tity  of  grease  is  smeared,  that  lu  air  maj   pass  thiough  any  remaiiy- - 
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;  back  and  forth  in  the  harrel  by 
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ing  inequalities  on  its  surface,  and  a  ground  glass  plate  m  n  imbedded 
m  a  metallic  table,  on  which  it  stands. 

2d.  A  Barrel  £, 
or  chamber  into 
which    the    air    in 

expand    itsdf      It 

is  a  hollow    i.yhR 

der    of    metal    or 

glass,        tonnected 

with    the    re-cener 

It  by  the  commii 

nication  ofy      An 

air-tight  piston  P  is  made  to 

means  of  the  handle  a. 

3d.  A  Siop-eock  h,  by  means  of  whioh  the  communication  between 
the  barrel  and  reeeiver  is  established  or  cut  off  at  pleasure.  This 
cock  is  a  conical  piece  of  metal  fitting  air-tight  into  an  aperture 
just  at  the  lower  end  of  the  barrel,  and  is  pierced  in  two  directions ; 
one  of  the  perforations  runs  transversely  through,  as  shown  in  the 
first  figure,  and  when  in  this  position  the  communication  between 
the  barrel  and  re- 
lished ;  the  second 
perforation  pas&es 
in  the  direction  of 
the  axis  from  the 
smaller  end,  and 
as     it     approaches 

the  first,  inclines  sideways,  and  runs  out  at  right  angles  to  it,  as 
indicated  in  the  second  figure.  In  this  position  of  the  cock,  the 
communication  between  the  receiver  and  barn-l  is  cut  off",  whilst 
that  with  the  external  air  is  opened. 

Now,  suppose  the  piston  at  the  bottom  of  the  barrel,  and  the 
communication  between  the  barrel  and  the  receiver  established; 
draw  the  piston  tack,  the  air   in   the   receiver  will    rush   out   in  the 
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direction  indicated  by  tlie  arrow-head,  tlirougii  liie  communication 
o/^,  info  the  vacant  space  within  the  barrel.  The  air  which  now 
oi-eupies  both  the  barrel  and  reueiver  is  less  dense  than  when  it  occu- 
pied the  receiver  alone.  Turn  the  cock  a  quarter  round,  the  com- 
munication between  the  receiver  and  barrel  is  rut  off,  and  that  be- 
tween the  latter  and  the  open  air  is  estabhahed;  push  the  piston  to 
tlip  bottom  of  the  barrel  again,  the  air  within  the  bairel  will  be 
iklivorcd  into  the  external  air.  Turn  the  cock  a  quarter  back,  the 
cQiuinunicatJon  between  the  barrel  and  receiver  is  restored;  and 
the  same  operation  as  before  being  repeated,  a  certain  quantity  of 
aJr  will  be  b-ansferred  from  the  receiver  to  the  exterior  apace  at 
^■a.ch  double  stroke  of  the  piston. 

To  find  the  degree  of  exhaustion  after  any  number  of  double 
strokes  of  the  piston,  denote  by  D  the  density  of  the  air  in  tho  re-> 
ceiver  before  the  operation  begins,  being  the  same  as  that  of  tlio 
external  air ;  by  r  the  capacity  of  the  receiver,  by  b  that  of  the  bar- 
rel, and  by  p  that  of  tho  pipe.  At  the  beginning  of  the  operation, 
the  piston  is  at  the  bottom  of  the  barreJ,  and  the  internal  air  ooou 
pies  tho  receiver  and  pipe;  when  the  piston  is  withdrawn  to  the 
opposite  end  of  the  barrel,  this  same  air  expands  and  occupies  the 
tHceiver,  pipe,  and  barrel;  and  as  tlie  density  of  the  same  body  is 
inversely  proportional  to  the  sp.ice  it  occupies,  we  shall  Jia^  e 

r  +p  Ar  b  i  ^  p     :  :     D     :     x ; 

in  whii-h  j:  denotes  the  density  .if  tlip  ail  after  the  pisfn  is  drawn 
back  the  first  time.      Evom  this  proportion,  we  find 

r  +  p  +  b- 

The  cock  being  turned  a  quarter  round,  the   piston   pushed  back   to 

the  bottom   of  the   barrei,  and   the  cock    again  turned   to    open  the- 

eommunication  with  the  receiver,  the  operation  is  repeated  upon  tho 

wr  whose  density  is  «,  and  we  have 

'•  +  ?         .     /. 
r^-p+b- 

in  which  x'  is  the  density  aft.er  the  second  backward  motion  -of  the 
piston,  or  after  the  second  double  stroke;    and   we  find 


r  +  p  +  b     :     r  +  p 
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—  C-^^)^ 


1  denote  the  number  of  double   strokes   of    the   piston,  and 
irrespondiDg  density  of  the  remaining  air,  then  'will 


=  ^(r 


:)■• 


I'rom  which  it  is  obvious,  that  1th  u^l  tl  e  J 
become  less  and  less  at  every  d  1  le  st  ok 
reduced  to  nothing,  hovirever  great  n  nij  1  e 
air  cannot  be  wholly  removed  fron  the  re  e 
The  exhaustion  will  go  on  rap  dly  n  p  opo 
iaige  as  compared  with  the 
strokes,  the  rarefaction  wil' 


f   the  I 


wU 


stj 

yet  t  can  nevei  1 1 
a  other  vords  thf 
er  by  th  a  pu  p 
on  as  th  barrel 
ver  and  p  pe  and  after  a  f  v  loubli 
auffie  ent  f  r   all   jra  t   al  pu  pos  s 


Suppose,  for  example,  the  reee  v 
pipe  1,  and  the  barrel  10;  th 


'  to  contau 
II 


n  ts  of  volun  e  th? 


T  +  p  -^  b       30       ^  ' 
and    suppose  4   double   strokes  of  the  piston;   then  will  n  —  4,  and 

(;^-T-s)"  =  «''  =  51  =  «•""■  ""'>-• 

that  is,  after  4  double  strokes,  the  density  of  the  remaining  air  will 
bo  but  about  two  tenths  of  the  ori^n.il  density.  With  the  best 
machines,  the  air  may   be  rarefied  from   four  to   six  hundred  time'^. 

The  degree  of  rarefaction  is  indicated  in  a  very 
simple  manner  by  what  are  called  gauges.  These 
not  only  indicate  the  condition  of  the  air  in  the 
receiver,  but  also  warn  the  operator  of  any  leakage 
that  may  take  place  either  at  the  edge  of  the  receiver 
or  in  the  joints  of  the  insti-ument.  The  mode  in 
which  the  gauge  acta,  will  be  readily  understood  from 
the  discussion  of  the  barometer ;  it  will  be  suffi- 
cient here  simply  to  indicate  its  cpnstruction.  In  its 
moi'a  perfect  form,  it  consists  of  a  glass  tube,  ahout  fiO  inches  long, 
bent  in  the  middle  till  the  straight  portions  are  parallel  to  each 
other;  one  end  is  closed,  and  the  branch  terminating  in  this  end  is 


&« 
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hllei  w  th  merour>  A  stilt,  ot  eq^ual  [jrtsi  is  ^.laL^J  b  tweeii  the 
branches,  having  its  zero  at  a  point  midway  Irom  the  top  to  the 
bottom,  the  nunibers  of  the  scale  mcr  .asin^  m  both  directions  It 
IS  placed  so  that  the  brandies  of  the  tubt,  shall  be  ^eitieal,  witJi 
Its  ends  upwaid  and  inclosed  in  ia  in\erttd  gliss  vess  I  which 
oommunieales  with  the  receiver  of  the  air  pump 

Rtpeated  tttempts  ha*e  been  midt,  to  bring  tha  air  pump  to 
still  higher  degrees  of  petfeetion  aiii-^  ita  fii^t  m\eiition  Sell  acting 
viUes,  opening  ind  shutting  by  the  elastic  fjrci  ot  the  air  bavt- 
been  used  instead  of  cocks  Two  barrels  have  been  empIo}ed  m 
stead  of  one,  so  that  an  uninterrupted  and  moip  rapid  rarefaction 
of  the  air  la  brought  about  the  piston  in  i  nt:  bariel  bpiii^  mide 
to  abcend  while  that  of  (he  other  dt.'icends      The  mist  stiious  deiett 


was  that  by  which  a  portion  of  th«  air  w**.  retamtd  between  tho 
piston  atid  the  bottom  of  the  binei  T^is  mtervtnina  space  ia  filled 
with  air    of    the  ordinary   i3na<iity    at    tach  distent   ot    the    piston.; 
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when  the  cock  is  turned  ^nil  the  comniunn,«ioii  reestablished  with 
the  Jccener,  this  ar  forces  its  way  m  and  diminishes  the  raretao 
tion  already  attained  If  the  air  in  the  receiver  is  so  far  rarefied, 
that  one  stroke  cf  tho  [.istoa  wi!!  only  riise  huch  i  quantity  as 
equals  the  an  contained  in  this  space  it  is  plam  that  no  further 
exhiustion  c^n  be  effected  by  continuing  to  pump  Thib  limit  to 
rarefaction  will  be  airned  at  the  sooner,  in  propoition  as  the 
space  below  the  pistcn  is  lai^er,  and  one  chief  point  in  the  im- 
provements has  been  to  dimmish  this  space  as  much  as  possible 
AB  IS  a  highlj  pflished  cjlmdei  cf  glass  wh  ch  sencs  is  the  bar 
rel  of  the  pump ,  within  it  the  p  stjn  ■norLs  perfectly  an  tight  The 
piston  ecnsists  of  washers  of  leather  aoakecE  m  oil,  or  of  cork 
coveied  with  a  leather  ctp  and  ted  togethei  alout  the  lowei  end 
C  ot  the  i-istonrcd  by  metns  of  two  paialld  mi'til  plates  The 
pistonrod  Cb  winch  is  toothed  is  elevated  and  depressed  bj  means 
of  a  cig  wheel  turned  by  the  handle  ff  It  a  thin  film  of  oil  be 
poured  uj  jn  the  njper  surfaci,  of  the  piston  the  fiicton  will  be 
lessened  and  the  whole  will  be  rendered  niort,  airtight  To  dim  i  ish 
to  the  utmost  the  space  between  the  bjtt>m  of  the  barrel  and  the 
jiitoui  d  the  fiim  of  a  truncUed  ccne  is  given  to  the  latter  so 
that  its  extreiiiitj  maj  be  brought  as  nenrlj  tt.  possible  into  abso 
lute  contact  with  tho  cocl.  H,  this  space  is  therefire  rtndL.red  indefi 
Bitely  small  the  cozing  of  tho  oil  dcwn  the  barrel  contributing  still 
furthei  to  leswn  it  The  exchange  cock  1,  his  the  double  bore 
•vliBftdy  described  and  is  turned  by  a  short  le\  r  t->  which  ijiofion 
la  COT imunieated  bj  a  rod  cd  Tho  communiciticn  Q H  v,  cimcd 
to  the  two  jlatgs  /and  K  on  one  or  both  of  which  receivers  may 
be  f  Heed  ,  the  tfto  cocks  jV  and  0  below  these  phtes  servo  to  cat 
o8  the  raiefied  ir  within  the  recei\cis  when  it  is  desired  to  leave 
them  fjr  anj  length  ot  time  The  ocfc  0  is  tlso  an  cichange-oock, 
ao  as  to  admit  the  evtemal  an  into  the  receivers 

Pumps  thus  Lonstructed  hav e  idvantages  o\ cr  such  is  w oik 
with  ■\ahes  n  that  they  laat  ljnf,er  exhaust  better,  and  nn\  ba 
employed  as  condensers  w  hen  suitable  recen  ers  are  provided  by 
meiely  reversing  the  opentions  of  the  e\ohmge  valve  during  the 
motion  of  the  piston, 
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THE  TENACITiES  01   DIFFEEESI  SU^TANCES,  AND  THE  EESBTANCES 
"WHICH  THEY  OPPOSE  TO  DIKECT  COMPEESSION.— See  S28B. 


"— ■■—- 

III 

il 

11 

Wrouebt-iron,  in  wire  from  1-SOth  i 

6o  to  91 

36  to  43 

3o 

l3 

Sii 

as 

tw 

6  t0  9i 
60 

1 

16 

3 

4-5th 
IS 

lame 
Telford 

Bruntl 
Mitis 

Brown 
Barlow 

Mitis 
Renuie 

Mitia 
%       e 
C     to 

Eeniiio 

Tredgold 
Gujton 

38   to  41 
37   to  iS 
si   to  65 

5i 
46 

73 
3i 

EcnniB 

iinvire,l-10thofanincli-     -     ■ 

intara,  EuBSian  (mean)  ■     ■     ■ 

English  (mean)   •     -     - 

hammered 

rolled  in  sheets,  and  oat  lengti-  ( 

ditto,  out  eroaswiso   -     ■    • 

ic  cliaina,  oval  lints  6  in.  eloar, 

iron  U  in.  diamotor  .    .     .     .' 

ditto,  Brmiton's,  with  stay  across 

link 

CiBt  Iron,  qoitiity  No.  1      ■     ■     •      ■ 

3*   '.'■'.'■ 

(last  and  HItcd 

blistered  and  hammered  ■     ■      ■ 

Damasons 

ditto,  once  refined   .... 
ditto,  twice  refined  -     .     ■     ■ 

PlaUaum  wire 

Silver,  oast 

Brass,  jellow  (line) 

Giin  metal  (hard) 

Tin,  cast 

Lead,  cast 

milled  sheet 

wire 

Hosiodb,  Google 
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.„B.T.»C«    r„,.K,«E„T.„   ™, 

H 

if 

ll 

m 

z% 

cla 

Vt 

Stone,  elate  (Welsh)      -     .      .     - 

, 

5,7 

iiarbieiwhiW).     . 

1,4 

Ecnnia 

GiviT        .... 
Portland-     ■      ■      . 

\ 

1,6 

Cr^gleith  freestone 

Brsmley  Fall  saudaton 

air 

Cornish- granite      ■ 
Peterlicad  ditto      ■ 

LimeBinna  (aompact  b 

^) 

Purbeok-     ■     -     • 

AherdeCD  Ernnite    ■ 

Brid!,  pale  Tcd^  .     .     . 

,i3 

Hammeraniilli  (pavior 

8) 

ditto      (burnt)  ■ 

Chalk  .     .      .     .      .     . 

Plaster  of  pMiB  .     ■     ■ 

aiiiBS,  pliita    .     .     .     - 

Bone  (ox)      .... 

Hemp  fibres  glued  together 

Btiipa  of  paper  glued  togelhc 

i3 

Wood,  Box,  epee.  gravity 

,86l 

9 

Barlow 

Ash    .     .     . 

8 

Teak.      .     . 

Beech      .     . 

5 

Oak    .     .     . 

^9^ 

5 

'.7 

Ditto  .     .     ■ 

,17 

Fir      .     ■     . 

f- 

5 

Pear    ■     ■     • 

,646 

Elm"  .'    .     ■ 

,631 

3i 
6 

,57 

_ 

Pine,  American       • 

,73 

Dei.l.  white   ■     ■     ■ 

6 

,86 

~ 
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W  THE  DENSITIES  AND  VOLUMES  OF  WATEE  AT  DIFFEEENT  DEGEEE8 
OF  HEAT,  (ACCORDING  TO  STAMPPER),  FOR  EVERY  SJ  DEGEEE8  OF 
FAIIEENHEirS  SCALE.-See  S2TS. 


, 

D.. 

Dm- 

y 

Diir 

ensLiy. 

Volllnie. 

3j,oo             c 

9W8B7 

1,000113 

34,15 

999950 

63 

36,5o               0 

999988 

33 

3S 

38,75 

13 

1,000000 

|» 

4S,5o               0 

S 

35 
53 

i;Ei 

35 
8? 

47,75 

9W8]3 

Si 

60,00 

5a,55               0 

199587 

124 

1,000380 

'ill 

54,5o               0 

99944' 

14S 

i;ooo553 

145 

56,5 

999278 

164 

1,000733 

i65 

Ir^     : 

^3 

i83 

1,000906 

i83 

6J,5o               0 

998673 

65,75               0 

99843s 

i;ooi567 

!38 

63,oo               0 

998180 

255 

i;oo.823 

i55 

70,a5               0 
7J,5o               0 

997909 
997623 

iV, 

i|oo3334 

'£ 

74,75 

997320 

302 

1,00=687 

3oJ 

77.00            0 

7g,a5               0 

■XI 

a 

i,oo3oo5 
i,oo3338 

333 

St,5o             a 

996319 

344 

1, 003685 

347 

83,75               0 
86,00               0 

sis; 

358 
370 

1^004418 

36a 

8835               0 

SSs 

3^» 

1,004804 

90,50               0 

394 

398 

93,75               0 
95,00               0 

994430 
994004 
9935,9 

405 

i,oo56i2 

410 

425 

i;oo646» 

4lo 

99I50               0 

993145 

434 

1,006902 

440 
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IP  THE  8PECI11C  GEAVITIES  OF  SOME  OF  TUB  MOST  IMPOKTA^JT  BODIES. 


I  J.    SOLID  BODIES. 

[  (1)  Metals. 

!    Antimony  (of  tho  laboratory)  .... 

,    Bronzo  for  cannon,  according  to  Lietit,  Mitika 
1    Ditto,  mean 

Copper,  melted 

Ditto,  hammered 

Ditto,  wiVdrawii 

Gold,  melted 

Ditto,  hamiQBced 

Iron,  wroaglit 

Ditto,  white 

Ditto  for  ta'.mon,  a  mean         .... 

"'   0,  flattened 

IMttD,  mdled  ^ 

pitW,  hammered  and  wire-drawn    - 

ar,  pnre  melted 

Ditto,  wronght 

""'"o,  muoli  liardoiied 

*,  aliglitly 

Tin,  cliemioally  pure 

Ditto,  hammered 

Ditto,  Bohanuan  and  Saxon      .... 

Ditto,  English 

Zinc,  melted 

Ditto,  rolled 

Alabaster        

Basalt 

Dolerite ' 

Gneiss 

Granite 

Hornblende 

LlQiestone,  various  kinds        .... 

Phonolile 

Porphyry 

Bjmdstone,  vavioua  kinds,  a  mean     ■ 

Stones  for  building 

fo-enitB 

Trooliyte 

Brick       ■ 
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1.    SOLID  BODIES. 

(3)  Woods. 

Alder      

Ash 

BiTX  '.'.'.'.'.'■'. 

Bnx 

Elin 

Fir 

Hornbeam 

Horae-ohestiiHt 

Lima 

Maple      •         -       , 

Oiik 

Ditto,  siiother  apeci  men  ;  -  .  - 
Pine,  Pinvs  Abies  Pieea  .  •  ■  ■ 
Ditto,  Piims  Sylvestris    .         .         .         - 

Poplar  (Itjilinn) 

Wfllow 

Ditto,  white 

(4)  VAEiona  Solid  Bodies. 

Charcoal,  of  cork 

Ditto,  soft  wood 

Ditto,  oak 

Coal 

Colie 

iBrth,  common 

rough  sand 

rough  earth,  with  gravel    - 

gravelly  soil 

clay  or  loam,  with  gravel   ■ 

Kint,  dark 

Ditto,  white 

Gunpowder,  loosely  filled  in 

mastet  ditto 

Ditto,  slightly  shaken  down 

mnsRel-powdcr         .        ,        .        . 

Ditto,  solid 

lee 

Lime,  nnalacked 

Eoek-Enlt 

Saltpetre,  melted 

Ditti),  oryst^Uzed 

Slala-peneil 

Sulphur 

Tallow 

TnrpenUne 

Was,  white 

Ditto,  yellow 


::£ 


Hcs  cab,  Google 


TABLE    III. 


TABLE  lll—ConUnued. 


II.  LIQUIDS. 

A   d    ee 

D  to  uriitio        .        :        .        . 

D  111    c,  ooneoiilrated 

D  to  iU  hnrio,  EniilUh 

D  cantriiled  (Nordli,)   ■ 

A  ooh  frea  from  water  ■ 

D  00   mon        .... 

A  a,  liquid    .... 

Aq  ti    double  .... 

D  gs 

Bee  

E  oe  0 

D  alle        ■        ■        ■        - 

D  0 

B  w  piiiirio      .... 

0  

D  

D  entiuo    .        -        -        ■ 

I)        w     e 

1  p 

W  te  illod       .... 

n  .      .      .      .      . 

Ilf.  (JASES. 

C    bo         cid  gaa      ■ 

xidegiiH  ■        ■        ■ 

D  m  Cools     .        .        .        - 

H  dnod     gas 

H  d  hnrio  add  g^is  ■ 

M      Ci     ddgas 

0  g  

PhoB         tedliydrogen  ga.s    ■ 

Ste  m        12=  Tiilir. 

fi  «noidga«         .         ■         - 
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TABLE  IV. 

TABLE  POE  FlNUraG   ALTITUDES.-See  f  234. 


r^.c..,T..™<,„.... 

■i-H' 

A 

.  +  . 

A 

0  +  -' 

A 

', +  " 

A 

io 

4,-)689o67 

75 

4,7859.08 

no 

u, 8022936 

145        4 

8.80714 

,7694021 

76 

,7863973 

8027335 

..,6 

li85.4a 

J] 
44 

,770391 < 
,7To8tt5. 

,78687^3 
,78,3487 
,7878236 

Ii3 

114 

Bo32i09 
ho366B7 
!(o4i56i 

149 

j5|| 

43 

,7713785 

ii3 

8043330 

ia  02794 

46 

,7718711 

8< 

,7887719 

116 

l5l 

8207.96 

"■1 

723to 

,7892451 

Soffi 

Bi.Idq4 

48 

,77=8348 

83 

,7897180 

.53 

'2=^-7 

49 

,7733457 

84 

,7901003 

119 

io.>jo58 

.34 

So 
5i 

,7733363 
,77'i326i 

85 
86 

79066=1 
■   ,7911335 

bo686o4 
8073.44 

i55 
io6 

1324761 
82=9.41 

5i 

,7748 153 

ki776So 

iSi 

8233517 

S3 

7S3042 

,7920745 

123 

.58 

823788* 

54 

,77379=5 

89 

,7935441 

IM 

1^86737 

159 

82422D6 

53 

,7761802 

,7930.35 

125 

3o9i!i3 

160 

82460.8 

56 

.776767'i 

9' 

;793482i 

1=6 

8095776 

.6. 

sae 

il 

,  ,777=540 

gl 

,7939504 

8,ooa87 

163 

5S 

,7777400 

93 

,7944182 

H.04793 

8259680 

59 

,778"56 

94 

,7948854 

1J9 

8109^98 

164 

8=64024 

d 

,7787105 

9S 

,795352, 

i3c 

SuIt^ 

.65 

8-68365 

6[ 

>779'949 

96 

,7958.84 

i3. 

8nS29Q 

166 

8272701 

6j 

,779673s 

91 

,7962841 

.3= 

8.2=7,8 

a 

8277034 

63 

,78o.6aj 

g8 

,7967493 

.33 

8.27963 

828.362 

64 

,7806430 

,797=141 

134 

8.3.74= 

169 

8283685 

65 
66 

,7811172 
,,7816090 

I™ 

SfiSf 

i33 
i36 

8i3U2.6 
8140688 

170 
171 

8;943°9 

''2 

,7820901 

,7986054 

i37 

81431 53 

82986=9 

68 

,78=5709 

io3 

799068. 

i38 

8149614 

n3 

8J02g37 

69 

,783o5u 

;7wi3o3 

139 

8. 54070 

.74 

8307238 

T 

,7835306 
,7840093 

Io5 
106 

;ra 

I41 

8.58523 
8.62970 

175 

83.1536 
83 1 5830 

?S 

,7844883 
,7849664 

3 

4;8ol8343 

143 

8167413 
,Si7ib3a 

ii 

83S01.9 
8324404 

74 

4:7854438 

109 

144 

4,8176=35 

8328680 
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WITH  THE  BAEuMETEK.— 8eogS84. 


^ 

A        h.lh        „ 

* 

« 

T— f 

^ 

C 

oo 

000    689 

- 

+ 

6 

Z  "M 

0" 

0000434 

9  9099566 

■j 

00  0D79 

3 

000  733 

99/3'5^ 

0000  09 

5 

OOQl    7 J 

99978^9 

0003607 

99973q5 

ooovBsa 

7 

ooo3o 

0006H 

8 

3o 

000  b,a 

9 

00039  0 

000      s 

00043  5 

g  956S9 

36 

ooo36  5 

000780 

rt953jS 

39 

000     33 

9994792 

% 

000       3 

3 

ooo565o 
000608^ 

0994358 
90939=4 

43 

9  9998775 

5 

ooo65g 

9993490 

49 

^W983:< 

6 

000695 
oo07S'l9 

9  9^057 

So 

99,    g6j 

7 

9993633 

5i 

0997506 

8 

ooojBi 

9991190 

9a 

1997  &7 

'9 

oooRjSg 
ooob6j5 

9991766 

53 

999*  7T 

999i3s3 

54 

99363'^ 

9990880 

S5 
56 

SW 

S3 

00095(5 

9990456 
9990033 

S 

9995  37 

35 

00  0436 
ooo37 

99^9589 

59 

99  uM 

56 

00     3o6 

9988713 

66 

9994  i 

00     7  I 

9988390 

63 

9993       3 

DO  3  77 

99^7857 

65 

9992    01 

99f   io3 

'9 

00  3    i 
00  3o  8 
000  3   B 

9967434 

90 

9  9988300 
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COEFFICIENT  VALUES,  FOE  THE  UISCOARGE  OF  FLUIDS  TilROUGII  THIN 
I'lATES,  THE  0EIFICE8  BEiKG  REMOTE  FROM  THE  LATERAL  FACES 
OF  THE  VESSEL^See  ^  BOO. 


Mil 

V...  ....  oo.«c,„.  W  „...^^™  .„...,.,„.,... ,. 

^:66 

^;33 

0,16 

0,08 

0,07 

/'■ 

o,o5 

0,66 

i!64 
3j8 
5,00 
6,63 
3^,75 

I 

593 
50 
60, 
60s 
6o3 
6o3 
601 

i 

^5 

6i3 
6.7 

^!^ 

6lo 
6™ 

3 

6  5 
63 
(J 

6  6 
6  5 

6, 
3 

a. 

63 
63 

5 

600 

66 

"l 

65 
65S 
6 
6J 

6J3 

6 

6 

o,6fo 
0,677 

:S 

0,655 
o,65o 
0,644 
o,63a 
0.618 
0,610 

Far  oiUlces  lai^er  Ihsn  0,1)9  H. 
lht.n  0,03  II,  (he  coeBii^Leiita  sre 


Hosted  byGoogle 


TABLE   VI.  497 

TABLE  VI. 

EXPESIMENTS  ON  FEtCTION,  WITHOOT  UNGUENTS.    BY  M.  MOEIN. 

The  BurEioea  of  ftietion  were  varied  from  o,o3336  to  a, 7987  sqaere  feet,  tho  presaurea  from 
68  lbs.  to  aio5  lbs.,  and  the  veloeiUea  from  a  aoarealy  pcMEptible  motion  to  9,84  feet  per 
BCcond.  1\te  eurfiices  of  wood  wore  planed,  and  those  of  metal  filed  and  polished  with  the 
greatest  care,  and  oarefuily  wiped  after  every  experiment.  Tho  presence  of  ungnonta  was 
eBpeirfally  guarded  ugmnst. — See  J  8B5. 


HUBFACES  OF  CONTACT. 

'="? 

FaiCTlOB  OF 

i 

11 

11 
5'3 

II 

Oak  upon  oak,  the  direction  of  the  fibres 
being  parallel  to  the  motion     ■     ■     . 

of  the  moving  snrface  being  perpen- 
dionlar  Co  thoaa  of  Che  qt>i4cent  aur- 

Oak  npou  oak,  the  flbrea  of  ihabotliBur- 
tion  of  the  motjon     

Oak  upon  oak,  the  fibres  of  the  moving 
surface  being  perpendicular  t*i  the  snr- 
iiioe  of  eoQtaot,  and  Chose  of  Che  snrlace 
at  rest  parallel  to  the  direoUon  of  the 

0,478 

o,3i4 
0,336 
0,195 

0,433 
o,J46 

0,450 
0,400 

0,355 

o,36o 
0,370 

o;6i9 

35"  33' 

17  5S 

18  35 
10    5i 

13    1: 
i3    5: 

51    4q 

.9    33 

.9    48 

21    49 
3i     47 

D,63S 

0,540 

0,271 

0,43 

0,694 
0,376 

0,570 
0,570 

o,5io 

0,53 

0^570 
0,619 

3s°    1' 
i8    23 

i5     10 

»3     n 

34    46 
10    3t 

29    41 

17    39 

27     56 
23     45 

3!  i\ 

Oak  upon  oak,tbefibreBof  botheurfaees 
being  perpendicular  to  the  SHrfiioo  of 
oonCaoC,  or  the  pieces  end  to  end  ■     ■ 

Elm  upon  oak,  the  direction  of  lie  ftjjres 
being  pamllel  to  the  moUou     •     '     - 

Oak  upon  elm,  dittoS 

Elm  upon  oak,  tho  fibres  of  the  moving 

those  of  tlio  quiesccnC  Burfiioe  (the  oak) 

and  to  the  direuUon  of  the  motion.     - 

Ash  Qpon  oak,  the  fibres  of  both  surfiicee  j 

being  parallel  to  iha  direction  of  the 

Fir  upon  oak,  the  fibres  of  both  surfheea  1 
bdng  parallel  to  the  direction  of  tiie 

Beach  upon  oak,  ditto 

Wild  ptoT-tree  upon  oak,  ditto    ■      ■     . 
Service-tree  upon  oak,  ditto   .... 
Wrought  iron  upon  oak,  ditto[  .       ■     - 

Dlin  Ibe  cnie  oTmnlioD,  acd  Ihera  were  lymputax  of  lh«  cnintnulkm  of  Ihe  wnod;  ftom  lh»e  c<r' 
uuslancea  there  tsiulled  an  IrreEularily  la  the  trlcdon  IndlcBtivg  of  ensnlva  preMnrs. 

«  II  is  nnithy  nf  remark  Ihai  Ihe  CnclioR  of  mk  upon  shn  li  bat  QTS-nlnlhi  at  thaCDCelni  upon  oak 

H  In  the  eipecluienU  hi  which  onenriheiur&CBSwunfliHtiil.iiliatlpBrtlclnoftfaeiiiem begun, 

>r  a  Iloie,  In  be  spnatenl  upon  ihe  wood,  giving  it  a  pultshed  melatlU;  appurance :  Ibeae  wars  alevsiy 

ijielinien' wiped olT;  Iheylndicaled  aweurin^nf  IhemeUil.    TheOicIUHiormolionuKIUialorqidiM' 
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TABLE   TI. 
TABLE  Yl— continued. 


„™c«opc„r.c,.. 

^'^ZV' 

q"™J*»oI 

<   3 

ill 

ll 

fl 

III 

Wronglit  iron  upon  Oak,  the  eiirfaoes  1 
bailie  greased  Bud  well  wetted'     ■     -  j 

Wronght  iran  upon  elm    .    .     -     .     . 

Wrouglit  iron  upon  oast  iron,  the  flbrea  ) 
of  t£o  iron  being  pariUlei  to  the  moUon  f 

Wrought  iron  Upon  wroaght  iron,  the 
fibres  of  both  surfaces  being  parallel  \ 

Cast  kon  upon  oftfe,  ditto 

Ditto,  the  aurfiicas   being  greased  and  [ 

wetted i 

Cast  iron  upon  elm 

Cast  iron  npon  cast  iron 

Ditto,  water  being  interposed  between  1 

the  snrftees J 

Cast  iron  upon  braas 

Gale  upon  cast  iron,  ttie  flbres  orthe  wood  i 

being  perpendicular  to  the  direction  > 

of  the  motion ) 

Hornbeam  upon  cast  iron— fibres  paral-  | 

lo!  to  motion f 

-Wild  pear-tree  upon  east  iron— fibres  1 

paranel  to  the  modon { 

Steel  npon  cast  iron 

Steel  upon  brass      ........ 

Yellow  copper  upon  cast  iron  .... 

IHtto           '          oiJi      .     .     ■     . 

Erass  upon  east  iron 

BrMS  upon  wroaglit  iron,  the  fibres  of) 

the  iron  being  parallel  to  the  motion  .  f 

Wrought  iron  upon  braaa 

Brass  upon  brass 

Black  isathar  (curried)  upon  oak*    .     - 
Ox  hide  (such  as  thai  used  for  solea  and  ) 

for  the  Btofltig  of  pistons)  apon  oak,  j. 

0,556 
0,555 
O.I  94 

0,133 

0,-190 

o,..5 
o.ih 
o,3i4 
0,(47 
0,375 
o,3gi 
o,i36 
o',i52 

o,ai7 
o,i6i 

0,115 

oIm 

0,52 

0,335 
0,596 

0,3  ! 
0,5= 

14"  55' 

10  59 

7  55 

IE         3 

8  39 

50      55 

23     34 

11  56 

8  3q 

It 

9  9 

,?      5^ 

14 

16    3o 
27     59 

n  45 
57  59 

0,649 

0,194 

o,.37 
0,646 

0,617 

0,74 
o,6o5 
0,43 

0,64 

o,5o 

0,79 

33°    0' 

10    59 
7    49 

3i    52 
g    l3 

3l     41 

36    3i 

3l       1! 

23    .7 

35    38 

56    34 

38     19 

Ditto       ditto       ditto   smooth    ■ 
Leather  as  above,  polished  and  hardened  1 

Hempen  girth,  or  pulley-band,  (single 
de  ohanvre.)  upon  oak,  the  dbres  of 
iho  wood  end  the  direction  of  the  cord 
being  pafi^ld  lo  the  motion    .     ■     - 

Hempen   matting,    woven   with   scnall  j 

Old  cordage,  IJ  inch  in  diametor,  dittot 

Google 
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Fkic 

iiiBor 

Fh.c 

lOWOT 

SURFACES  OF  CONTACT. 

Mo 

""'■ 

Qo« 

""""■ 

-i 

i 

~-£ 

J 

^■s! 

S5 

"■si 

11 

iti 

Is 

ill 

6^ 

6'= 

3^S 

CHloaroouB  ooliUo  atone,  usod  inbollding,  1 

of  a  uioderaWly  tflrd  quniity,  oall«d 
etono  of   Jauuionl — upon   tha  Bama 

oM 

3="  36' 

°M 

36"  3!' 

!o    49 

0,70 

a  tine  polish,  (cha  musohelkalk,)  mov- 

ing upon  the  samB  stone 

thehstd ■  .    •    ■    . ) 

0,65 

33     a 

0,75 

36    53 

The  hard  stone  mentioned  above  upon 

0,67 

33    5o 

0,75 

36    53 

o,65 

33      2 

0,65 

33      ! 

Oak  upon  ditto,  iha  fibres  of  the  wood  1 

being  perpendionlar  to  the  surface  of  }■ 

0,33 

ao   49 

0,63 

32    i3 

theatoSe f 

"Wronght  iron  upon  ditto,  ditto   ■     ■     ■ 

0,69 

3o    5^ 

0,49 

>6     7 

ConimoQ  briek  upon  the  atona  of  Brouck 

o,Go 

0,67 

33    5o 

Ouli  as  before  (endwise)  npon  ditto  ■     ■ 

0:38 

10    iq 

o;6i 

3a    38 

Iron,                     ditfo            ditto       •     ■ 

o,J4 

0,4a 

aa    47 
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EXFEEIMENT3  ON  THE  FRICTION  OF  UNCTOOUS  SURFACF5. 
BY  M.  MOEIN.— Seo  S  S6&. 

L  tlicso  experiments  tha  surfaces,  ufter  having  l>een  smeared  with  an  uiiguenl 
,  GO  that  uo  iuterpoaittg  lajcr  of  the  nngucnt  preventod  their  Intimate  contact 


aUKPACES  OP   CONTACT. 

Frictiob  Of 

^■.=cT 

1  ■a 

i 

Oat  upon  oalt,  tha  fibrOB  being  parallal  to  ( 

tlie  moaon ( 

Ditto,  the  fibres  of  the  moving  bodj  be-  [ 

Oat  uppn  elm,  Bbrea  [parallel. 

Elm  upon  oak,  ditto     ■ 

Beech  upon  oak,  ditto  .... 

Elm  upon  elm,  ditto      .... 

Wroughtirouuponelm,ditto       - 

Ditto  upOQ  wrought  iron,  ditto 

o,.o8 
0,1 43 
o,i36 
0,119 
o,33o 

o,'7T 

6°  10' 

'li 

iS     16 

10    3 

0,390 

o,3i4 

0,100 

0,098 
0,1 6i 

31 47 

6    44 
5    43 

5    36 

9     19 

14    07 

Cast  iron  upon  wrought  iron,  ditto 

Wrought  iron  upon  braas,  ditto     ■ 

Brass  upon  wrought  iron 

Cast  iron  upon  oak,  ditto 

Ditto  upon  elm,  ditto,  t!.o  unguent  being  ( 

0,1  i3 
0,160 

o|[o7 

0,135 

*   2 

0      26 

7      8 
7    49 

7    3J 

;  jj 

5  43 

6  34 
H     54 
i3    43 

Ditto,  ditto,  the  unguent  being  bog'a  I 

Elm  upon  oast  iron,  fibres  parallel  ■ 

Oaat  iron  upon  cast  iron 

Ditto  vipon  brass 

Ditto  upon  brabs 

Yellow  copper  upon  oaat  iron 

Leather  (ox  hide)  well  touncd  upon  cost  [ 

iron,  wetted ) 

mtto  upoa  brnas,  wetted 

o,i35 
o|ii5 

HosMbjGoOglc 


TABLE    VIII. 


TABLE  Tin. 

EXPEEIMENTS  OK  FRICTION  WITH  DNQUENTS  INTERPOSED.   BY  M.  MOKIN, 

The  BStent  ot  the  eurfaoea  in  thei 
to  OBUse  them  to  be  separated  from  o 
the  unguent. — See  g  SSS. 


FmcTioB 

FU,OT.O« 

BtTRFACEB  OF  CONTACT. 

Motion. 

QmE"Ji.™cK. 

UNGUENTS. 

=     = 

=     •= 

I'sl 

iti 

i    £ 

a  > 

Onk  npoQ  oak,  fibres  patallo!     . 

0,164 

0,440 

Txr^- 

Ditto       ditto       . 

0,07s 

0,164 

Ditto       ditto       . 

0,067 

Hog'3  lard. 
Tallow. 

oiosi 

o,»i4 

Ditto       dittb       . 

Hog's  lard. 

Ditto        ditto 

Water, 

Ditto  apon  elm,  fibres  paraUel 

0^1 36 

Dry  soap. 

Ditto       ditto 

0,073 

0,178 

Tallow. 

Ditto       ditto 

o;o66 

Hog's  lard. 

Ditto  upou  oast  iron  ditto      . 

Ditto  upon  wrought  iron,  ditto 

3 

Tallow. 

Be«ch  Dpou  oiik,  ditto 

IJm  upon  oak,  ditto  ■ 

Ditto       ditto       . 

Tallow, 

o,i37 

o,4ii 

0,[d2 

tXw""' 

Ditto       ditto 

Hog's  lard. 

Ditto  upon  elm,  ditto    ■ 

h 

0,117 

Dry  aoap. 

Ditto  upon  cast  iron,  ditto     ■ 

' 

Tallow. 

( Greased,  and 
J  Hflturated  with 
j  water. 

Wrought  iron  upon  oak,  ditto    ■ 

o,a56 

0,649 

Ditto        ditto        ditto  ■ 

o,lU 

Ditto       ditto       ditto  ■ 

Ditto  upon  elm,     ditto  • 

0,078 

Tallow. 

Ditto       ditto       ditto  ■ 

B 

Hog's  lard. 

Bitto       ditto       ditto  ■ 

Ditto  upon  east  ii-on,  ditto      . 

Ditto       ditto       ditto  ■ 

1    Hog's  lard. 

Ditto       ditto       ditto  . 

0,066 

0,100 

Olive  oil. 

Ditto  upon  wrought  iron,  ditto 

o,o8a 

Talloiv. 

Ditto       ditto       ditto  - 

0,081 

Hog's  lord. 

Ditto       ditto       ditto  - 

0,070 

o,n5 

Olive  oil. 

Wrought  iron  upon  brass,  fibres  1 
EHtto"  '  .litl^       ditto  . 

Tallow. 

Hog's  lard. 

Ditto       ditto       ditto  . 

o;o,8 

Oli?e  oil. 

Cost  iron  upon  oat,  ditto  ■ 

o;iB9 

1  Graflsed,  and 

Ditto        ditto        ditto  ■ 

o,si3 

0,646 

Jsaturatodwitli 

Ditto       ditto       ditto  ■ 

0,078 

O,[O0 

Tullow." 

Ditto       ditto       ditto  . 

0,075 

H(^'s  lard. 

Ditto        ditto        ditto  . 

Olive  oil. 

Ditto  upon  elm,     ditto  . 

o|oj7 

Tflliow. 

Dit^        ditto        ditto  - 

o,oii 

Olive  oil. 

Ditto       ditto       ditto  ■ 

0,091 

1  Hog's  lard  and 

Ditto,  ditto  npon  wrought  iron 

0,100 

Cast  iron  upon  cast  iron     ■ 

0,3,4 

Ditto        ditto         ■ 

0,197 

Soap. 
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TABLE  Ylil.—cmimued. 


eURPACES  OF  CONTACT. 


■Ji        ditto 
t  >  npon  braae 


Ditto  ditto 
Ditto  ditto 
Ditto  upon  wronght  ir 
Ditto  ditto 
Ditto  Qpon  broBS  ■ 
Ditto  ditto 
Ditto       ditto 

Tanaed  ox  hide  upon  (an 

Ditto       ditto 
Ditto        ditto 
Ditto  upon  brass   ■ 
Ditto       ditto 
Ditto  npon  oali,    ■ 
Hempen  fibres  uot  twisted,  n 
ing  upon  oak,  the  fibres  of  tlie 
liemp  being  placed  in  a  di~" " 
tion  perpendicular  to  the  di 

of  the  oalc  patallcl  to  it  ■ 
The  eatne  as  above,  moving  upon  [^ 


Ta!i"". 


1  plunibogo. 
1  Groasad,  ni 
i  eatarated  with 
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FKICTION  OF  TRUNNIONS   IN  THEIE  BOXES.— See  S  361. 


RbMo   of 

ticilon    V 

KINDS  OP  MATEitlALB. 

STATE  OF  SURFACES, 

"IZ.'t^. 

oSX 

limlu'SsTj-. 

Ongiients  of  olivo  oil,  hoga'  Inrd, 
and  lollow     .... 

{:sf 

o,o54 

TmnnlongofeaBtironaEd 

Thesanie  unguents  moistened  will] 

008 

oo5 

boxes  of  cast  iron. 

Unguent  of  asphaltum      ■ 

Unocuona 

Dnatuoua  and  moistened  iviU.  wa- 

o,o5i 

IfiiA 

0,14 

o,U 

DnguenW  of  olive  oil,  hogs'  lard, 

I  '>,l>^  I 

o,o54 

Trannlons  of  aiBt  ironaad 

UnLiona"."      '         '■         '         ' 

'  o°l 

boiOB  of  brass. 

Unotugus  and  moistened  with  wa 

Vary  alightlj  unetnona 
Without  unguents    • 
Ungimnta  ot  olive  oil  and  hogs'  1 

"I 

TranBioneofcaslironand 

lard f 

boxes  of  lignnm-viE«.    ' 

DnctnoUB  with  oil  and  hogs'  lard 

O,i0 

■       ■ 

Trrnin  Ions  of  wro  nght  iron 

Ongoents  of  olive  oil,  tallow,  und 

f  °ff  \ 

o,o54 

and  boxes  of  cast  iron.  ' 

hogs'  lard     .... 

1  o!o8  J 

Unguents  of  olive  oil,  liogs'  Inrd 

(  0  o,  j 

o,o5i 

andtdlow      .... 

io^S 
0,09 

Trunnions  of  wronght  iron 
and  boxes  of  brass. 

Old  unguenta  hardened    - 
Unctuous  and  moistened  with  wa 

Very  slightly  nnotuoua       ■         ■ 

o',-il 

flndbosesoflignom-vi-. 

Unsuonta  of  oil  or  hogs'  )ni-d     ■ 
Unctuous 

1% 

Trnnnions  of  brass  and 

Unguent  of  oil- 

0,10 

boses  of  brass. 

Unguent  of  hogs'  lard 

Trnnnions   of  brass  and 
boxes  of  cast  iron. 

(Jngnenta  of  tallow  or  of  olive  oil 

j  0,045 1 
lojo'sa  1 

Tmnniotis  of  lignnm-vitie 

Uognonis  of  hogs'  lai-d      ■ 

0,IJ 

and  boxes  of  oast  iron. 

Unctuous 

0,15 

Trunnions  of  lignnm-vitie 

and  boscs  of  lignum- 

Unguentof  hogs' lard 

VitlB. 
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P  WEIGHTS  NECESSARY  TO  BEND  DIFrEREST  K0PE8  AROOWD  A  WHEEL 
ONE  FOOT  IN  DIAMETER.— Sea  B  S57. 

No.  1.   White  Kofe8 — hew  and  dki. 
Stiffntis  proportUmai  to  t}u  tgtiare  ^  the  diameter. 


Naluial  sllfineia. 

Sliffunss  fs.t  load  uf 
lll,„™v«liiec,f/. 

0,3g 
3,i5 

i5,755J 

o,6iiJOi9 

Stiffiuas proporlional  W  square 

qfdiamet^. 

ur  value  ufff. 

Ti2::r;j:;r;j"/ 

5| 

o,8od8 
3,=i94 

(i,i!7K[|i9 

M.  or  d\ 

Gado,  rf. 

:;™ 

M4 

1,30 

1,60 

i,6o 

2,56 

3;6. 

4,00 

Stiffmss  pivpardonal  to  ihe  square 

ooi  if  the  cide  of 

Dianiewr  of  rope 

0/  value  of  K. 

SlilfnesB  for  load  of 
lib.,  or  value  of/. 

0,39 

1  l38oi 
3,5 1844 
9,10.50 

is 

V8o65i3 

.  White  Kofes— h* 


Diauielerofr.1  c 

Sliffne^sforlosdof 

m  mchc.. 

Ilk,  or  value  ..f  J, 

0.39 

0,80^8 

o'ooT  S7, 

'S 

6,i3M 

'■" 

,e,2o37 

o,i8o65)3 

"i  " 

':;|: 

1,60 

i,43i 
1,657 
.;837 

Hcscab,  Google 


APPENDIS. 

TABLE    X — contiwaed. 

No.  5.  Iabbed  Kopia. 
Stifwss  proportional  to  ihe  number  of  ya; 


No.  of  y.ni<. 

Weight  of  IfoDi  in 

N»uir»l  Biiffnesa,  or 
value  of  K. 

Sliffoesa  fur  load  of 

6 
iS 
3o 

;;ii 

o,i53i 
o,fbi 

0,006 5 I 93 
0,019870 
0,041 1199 

APPENDIX. 

No.  1. 

Take  the  usual  formulas  for  the  transformation  of  co-ordinates  from 
one   system  to   another,  hoth  teing  rectangular,  viz : 
x  =  ax'  +  hii'  Arcz', 
y  =  <i'x'  -\-b'y'  -\-c'z', 
z  =  a"3^' +b"y' +  c" z' \ 

ia  which  a.  b,  &c.,  denote  the  oosines  of  tho  angles  ivhich  the  axes  of 
the  same  name  as  the  co-ordinaica  into  which  they  are  respectively 
multiplied  make  with  the  axis  of  the  variable  in  the  first  memher. 
And  hence, 

y'  =  bx  +  b'y  +  b"z,    L (2) 

z'  =^cx  +  c'y  +  c"  z;  \ 

Multiply  the  first  of  (2)  hy  b,  the   second  hy  a,  and  taka  the  dif- 
ference of  the  products;  we  get 

Sy-«s'  =  S(o'S-oS')  +  s(o"4^oS");  •  ■  ■  (3) 
again,  multiply  the  first  hy  c,  the  third  hy  a,  and  take  the  difference 
of  products ;   we  have 

«•■-«.'=, (o'c-aO  +  2(«"c-oc")         .     .     (4) 
Find  the  value   of  >/  m  (4),  substitute    in   (3),  and  reduce,  wc  find 
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iu  which 

A=  cia'b"  -a"b-)+c'{a"b-ab")  +  c"  {ab' -  a' b), 
dividing  by  A,  and   subti-aoting  the   result  from  the  third   of  Eqs.  (]) 

(•"-^^y+  (--^^>'+  (-"^^)-». 

and  since   x',  y'  and  s'  are  ■wholly  arLitrarj',  we  Iisyg 

„''^*f:_ZL*:£^0;i"~2^i:^'  =  0;c"-^-^  =  Oi  -(5) 
A  A  A  ^  ' 

transposing,    clearing  the  fraction,   squaring,    adding,    collecting  the   co- 
efficients of  </^,  b'^,  tt'^,  and  reducing  by  the   relations 
a!2  +  6^  +  (^  ^  1 ;  a'=  +  &'=  +  c'^  ^  1 ; 
a^  +  lP  ^  1  -  t?;  c^  +  (fi  ~1  —  a';  a^  +  t^  ^  1  -  b^, 
there   will  result 

A5=  1  -{aa-  -{-bh'  ->rcc'f. 
But 

aa'  +  bb'  +  cc'  =  0, 
whence    A  —  1,  and,  Eqs.  (5), 

a"  ~bd  ~b'c;  b"  ~a'c-ac':  c"  -ab'  -a'b. 
N      11 
To   111  1   the    radiu'i    ol    arixlire    if  a  >    cui^e,   and    its    inclination 
to   the   (o-ordmate    axes 

Tuke   the    centre  of  cui\'itttre    ais   th    centre  of  a  sphere  of  which 
the  radiuh   i^  unity       Throigh  tie    kt    e 

point   draw  the   line  O  \    jaralkl  to   the  AT  '  "A    -^ 

axis  /  TJid  an  ther  0  T  paiallel  to  the 
tangent  to  the  an,  M  JV  oi  osculat  on 
The  planes  of  these  lines  and  of  the  1 1 
dius  of  curvature  will  cut  from  the  spbeii, 
the  spherical  triangle  A  B  C  of  which  the         " 

side  B  C  IS  'JO"  1  C  the  angle  A^hich  the  radius  of  curvature  makes 
with  the  axis  x  and  1  £  the  ingl  which  the  tangent  to  the  curve 
makes   with  the   sai  i     a>;i'!       Malt 

p  =  0  P  ^  ra!  us  tt    c  iTiturc, 
S'=  AC:  r  =  AB:   C  =  AC  B. 

HcG-cabyGoOgle 
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diflerentiating,  and  regarding    C  as  constant, 

as 
but  (id',  cos  C    is    the   projection  of    the    arc    d 
plane,   whence 

.^a'.cosC^^. 
P 
Substituting  this  above,  we  find 


and   denoting    by    &"    and    &'",  the    angles   which   the    radius    niakea 

with  the  axes  y  and  s,    respectively,  we    may  write 

,dx  ^dy  ,dz 

d-j-  d-r-  d  — 

,_  ds_  _  ds_  I,'"—  Ml 

Sijuating,  adding  and  reducing  ty   the  relation, 


performing  the   operations  indicated  under  the  radical  sign,  and  reilti- 

cing  by   the  relations 

d  s^  =  d  x'-  -\-  d  if'  ■'(-  d'^, 
^&ds-^xdK-^d^ijdy-^d^zdz, 

we  find 

d^ 

' -  ^fWWVWWTWW-W^'^' '  ■   ■   '^^^ 

If  s  be  taken   aa  the  independent  variable,  then   will   <?'  s  =  0,  and 
Eqs,    (1)    and    (2)   become 

'-'='-S-»'"  =  '-S  — =  '■&•  •  (=) 

_ di? 
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No.  1 1  I 
To   integrate   the  partial   diiferential   equation 

transpose  and   divide  by   i*,    and   we   have 
dq  p    dq 

snd   because   q   \s   a   function    of  p   and    D,    we  have 

dD  dp      ^ 

and   substituting   the   value  of  -ryri 

d  q    D  ■  dp  —  Y -p-  d D 

1-1 

inultipljing  and   dividing   by   y  ■  D  ■  p^         , 

1   '~i        - 

^    S.l.py        .dp~p7.dD 
but 

,  ;_,      1 

and  making 

ii  rJ^  -  F'  ('t\ . 

dp     1  _  \W  ' 

p7 
we   may    write 

and   by   integrating 

in   which   F.   denotes     any   arbitrary   function.  (^  i^-n^-i/i  \i-t 

HcG-ca  by  V^jOOv  It 
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^'u.   iV. 

To  integrate  Equation  (414)'  of  llie  text,  add  to  both  tnembera 

"  ■  dt,iJr' 
and  we  have 

dt        Idi    '^""'drl~drl"dl    "^"^rJ' 
and  making 

t!ie  above  tiia.y  bo  wiiiton. 

dr_       dV_ 
77  ~  "■  ■  "<i  r  ' 

and  F  being  a  lunction  of  r  and  /,  we  have 


■,  by  substitution  for  -y-  its  value  abcu'e, 


and  by  integration, 

in  which  J'''  ia  any  ai'bitrary  function.     In   like  manner,  by  subtracting, 

"''dT^d't' 
from  both  Members  of  Equation  (4U)',  via  find 

in  wliich  /'  denotes  any  arbitrai'v  function.     Whence,  by  addition, 
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and  liy  suli  tract!  on, 

Ent 

"  '■  *?  —  TT  ■  «  '  +■  -;—  ■  «  I'- 
ll t  dr 

Whence, 

dr^  =  ^^.  F'  {r+  at).d{r  +  at)  -  ~.  f  .  (r-  at]d{r-at}; 
and,  by  inte^Tstiuii, 

ill  whicK  .^  Hii  1  /  denote  tlie  primitive  functions  of  whicli  J'"  and  /'  ,t 
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